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Abstract Among those, developing or learning models that directly
optimize a tracker’s prediction accurady(X|Y), would
We consider the problem of predicting a sequence of be a most desirable approach. However, the studyisf
real-valued multivariate states from a given measurementcriminative framework in motion estimation has only re-
sequence. lIts typical application in computer vision is the cently emerged in the computer vision and related commu-
task of motion estimation. State Space Models are widelynities [10, 17, 20, 21].
used generative probabilistic models for the problem. In- A problem resembling the state estimation, whegiis a
stead of jointly modeling states and measurements, we prodiscrete labeinstead of continuous multivariate, is known
pose a novel discriminative undirected graphical model as the structured classification. The most popular generative
which conditions the states on the measurements while exmodel in this realm is the Hidden Markov Model (HMM).
ploiting the sequential structure of the problem. The major Recently, discriminative models such as Conditional Ran-
benefits of this approach are: (1) It focuses on the ultimate dom Field (CRF) and Maximum Entropy Markov Model
prediction task while avoiding probably unnecessary effort (MEMM) have been introduced to address the label predic-
in modeling the measurement density, (2) It relaxes gener-tion problem directly, resulting in performance superior to
ative models’ assumption that the measurements are indethat of generative models [11, 13].
pendent given the states, and (3) The proposed inference pegpite a broad success of discriminative models in the
algorithm takes linear time in the measurement dimension giscrete state domain, the use of discriminative dynamic
as opposed to the cubic time for Kalman filtering, which al- qqels for real-valued multivariate state estimation is not
lows us to incorporate large numbers of measurement fea-yijespread. One reason is that posing the density integra-
tures. We show that the parameter learning can be cast asyjjity constraints on the parameters of the discriminative
a.n instance of C.OH.VGX- optimization. We also provide effi- models is not always straightforward. Although [10] im-
cient convex optimization methods based on theorems fromyjicitly resolved this issue by suggesting to learn generative
linear algebra. The performance of the proposed model is yogels with discriminative objectives, the learning in gen-

evaluated on both synthetic data and the human body pos€ 5| pecomes a non-convex optimization problem.

estimation from silhouette videos. In this paper, we propose a novel conditional undirected

graphical model in the continuous state sequence domain.
It relaxes generative models’ assumption on the conditional
independence of the measurements given the states. To ad-
We consider the regression problem on sequences whictlress the integrability issue, we first show that the feasible

can be formulated as estimating a real-valued multivariate parameter space can be a convex constrained set. This en-
state sequenc& = x; - - - xr, from the measurement se- ables us to formulate the parameter learning as an instance

quenceY =y ---yr, wherex, € R% andy, € R*. Its of convex optimization. In particular, we introduce a novel
applications in computer vision include 3D tracking of the membership algorithm for the feasible convex set using the-
human motion and pose estimation for moving objects from orems from linear algebra. Based on this membership algo-
sequences of monocular or multi-camera images. rithm, we provide efficient convex optimization methods for
Learning of dynamic models for motion estimation is of- the parameter learning.
ten accomplished by optimizing the likelihood of the mea- In addition, we propose a new inference algorithm for
surement sequencB(Y). Increased availability of high-  our conditional model which takes linear time in the mea-
precision motion capture tools and data opens a new possisurement dimension as opposed to the cubic time for
bility for the supervised learning techniques to be exploited. Kalman filtering/smoothing for generative models. This

1. Introduction



potentially allows us to incorporate very large number of
measurement features. Furthermore, we suggest a novel H@H@H@H — 7®7 —
discriminative feature selection algorithm which enjoys a l l L ‘
unique merit of the regression-type undirected model like @ @ @ @
our model. Finally, we evaluate the performance of the pro-
posed model on both synthetic data and the human body (a) SSM (b) Conditional SSM
pose estimation from silhouette videos.

Figure 1. Graphical Models: SSM and Conditional SSM.
2. Background: State Space Model (SSM)

SSM, often called the Linear Dynamical System (LDS), 3. Conditional State Space Model (CSSM)
is a generative sequence model with a graphical represen-
tation shown in Fig. 1(a). Its joint distribution can be fac-
torized into two parts; the Auto-Regressive (AR) model and
the product of Gaussians, nameR(X,Y) = P4r(X) -
Piauss(Y|X), where

The proposed CSSM has an undirected graphical repre-
sentation as shown in Fig. 1(b). Note that the model is con-
ditioned on the entire measuremévit(as shaded), which
relaxes SSM'’s assumption on the conditional independence
of the measurements given the states. For diséetére-
sembles CRF of [11], a well known discriminative model
for the structured classification. In this sense, CSSM can be
seen as an extension of CRF to the real-valued multivariate

T
= N(x1:m0, Vo) - HN(Xt'AXt_l 1), (1) state domain, as is the SSM for HMM.
t=2
T

T
Pyr(X) = P(x1)- [[P(xelxi-1)

t=2

The conditional distribution of CSSM follows a Gibbs
T form, P(X|Y, w) o e¥XY5wW) wheres : R¥T xRFT — R
Pauss(YX) = [T Plyilx:) = TIN(ye: Cx4, Q). (2) is a score function (or a negative energy) parameterized by
%) t[[l thxe) tl;[l (ye; O, ) w. In particular, lettingw = {S € R¥™4 Q € R4 E ¢

dxh H 1 .
Here® = {mg, Vo, A,T', C,Q} is the SSM parameter set. R#**}, we define the score function as:

For many problems that arise with only the measurement L T
data, we learn SSM by optimizing the obsgrvanon likeli- (X, Y;w) = —= insxt _ ZX@Qth
hood, log P(Y|©), usually by the EM algorithm [6]. In 24 =
contrast, we assumesapervisedetting throughout the pa- T
per. That is, the train datd) = {(X",Y*)}™,, is com- +ZX;E p(Y3t), €)
prised of both states and measurements. We denote the =1
length of thei-th sequence b¥f;. With the knowledge of L _
the states, we have several options in choosing the learningvhere A" indicates the transpose 8f, and¢(Y;?) is a
objective. Among them, the standard generative learning/-dim measurement feature vector specializetitatposi-

(ML) maximizes the data joint likelihoodog P(X, Y |©), tion'. By some algebra, we have:
which gives a closed form solution. 1 /
—3 S, b(Y;
The ML learning fits the model to data jointly oK P(X|Y,{5,Q, E}) oc e 2 X UEQXABOGEIX (4

andY, however, its objective is not necessarily the optimal . . .
choice for the state prediction. Motivated by this, the dis- \{)th?(.s’ Q;'S al(TbIX 1;() bIotck trI-C:Iélllgona.J matrix, and
criminative learning approaches have been introduced re- (Y; E) is a(T x 1) block vector as follows:

cently in [10]. Their two learning algorithms, namely, the S Q 0

conditional likelihood maximization (CML) and the slice- E-$(Y:1)

wise conditional likelihood maximization (SCML) opti- Q S Q . ’

mize log P(X|Y,©) and (1/T) Y, log P(x,|Y,©), re- U= 00 § b= :

spectively. These methods are shown to yield better predic- ' E-¢(Y;T)

tion performance than ML in many situations including the .

problem of 3D human body pose estimation from silhouette (5)
images. Note that defining the score function as in Eq. 3

The inference algorithm for SSM is well known as the corresponds to have linear Gaussian dynamics features,
Kalman filtering/smoothing. The algorithm computes the 5 150 define it to be(') that depends on the entits. |
. f . ne can also aefine It to at depenas on the entre. In
posterior mefins and COYa”ances_ given the measurehent practice, however, one often useg-gram feature for somg > 0, pos-
Further details on learning and inference for SSM can be siply with some nonlinear mapping applied to it, namelyg(Y;t) =
found in [2, 10]. U(Ye— (2o Yoy ez ). We denote dimg(Y;t)) by h.




(x4, %¢-1) = {x4x},%¢x}_, }, and (non)-linear emission P(X|Y,w) = N(X;U(S,Q)"! - b(Y; E),U(S,Q)™1).
featuresp(x:,Y) := x;: - ¢(Y;t)’. Even though one can However, this is precluded by the following reasons: (1) the
define arbitrary triangle featureg(x;,x;_1,Y), in order dimensions of data (or the sizes@) are not the same due
to fully respect the graph structure in Fig. 1(b), there are to potentially unequal length sequences, (2) inverlihgs

obvious advantages of our choice of the features. usually infeasible, and (3) constraining the structurdjof
First, the score is a quadratic function in termsof (Eq. 5) is difficult.

which implies thatP(X]|Y) in Eq. 4 is a Gaussian pro- Instead, we optimize the log-likelihoddw.r.t. w € W:

vided that the second-order coefficient maltixs positive n

(semi)-definite. This enables us to enjoy many nice proper- min — Z log P(X'[Y", w), st.weWw. (6)

ties of Gaussian. Most of all, we guarantee that the distri- w3

bution isproper, meaning that it is integrabl& €., the parti-
tion function, [, e*(X-Y) is finite). Moreover, the decoding
of the states, namelyrg maxx s(X,Y), is unique to the
global optimum, and can be done efficiently (7)) by
the inference algorithm introduced in Sec. 3.3. —log P(X|Y,w) = —s(X,Y;w) +log Z(Y;w), (7)
Second, by defining the dynamics features solely based - .
on X, we haveU independent ofY’, which makes it pos-  Where the partition functiorZ (Y;w) = [y esX¥w).
sible to poseU > 0 regardless o. In other words, the ~ Furthermore, it is easy to see that the feasible constraint
feasible parameter spaddS, Q, E)|U(S, Q) = 0},isnot ~ S€tWV is a convex (cone) in terms of. To see this, for
affected byY, allowing that a trained model can be used for W1 = (51: @1, £1) € W andwy = (S5,Q2, E») € W,
unseen test measurement without worrying about the inte-note that(l/_' wi+n-w2) €W fo_r anyv,n > 0. Thus
grability. How the constrainty(S, Q) = 0 can be posed ef- Eg. 6 is an instance of convex optimization: convex cpst

ficiently (in terms ofS and@) will be discussed in Sec. 3.2.  COonvex conic constraint.
In fact, our choice of the features is reasonable in the 1Nemajor concern in this optimization is how to pose the

following sense: When ignoring the emission features constraintU = 0 efficiently. The straightforward approach
©(x;,Y), our model is rough¥ equivalent to the AR is to considelU as an arbitrary positive definite matrix with
modél. é)n the other hand, by dropping the dynamics fea-2 Set of linear constraints to define the structurdJofn
tures p(x;,x;_1), and further assuming that(Y;t) = Eq. 5. More specifically,

1,2 2,1 1,J dxds Ol | ‘ >— ?

with i.i.d. pairs{(x;,y:)}._, across.
U;r=U;_qy -1, for I>2, and U > 0, (8)

Note that the negative log-likelihood is convexn as it
can be decomposed into thirear negative score function
and theconvexog-partition function as follows:

3.1. Feasible Parameter Space whereUy ; is the(Z, J)-th block of U. However, plugging

We first specify the feasible parameter space in which theit into the general convex solvers would be too slow. More-
parameter learning will take place. The feasible parametersover, the popular method like back-projection by eigenvalue
are those that make the Gaussian in Eq. 4 have a positivdruncation €.g [26]) for the positive definite constraint may
definite precision matriUr (S, Q). Here we use the sub- be intractable due to the size Bt
scriptT to indicate &7 x T') block matrix for the lengthF Rather, we propose a novel optimization method based
sequence. As weo not know a priori the test sequence On the gradient descent, where the gradient is taken w.r.t.
length it is reasonable to define the feasible parameterw = (S,Q, E), instead of the whole block matri&. The
space a3V = {(S,Q, E)|Ur(S,Q) = 0,¥T > 0}. Since gradient of Eq. 7 is denoted &5, = {95, 0Q, 0E}, where
we have an inclusion relation thlty,; = 0 impliesUr =
03, itis easy to see that = {(5,Q, E)|Ux (S, Q) = 0}. 9S = EZ (th; _ E[xtXHY]),
By abusing notation, we udg to indicateU for either a 2
fixedT" or arbitrary largel’, which is clear in the context.

t=1

M=

QR =

/ /
. x:X;_q — E[xex;_1|Y]),
3.2. Parameter Learning . ( =t =1 )

[\

We consider learning the parameters = (5,Q, E) d
- ) I _ _ . . r_ . . /
of the model for a given train datd(X*,Y%)}* ;. One oF = Z (Xt oY1) — B[ Y] - o(Y;1) ) ©)
may expect to exploit the Gaussian properties in learning as =t

4Perhaps one may add a penalty textfw||2 for some scale hyperpa-
There exists some discrepancy at the boundariesl andt = T. rameter)\, however, we skip it in the derivation for simplicity. Note that
3Itis becausdJ is a principal sub-matrix 08U ;. adding the term does not affect the convexity of our cost function.




The posterior means that appeaig, can be easily com-

Algorithm 1 Membership toV

puted by the inference algorithm in Sec. 3.3. Following the
general gradient descent approach, the next iterate is de-
termined asw;® = w + 7 - G(Vw), Wheren > 0 is a
chosen step-size, adt{ V) is an operator that determines
the descent direction. For instaneg,V,) = —V,, for

the steepest descent whilgV,,) = —H,! - V,, for the
Newton method, wherél,, is the Hessian a.

The main idea is to adjust the step sizeo thatw;®"
belongs to)V. For some trialy, if w;*" ¢ W, then we
reducen (e.g,n «— %77)- The reason we do not enlargés
that due to the convexity afv, w)" ¢ W for anyv > 7,
otherwisew;*" that lies on the line segment endingvat
andw;*" should have resided . If w;*" € W, we do a
line-search: findyx € [0, ] that minimizes the cost. Note
that any step size ifY), 5] results in a feasible model due to
convexw.

This approach requires an efficient membership algo-
rithm that determines wheth&F(S, Q) = 0 or not, for ar-
bitrary S and@. Fortunately, from linear algebra there are
some known theorems that study which is also known

Input: S and@.
Output: TRUE if U(S, Q) = 0, FALSE otherwise.
if S 0then

return FALSE.
end if
B = S71/2Q571/2_
if p(B) > 1/2then

return FALSE.
end if
if || Bl < 1/2then

return TRUE.
end if
Zo = I. Choose a sufficiently large numbér
forj=1,...,Jdo

Zj=I1-B'Z;B.

if Z; # BB'then

return FALSE.

end if
end for
return TRUE.

as a special type of block Toeplitz matrix. The following

theorem is from [4, 5] where its proof is therein.

Algorithm 2 CSSM Learning via Step-Size Adjustment

Theorem 1 U(S,Q) = 0ifand only if Z; = BB’ for all

j > 1, whereB = S~Y/2QS~1/2, and{Z,} is recursively
defined asZy = I, Z; = I — B'Z; B, j > 1. (I is the

(d x d) identity matrix.)

Notice that checking the conditiai; = BB’ for (d x d)
matrices is quite easy. The following theorem provides a

sufficient condition and a necessary condition which are
both non-iterative (See [4] for the proofs).

Theorem 2 (Sufficiency)U(S,Q) = 0if |Bllz < 1/2.

(a) Initializew.

(b) ComputeV,.

(c)n « 1.

(d) wy = (Sy, @y, Ey) —w +n-G(Vy).

if Membership§,,, @,) == TRUEthen
Do line-search to fing*.

w—w+n*-G(Vy). goto (b).
else

n < n/2. goto (d).
end if

(Necessityp(B) < 1/2if U(S,Q) = 0.

Here, || B||2 is the2-norm (or the largest singular value of

: _ ! namely, P(x;|Y) and P(x;,x;—1]Y) completely repre-
B)andp(B) is the spectral radius @8 (or the largest eigen-  sents the full posterioP(X|Y). Moreover, the decoding
value magnitude). coincides with the posterior means, thatXs, = E[x;|Y].
Our iterative membership algorithm (See Alg. 1) is based The well-known Kalman filtering/smoothing is the algo-
on Thm. 1, while the conditions in Thm. 2 are also used t0 rjthm to computeP(x,|Y) and P(x;, x;_1|Y). Here we

quickly filter out the members or the non-membersiér  derive an alternative approach based on the general message
In our experiments, the maximum number of iterations cho- passing for the undirected graphical model.

sen as/ = 1,000 works well without feasibility violation. For the giver, the potential functior/,(-) defined on
The overall learning algorithm that uses the membership al-he clique at time is:
gorithm with a bisection step-size adjustment is described

in Alg 2. My (x4, %e1) = 6—%x;Sxt7X§QXt_1er;,ECb(Y;t)7 t>2,
3.3. Inference and Decoding My(x) = e zaSababelD), (10)

The inference is the task to compute the posterior distri- We recursively define the forward messages with the initial
bution, P(X[Y), for the givenY, while the decoding isto  condition,a (x;) = M;(x;), and fort = 2, ..., T,
find its mode, X* = argmaxx P(X|Y). In our model,
due to the conditional Gaussianity (Eq. 4) and the chain-

structure (Fig. 1(b)), the Gaussian posteriors on the cliques, o (xi) =

/ a1 (xim1) - My xem). (1)



Sinceay(x;) is an unnormalized Gaussian, it can be rep- (¢ + dh)) time, while the Kalman smoothing requires
resented by a triplet(r;, P, q;) € (R,R%¥< R?), which O(T - (d® + h* + dh)) ®, where we assume that the corre-
impliesay (x;) = r; exp(— 3%} Pix; + ¢jx;). Following the sponding SSM employé(Y; t) as itst-th observation. The

recursion in Eq. 11, we can compute, P;, ¢;) recursively linear time in the measurement dimension enables CSSM
as follows: to incorporate a large number of measurement features. In
terms of numerical issues, we empirically observe that the

t=1 r=1, P=5, q=E ¢(Y;1), proposed inference algorithm in conjunction with the step
ol Phan size adjustment (Sec. 3.2) is numerically more stable than

L1M/2
t>2 ry=1_1- ’277Pt__1‘

Pt :S_th_—llQ/a i
G =E-6(Yit)— QP g1, (12) 4. Variants of CSSM

the Kalman smoothing for SSM, especially wheis large.

In this section we discuss two extensions to CSSM: the
feature selection algorithm and inclusion of the nonlinear
dynamics features.

It is important to notice that Eq. 12 makes sense only if
the integrability condition in Eq. 11, that i€, = 0 for all
t, is satisfied. we can guarantee that for the feasible model
that resides iV, this condition always holds. The partition

o : : . 4.1. Discriminative Feature Selection
function is easily obtained from the forward messages, in

particular,Z(Y) = fx ar(xr)°. A typical benefit of regression-type undirected condi-
Similarly, we can define the backward messages with thetional models is their eligibility for feature selection, espe-
initial, fr(x7) =1, and fort < T, cially when the data contains a combination of relevant and

a large number irrelevant (noisy) features. Given a pool of

Bi(x;) = Bro1(Xep1) - Migr (x0s1,%0).  (13) candidate features denotedZasour discriminative feature
Xit1 selection algorithm selects a sparse subset that contains the
_ _ most salient and discriminative features.
The triplet, (h¢, 3, g¢) € (R, R, R?), for representing The algorithm is essentially a greedy forward selection

Be(x¢) = he exp(—3xFyx: + gix:), can be computed as: (boosting): at each stage, a new feature is added to the cur-

rent feature set. We follow [12]'s functional gradient deriva-

tion to compute the gain for each candidate feafure F.

. e%§§+1ﬁt111§t+17 For the current feature sgtY ), we have the following cri-
terion (gain) forf:

t=T; hr=1, Fr =04x4, 97 = O0ax1,
_ 12
t < T, ht == ht-‘,—l . ’Q’R'Ft;ll’

F=-QF3\Q, 9= -QF g1, (14)

whereF, := F, + S andj, := g, + E - ¢(Y;t). Another L(f;9(Y)) = H Zf(Y’t)'(Xt_E‘/’(Y) i/ Y]) X (16)

integrability condition in Eq. 13F; = 0 for all ¢, also holds !

for the feasible parameters. where the expectation is taken with respect to the learned

Observing thatP(x,|Y) = ﬁat(xt) - Bi(x¢) and model with the current feature sgtY).

P(x,x1|Y) = ﬁat_l(xt_ﬁ My (x4, %e—1) - B (%), The gain can be interpreted as a discrepancy between the

we have the following Gaussian posterior: empirical features and the model expected features. How-
ever, Eq. 16 is slightly different from the derivation in [12]

Plx 31 [Y) = N( { Lt ] { DIPEED DAY } ) in that we take]| - ||; to make the multivariate quantity to

el JTPS I I D VAP scalar. Notice that if the state is discrete as in [12], the

quantity in|| - ||; is scalar. Once the gains are computed,

wherey; = E[x/|Y] = (Pi + F)™ " (¢ + g1), B¢ = the new feature to be addedfis = max ez L(f; #(Y)).
V(x|Y) = (P+F,) "t and2; ;1 = Cov(xy, x4-1|Y) = This also makes intuitive sense because the feature that
—Ft‘lQ(Pt_l — Q’F[lQ)—l. Notice that for a feasible is the most positively correlated with the current error is the
model, all the posterior quantities are propiee.{ covari- one to be selected. However, according to Eqg. 16, simply
ances are positive definite) since they are marginals of thescaling upf results in a better feature. It is thus crucial to
full Gaussian (Eq. 4). normalize the features before computing the gains, namely,

It is interesting to consider the proposed inference al- f(Y;t) = f(Y;t)/|>_, f(Y;t)|. After adding the feature
gorithm in light of the standard Kalman smoothing for f* toour model, we exclude it froi#, followed by learning
SSM. In time complexity, the proposed method tak&d” - parameters of the new model.

5This must be the same to the Gaussian normalizing constant from  ®Recently, it has been shown that the cubichircan be reduced to
Eq. 4, namely(27)4T/2 . |U|~1/2. exp(3b'U~1b). quadratic, using the least-square method. See [25] for details.



4.2. Nonlinear Dynamics

Although CSSM is derived for linear dynamics features,
it can be easily extended to incorporate nonlinear dynamic
features. Motivated by [19], we suggest to use an invertible
nonlinear mappingl'(-) to obtain a new embedded states
¢: = ¥(x¢). For instance, if the mapping is related to a
polynomial kernel with odd degree, it is invertible and the
inversion can be found in a closed form.
space we may assume thl@atonforms to linear dynamics
despite nonlinear dynamics in the original space. In the lin-
ear( space, all the previous derivations do not change. It
is only required to transform the estimatédack to the
original spacex; = U=1((;).

5. Related Work

While discriminative modeling of discrete-state dynam-

[ Model CSSM ML CML SCML
L2-Error | 1.54+0.21 | 1.79+ 0.26 | 1.59+0.22 | 1.30+ 0.12
Log-Perp. | 4.26+ 0.35 | 4.76+0.40 | 4.49+ 0.34 | 3.80+ 0.25

Table 1. Test errors and log-perplexities for synthetic data.

6. Evaluation

In the embedded  \yq eyaluate our conditional state space model in a set

of experiments that include synthetic data as well as hu-
man motion capture data. For the baseline comparison, we
include SSM, learned via not only the standard maximum
likelihood estimator (ML), but also the discriminative learn-
ing algorithms, CML and SCML, proposed in [10]. In no-
tation, for instance, we denote CML-learned SSM by SSM-
CML or simply CML interchangeably. Unless stated other-
wise, the gradient-based learning algorithms (our CSSM,
SSM-CML, and SSM-SCML) start from SSM-ML as an
initial iterate. For CSSM, we can also easily find the CSSM

ics such as CRFs has received significant attention recentlyparameters that correspond to the SSM-ML parameters.
similar models in the continuous state space has been rarely

explored. Recent works that deal with discriminative dy-

namics models in continuous domain do not consider the in-

tegrability (or feasibility) conditions on the parameter space

6.1. Synthetic Data

We devise a dynamic model from which the sequences

discussed here. Hence such approaches had to resort "¢ sampled. The model has second-order dynamics and

sampling or discretization to circumvent the integrability is-
sue. Forinstance, [17] introduced a novel conditional model
with switching latent variables, however, the inference is
done by MCMC which would be computationally intensive
for high dimensions. [21] tried to discretize the continuous
state space into grids, which may require a huge number o
poses to be known in order to have a good approximation.

In robotics community, [1] empirically studied several
objectives for learning of dynamical systems. In contrast to
[1]'s ad-hoc optimization method, [10] provided efficient
gradient-based optimization algorithms for discriminative

objectives to dynamical systems. Compared to CSSM, their

emission, specificallyx, = $A1x;—1 + 2Aox;o + vy,
andy; = $Cix; + 1Cox;—1 + Wy, Wherev, andw, are
Gaussian white noises. Note that this model must be struc-
turally more complex than SSM.

We sampled10 sequences of lengths: 150 with

dim(x;) = 3 and din(y;) = 2. Table 1 shows the perfor-

mance of the competing models for the leave-one-out val-
idation. Here we use two error measures: (1) L2-Error is
the norm2 difference averaged over time slices, namely,
(1/7) Zthl [|X: — my||2, whereX is the ground truth,
and m is the model estimated state sequence. (2) Log-
Perplexity, defined as (1/7) 1, log P(X|Y, ©), mea-
sures the variance of the estimate which is not usually cap-

objectives are optimized w.r.t. the parameters of the generay,eq by L2-Error measure. Note that the smaller numbers

tive model, which results in non-convex optimization. [20]
successfully extended MEMM of [13] with Bayesian mix-
tures of experts for 3D pose estimation. However, their abil-
ity to successfully infer states from observations mostly de-
pends on the modeling capacity of the regression functions
not on the choice of the discriminative dynamic model ob-
jective.

Recent work on the human motion tracking encom-

are better for both measures.

Although SSM-CML and CSSM optimize the same ob-
jective, the SSM-CML learning is in general non-convex
with many local optima. When the learning starts from

'SSM-ML, both models exhibit very similar test errors as

shown in Table 1. To see the difference, we learn both mod-
els with the same initial parameters that are randomly cho-
sen. CSSM recorded test erfioB3 which is not very close

passes a variety of approaches, among them dynamic modeb the one at the global optimum, however, this is much bet-

based methods ([8, 14, 15]), nonlinear manifold embed-

ter than2.30, the test error of SSM-CML. This implies that

ding ([3, 16, 18]), and Gaussian process based latent vari-CSSM is less sensitive to the initial iterate.

able models ([24]). In our approach, we consider a condi-
tional dynamic models, formulate a convex program, and

As our result in Table 1 demonstrates, SCML is empir-
ically more robust than CML and CSSM, especially with

show that it can be used for accurate and computationallysub-optimal model structures [9, 10]. However, its learning

efficient dynamic pose estimation.

time is quadratic in sequence length, which may prevent it



are(k = 10)-dim Alt-Moments extracted from the silhou-
ette image (e.g., [22]). The images are taken by a single
. | camera at a fixed view.
0r - Vs | Since the 3D joint angles and the moment features tend
i 2 e to conform to a rather complex nonlinear structure, it will
| be interesting to compare with standard nonlinear dynamic
s | models that may contain some latent variables. At the end
{o M7 ] of the section, we briefly describe two popular nonlinear
| models that are also used in our performance comparison.
O ] Table 2 shows the average test L2 errors of the competing
2 ] methods. The proposed CSSM has significantly lower er-
0 5 Fe;‘&reselmné‘zge 20 % rors than SSM-ML and more importantly, SSM-CML. This
indicates that the discriminative model can achieve signif-
icant improvement beyond the discriminative learning of
generative models. CSSM also has superior performance
to the nonlinear models. This implies that the discrimina-

Test L2 Error
=
a

Figure 2. Feature selection. The solid (cyan) line indicates test
L2 errors of CSSM learned with the features selected by our algo-

rithm. It starts from empty feature, adds a feature at each stage, uF{ive model even with a simple linear structure can have po
to full features £2-nd stage). Each number indicates the feature P P

index (dim), where the original relevant features corresponds to tential tg oqtperform complex nonlinear models in terms of

and2. The test errors of SSM learned with fai features are de- generallza'Flon performance. Moreover, the proposed infer-

picted as: ML by dotted (blue), CML by dotted-dashed (red), and €nce algorithm is much faster than the approaches based on

SCML by dashed (black). particles or nonlinear optimization used for the nonlinear
models é.g, [20, 23, 24]).

from being applied to large scale data. Nonlinear Dynamical System (NDS)

Feature Selection While NDS has the same graphical structure as SSM,
it is modeled by nonlinear dynamics and emission func-

We next apply the feature selection algorithm discussedtions. The nonlinear functions are often represented as a

in 4.1. In addition to the originali( = 2)-dim measure-  sym of RBF kernels and linear functions, namety, =
ment features, we add exta irrelevant noisy featuresthat ¢ k(x, 1)+ A,x,_1 +v; andy; = Cyk(x) + Ayx; +w,.

are generated randomly. First, SSM is learned via ML, Here k(x:) = [k(xt,u1),...,k(x¢,up)]’ is a vector of
CML, and SCML with this22-dim feature set, where the RBE kernels evaluated on the predefined cenferg. In

test L2 errors are.06, 1.92, and1.67, respectively. On  order to reduce the overhead maintaining the entire train
the other hand, CSSM feature selection algorithm (starting poses, one often includes the most salient posés form
from empty feature) successfully finds the two original (rel- 5 sparse active set.

evant) features for its first two stages. Fig. 2 shows the fea- Although NDS is very powerful in representation, its
tures found by our feature selection algorithm and the cor- generalization performance is in general very sensitive to

responding test errors. the choice of the active set as well as the kernel scale (Gaus-
. sian precision) hyperparameters. In the experiment, we
6.2. Human Motion Data adopt a greedy kernel selection technique which adds a pose

We evaluate the performance of the proposed methodT0m the train pool one at a time, according to a certain cri-
on the task of 3D body pose estimation from human mo- terion (e.g., maximizing data likelihood). The size of the
tion data. The CMU motion capture datdsptovides the active set is chosen by cross validation among several can-
ground-truth body poses (3D joint angles), which makes didates. The kernel scale parameters are estimated in a way
it possible to compare competing methods quantitatively. that the neighbor points of each centeihave kernel values
Among the originab9 angles aB1 articulation points, we ~ ©ne half of its peak value [7]. This generates a reasonably
selectively used = 39)-dim by excluding less significant ~Smooth kemnel. We learn NDS generatively by maximizing
joint angles around fingers and toes as well as those thathe joint likelihood.
rarely vary over time.

We focus on the walking motion. We gathiesequences  Latent Variable Nonlinear Model (LVN)
from one subject and perform leave-one-out validation. The

sequence lengths are abaan. The measurement features As it is broadly believed that the realizable poses live in a

low dimensional latent space, it is useful to introduce latent
"http://mocap.cs.cmu.edul. variablesz; embedded point of the posg. A typical way




] CSSM\ ML \ CML \ SCML \ NDS \ LVN \ [7] Z. Ghahramani and S. Roweis. Learning nonlinear dynam-

’ 16.85 ‘ 19.20 ‘ 18.31 ‘ 17.19 ‘ 18.91 ‘ 18.01 ‘ ical systems using an EM algorithm, 1999. In Advances in
NIPS.
Table 2. Average test L2 errors for CMU walking motion data. [8] A.D. Jepson, D. J. Fleet, and T. F. EI-Maraghi. Robust on-

line appearance models for visual trackinBEE Trans. on
PAMI, 25(10):1296-1311, 2001.

FO represent LVN is to place dyngmlcs en while aSSl_Jm' [9] S. Kakade, Y. Teh, and S. Roweis. An alternate objective

ing x; andy, are generated nonlinearly from. Learning function for Markovian fields, 2002. ICML.

LVN is done by the EM algorithm on the linear approxi- 10} M. Kim and V. Paviovic. Discriminative learning of dynam-

mated model as introduced in [7]. Initial subspace mapping ical systems for motion tracking, 2007. CVPR.

for LVN is determined by PCA dim-reduction on the train [11] J. Lafferty, A. McCallum, and F. Pereira. Conditional Ran-

poses. Similar to NDS, the hyperparameters (e.g., the num-  dom Fields: Probabilistic models for segmenting and label-

ber of kernel centers) are determined by cross validation. In ing sequence data, 2001. ICML.

the experiment, we set dim;) = 3. [12] J. Lafferty, X. Zhu, and Y. Liu. Kernel conditional random
fields: Representation and clique selection, 2004. ICML.

7. Conclusion [13] A. Mccallum, D. Freitag, and F. Pereira. Maximum Entropy
Markov Models for information extraction and segmenta-

We proposed a novel discriminative undirected graph- tion, 2000. ICML.

ical model for dynamics in real-valued multivariate state [14] B. North, M. I. A. Blake, and J. Rittscher. Learning and
domain. We address the integrability issue by casting the classification of complex dynamic$EEE Trans. on PAMI

learning problem as a convex optimization subject to a con- 25(9):1016-1034, 2000.

vex constrained feasible parameter set. The proposed in{15] V. Pavlovic, J. M. Rehg, and J. MacCormick. Learning
ference algorithm takes linear time in the measurement di- switching linear models of human motion, 2000. In Ad-
mension as opposed to the cubic time for Kalman filtering, vances in NIPS.

which allows us to incorporate large numbers of measure-[16] A. Rahimi, T. Darrell, and B. Recht. Learning appearance
ment features. In the human body pose estimation prob-  Manifolds from video, 2005. CVPR.

lem, the proposed model achieved superior prediction per-[17] D Rfoss' S- OSi_”Of'erO' a”le' Zemel. Combining discrimina-
formance to that of the complex nonlinear dynamic models. tive features 1o infer complex trajectories, 2006. ICML.

As a future work, we plan to extend our model to piece-wise [18] C. Sminchisescu and A. Jepson. Generative modeling for
linear models su,ch as switching LDS (e.g., [15]) which can continuous non-linearly embedded visual inference, 2004.

handl ite motions of different styles and t ICML.
andie composite motions ot diiferent styles and types. [19] C. Sminchisescu, A. Kanaujia, Z. Li, and D. Metaxas. Con-

ditional visual tracking in kernel space, 2005. NIPS.

Acknowledgements [20] C. Sminchisescu, A. Kanaujia, Z. Li, and D. Metaxas. Dis-

This work was supported in part by NSF grant IIS- criminative density propagation for 3d human motion esti-
0413105. mation, 2005. CVPR.

[21] L. Taycher, D. Demirdjian, T. Darrell, and G. Shakhnarovich.

References Conditional Random People: Tracking humans with CRFs

and grid filters, 2006. CVPR.
[1] P. Abbeel, A. Coates, M. Montemerlo, A. Y. Ng, and [22] T.-P. Tian, R. Li, and S. Sclaroff. Articulated pose estimation

S. Thrun. Discriminative training of Kalman filters, 2005. in a learned smooth space of feasible solutions, 2005. In
In Proceedings of Robotics: Science and Systems. Proceedings of IEEE Workshop in CVPR.

[2] Y. Bar-Shalom and X.-R. LiEstimation and tracking : prin-  [23] R. Urtasun, D. Fleet, A. Hertzmann, and P. Fua. Priors for
ciples, techniques, and softwaréBoston : Artech House, people tracking from small training sets, 2005. ICCV.
1993. [24] R. Urtasun, D. J. Fleet, and P. Fua. 3D people tracking with

[3] A. Elgammal and C.-S. Lee. Inferring 3D body pose from

silhouettes using activity manifold learning, 2004. CVPR. 155 R van der Merwe and E. Wan. The square-root unscented
[4] J. C. Engwerda. On the existence of the positive definite Kalman filter for state and parameter-estimation, 2001. In
solution of the matrix equatioX + A" X' A = I. Linear Proceedings of ICASSP.

Algebra and Its Applicationl94:91-108, 1993' [26] E. P. Xing, A. Y. Ng, M. I. Jordan, and S. Russell. Dis-
[5] J. C. Engwerda, A. C. M. Ran, and A. L. Rijkeboer. Neces- tance metric learning, with application to clustering with
sary gnd sufﬁcnent condltlo_ns for the existence of a positive side-information, 2002. NIPS.
definite solution of the matrix equatiodi + A* X 1A = Q.
Linear Algebra and Its Applicatiqri86:255-275, 1993.
[6] Z. Ghahramani and G. E. Hinton. Parameter estimation for
linear dynamical systems, 1996. University of Toronto Tech-
nical Report CRG-TR-96-2.

Gaussian process dynamical models, 2006. CVPR.



