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uncertainty

�

Inference:
filtering,prediction,sm
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�
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T
he

w
orld

changes;w
e

need
to

track
and

predictit(rem
em

ber
situ-

ation
calculus!)

E
.g.,autonom

ous
taxiposition,airplane

position,levelofchem
icals

in
chem

icalplant

B
asic

idea:
copy

state
and

evidence
variables

for
each

tim
e

step

X

� =
setofunobservable

state
variables

attim
e

�

e.g.,

�
�
��
� ,

�
�
��	
���
� ,etc.

E

� =
setofobservable

evidence
variables

attim
e

�

e.g.,

�


������
� ,

�
�
	����	�
� ,etc.

T
his

assum
es

discrete
tim

e;step
size

depends
on

problem

N
otation:

X

�
��
�

X

� �X

�
�
� �����X

�
�
� �X

�
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C
onstructa

B
ayes

netfrom
these

variables:
parents?

M
arkov

assum
ption:

X

� depends
on

bounded
subsetofX

�
��
�
�

F
irst-order

M
arkov

process:
P

�X

� � X

�
��
�
� �
�

P

�X

� � X

�
�
� �

S
econd-order

M
arkov

process:
P

�X

� �X

�
��
�
� �
�

P

�X

� �X

�
�
� �X

�
�
� �

X
t−

1
X

t
X

t−
2

X
t+

1
X

t+
2

X
t−

1
X

t
X

t−
2

X
t+

1
X

t+
2

F
irst−

order

S
econd−

order

S
ensor

M
arkov

assum
ption:

P

�E

� �X

�
�� �E

�
��
�
� �
�

P
�E

� �X

� �

S
tationary

process:
transition

m
odelP

�X

� �X

�
�
� �

and
sensor

m
odelP

�E

� �X

� �

fixed
for

all

�
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t
R
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t
U

m
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R
ain

t−
1

U
m

brella
t−

1

R
ain

t+
1

U
m

brella
t+

1

R
t−

1
t

P
(R

  )

0.3
f

0.7
t

t
R

t
P

(U
  )

0.9
t

0.2
f

F
irst-order

M
arkov

assum
ption

notexactly
true

in
realw

orld!

P
ossible

fixes:
1.

Increase
order

ofM
arkov

process
2.

A
ugm

ent
state,e.g.,add

�
�

�
� ,

�
�����
��
�

E
xam

ple:
robotm

otion.
A

ugm
entposition

and
velocity

w
ith

�
�
�����
�

C
hapter

15
5



��
��

�
�
�
�
�

��
�

F
iltering:

P
�X
� �e

�
�� �

beliefstate—
inputto

the
decision

process
ofa

rationalagent

P
rediction:

P

�X

��
� �e
�
�� �

for

�
�
�

evaluation
ofpossible

action
sequences;

like
filtering

w
ithoutthe

evidence

S
m

oothing:
P

�X

� �e

�
�� �

for

�
�
�
�
�

better
estim

ate
ofpaststates,essentialfor

learning

M
ostlikely

explanation:

���
�
�	
�

�
�� �
�x
�
�� �e

�
�� �

speech
recognition,decoding

w
ith

a
noisy

channel

C
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A
im

:
devise

a
recursive

state
estim

ation
algorithm

:

P

�X

��
� �e

�
���
� �
�
�
�e

��
� �P

�X

� �e

�
�� ��

P

�X

��
� � e

�
���
� �
�

P

�X
��
� � e
�
�� � e

��
� �

�
�

P

�e

��
� �X

��
� �e

�
�� �P

�X
��
� �e
�
�� �

�
�

P

�e

��
� �X

��
� �P

�X

��
� �e

�
�� �

I.e.,prediction
+

estim
ation.

P
rediction

by
sum

m
ing

outX

� :

P

�X

��
� �e

�
���
� �
�
�

P

�e

��
� �X

��
� ��
�

� P

�X
��
� �x
� �e

�
�� ��
�x

� �e

�
�� �

�
�

P

�e

��
� � X

��
� ��
�

� P

�X

��
� � x

� ��
� x

� � e

�
�� �

f

�
���
�
�

F
O

R
W

A
R

D

�f

�
�� �e

��
� �

w
here

f

�
�� �

P

�X

� �e

�
�� �

—
forw

ard
m

essage
T

im
e

and
space

constant
(independentof

�)
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2
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0
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F
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X
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t
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X
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D
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e

�
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e
�
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�
�
�
�� :

P

�X

� �e

�
�� �
�

P

�X

� �e

�
�� �e
�
�
�
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�
�

P

�X

� �e

�
�� �P

�e
�
�
�
�� �X

� �e

�
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�
�

P

�X

� �e

�
�� �P

�e

�
�
�
�� �X
� �

�
�

f

�
�� b

�
�
�
��

B
ackw

ard
m

essage
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a
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ards
recursion:

P

�e

�
�
�
�� �X

� �
�
�
�

�
�
� P

�e

�
�
�
�� �X

� �x

�
�
� �P

�x

�
�
� �X
� �

�
�
�

�
�
� �
�e

�
�
�
�� � x

�
�
� � P

�x

�
�
� � X

� �

�
�
�

�
�
� �
�e

�
�
� �x

�
�
� ��
�e

�
�
�
�� �x

�
�
� �P
�x
�
�
� �X

� �
C
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R
ain

1

U
m

brella
1

R
ain

2

U
m

brella
2

R
ain

0

T
rue

F
alse

0.818
0.182

0.627
0.373

0.883
0.117

0.500
0.500

0.500
0.500

1.000
1.000

0.690
0.410

0.883
0.117

forw
ard

backw
ard

sm
oothed

0.883
0.117

F
orw

ard–backw
ard

algorithm
:

cache
forw

ard
m

essages
along
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w
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M
ostlikely

sequence

��

sequence
ofm

ostlikely
states!!!!

M
ostlikely

path
to

each
x

��
�

=
m

ostlikely
path

to
som

e
x

� plus
one

m
ore

step

�
�	

�

�
���
�

� P

�x

� �����x

� �X
��
� �e
�
���
� �

�

P

�e

��
� �X

��
� �
�
�	
�

�

��P
�X
��
� �x

� �
�
�	

�

�
����
�
�

� �
�x

� �����x

�
�
� �x

� �e

�
�� � ��

Identicalto
filtering,exceptf

�
�� replaced

by

m

�
��
�

�
�	

�

�
����
�
�

� P

�x

� �����x

�
�
� �X

� �e

�
�� ��

I.e.,m

�
�� ���

gives
the

probability
ofthe

m
ostlikely

path
to

state

�.
U

pdate
has

sum
replaced

by
m

ax,giving
the

V
iterbialgorithm

:

m

�
���
�
�

P

�e

��
� �X

��
� �
�
�	
�

�

�P

�X

��
� �x

� �m

�
�� �
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R
ain

1
R

ain
2

R
ain

3
R
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4

R
ain

5

true

false

true

false

true

false

true

false

true

false

.8182
.5155

.0361
.0334

.0210

.1818
.0491

.1237
.0173

.0024

m
1:1

m
1:5

m
1:4

m
1:3

m
1:2

state
space
paths

m
ost

likely
paths

um
brella

true
true

true
false

true
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M
odelling

system
s

described
by

a
setofcontinuous

variables,
e.g.,tracking

a
bird

flying—
X

� �
�
��
��
�

��

�
�

�.

A
irplanes,robots,ecosystem

s,econom
ies,chem

icalplants,plan-
ets,

���

t
Z

t+
1

Z

t
X

t+
1

X

t
X

t+
1

X

G
aussian

prior,linear
G

aussian
transition

m
odeland

sensor
m

odel
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�
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�
���

�
�
���
� 
�
���
�
�

P
rediction

step:
ifP

�X

� �e

�
�� �

is
G

aussian,then
prediction

P

�X

��
� �e

�
�� �
�

�
�

� P

�X

��
� �x

� ��
�x

� �e

�
�� �
 x

�

is
G

aussian.
IfP

�X
��
� �e
�
�� �

is
G

aussian,then
the

updated
distribution

P

�X

��
� � e

�
���
� �
�
�

P

�e

��
� � X
��
� � P

�X

��
� � e

�
�� �

is
G

aussian

H
ence

P

�X

� �e

�
�� �

is
m

ultivariate
G

aussian

!
�
�
� �
�
� �

for
all

�

G
eneral(nonlinear,non-G

aussian)posterior
grow

s
unboundedly

as

�
�

�
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Transition
and

sensor
m

odels:

"
��
�

�

F
x

� �
#
�

$
�

�

H
x

� �
%
�

#
�

�

!
���
�
� �

%
�

�

!
���
�
	 �

F
is

the
m

atrix
for

the
transition;

�
�

the
transition

noise
covariance

H
is

the
m

atrix
for

the
sensors;

�
	

the
sensor

noise
covariance

#
� is

the
state

noise
process

(w
hite

G
aussian

noise)

%
� is

the
m

easurem
entnoise

process
(w

hite
G

aussian
noise)C

hapter
15
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Transition
and

sensor
m

odels:

�
�x

��
� �x

� �
�
!
�F

x

� �
�
� ��x

��
� �

�
� z

� �x

� �
�
!
�H

x

� �
�
	 ��z

� �

F
ilter

com
putes

the
follow

ing
update:

�
��
�

�

F

�
� �

K

��
� �z
��
�
�

H
F

�
� �

�
��
�

�
�I

�

K

��
� ��F

�
� F
�

�
�
� �

w
here

K

��
�
�
�F

�
� F

�

�
�
� �H

�
�H
�F
�
� F

�

�
�
� �H

�

�
�
	 �
�
�

is
the

K
alm

an
gain

m
atrix

�
�

and
K

�

are
independent

of
observation

sequence,
so

com
pute

offline

C
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C
annotbe

applied
ifthe

transition
m

odelis
nonlinear

E
xtended

K
alm

an
F

ilter
m

odels
transition

as
locally

linear
around

x

� �
�
�

Fails
ifsystem

s
is

locally
unsm

ooth
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�
�

X

� ,E

� contain
arbitrarily

m
any

variables
in

a
replicated

B
ayes

net

0.3
f

0.7
t

0.9
t

0.2
f

R
ain

0
R

ain
1

U
m

brella
1

P
(U

  )1
R

1

P
(R

  )1
R

0

0.7

P
(R

  )0

Z
1

X
1

X
1

tX X0

X
0

1
B

attery
B

attery
0

1
B

M
eter
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E
very

H
M

M
is

a
single-variable

D
B

N
;every

discrete
D

B
N

is
an

H
M

M

X
t

X
t+

1

t
Y

t+
1

Y

t
Z

t+
1

Z

S
parse

dependencies

	

exponentially
few

er
param

eters;
e.g.,20

state
variables,three

parents
each

D
B

N
has

��


�
�
�

��

param
eters,H

M
M

has

�
�
�


�
�
�
�

�
�
�
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E
very

K
alm

an
filter

m
odelis

a
D

B
N

,butfew
D

B
N

s
are

K
F

s;
realw

orld
requires

non-G
aussian

posteriors

E
.g.,w

here
are

bin
Laden

and
m

y
keys?

W
hat’s

the
battery

charge?

Z
1

X
1

X
1

tX X0

X
0

1
B

attery
B

attery
0

1
B

M
eter

0
B

M
B

roken
1

B
M

B
roken

-1 0 1 2 3 4 5

15
20

25
30

E(Battery)

T
im

e step

E
(B

attery|...5555005555...)

E
(B

attery|...5555000000...)

P(B
M

B
roken|...5555000000...)

P(B
M

B
roken|...5555005555...)
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N
aive

m
ethod:

unrollthe
netw

ork
and

run
any

exactalgorithm
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P
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f
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t

P
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R
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P
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U
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R
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U
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R
ain

4

U
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R
ain

5

U
m

brella
5

R
ain

6

U
m
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6

R
ain

7

U
m

brella
7

R
ain

2

P
roblem

:
inference

costfor
each

update
grow

s
w

ith

�

R
ollup

filtering:
add

slice

�
�

,“sum

out”
slice

�

using
variable

elim
-

ination

Largestfactor
is

�
� 


�
��,update

cost
�
� 


�
��

(cf.
H

M
M

update
cost

�
� 
�

�)
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B
asic

idea:
ensure

thatthe
population

ofsam
ples

(“particles”)
tracks

the
high-likelihood

regions
ofthe

state-space

R
eplicate

particles
proportionalto

likelihood
for

e

�

true

false

(a) Propagate
(b) W

eight
(c) R

esam
ple

R
ain

t
R

ain
t +

1
R

ain
t +

1
R

ain
t +

1

W
idely

used
for

tracking
nonlinear

system
s,esp.

in
vision

A
lso

used
forsim

ultaneous
localization

and
m

apping
in

m
obile

robots


�
�-dim
ensionalstate

space
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� �e

�
�� �
�
�
�

� �
�x
��
� �x

� �!
�x

� �e
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