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' SRINIVASA RAMANTUJAN.
I.
Srinivasa Ramax [?.JAN; who died at Kumbakonam on April 26th, 1020,
had been o member of the Soeciety since 1917, He was not n man who,

talked much abouk himself, and until recently I knew very little of lua
early lile. Two notices, by P. V. Seshu Aiyar ‘and R, Ramachandra B.aq,

two of the most devoted of Ramanujan's Indian friends, have been pullisheg:

racentlyin the Jowrnal of the Tndian Mathematical Society; and Sir Frapeis
Spring hae very kindly placed at my disposal an artiele which appeared
in the Madras Times of April 6th, 1919. From these sources of informa-
tion I ean now supply a good many details with whieh I was previously
unuequainted. Ramanujan (Srinivasa Iyengar Rawaoujs Iyeogar, to give
him for once his proper name) was born om December 22nd, 1887, at
Tirode in southern Indin. His [ather was an accountant (gumasta) ta a
cloth merchant at Kumbakonam, while his maternal grandfather had served
as amin in the Munsiffi's (or loeal judge's) Court ot Erode. He first went
to school nt five, and was transferred before he was seven to the Town High
Scliool at Kumbakonam, where he held a * free scholarship”, and where
his extraordinary powers appear o have besn recognised immediately.
“ He nsed"”, so writes an old sehoolfellow to Mr. Seshu Airar, " to borrow
Carr's Symopsis of Pure Mathematics from the College library, and delight
in verifying some of the formule given there.... He used to entertaio
his friends with his theorems and formnul#, even in those early days. . .
He had an extraordinary memory and could easily repeat the compleie
lists of Banserit roots (atmanepada aud parasmepada) ; be conld give the
valoes of 4/2, =, ¢, ... $0 any number of decimal places. . . , In manners,
he was simplicity itaelf. . . .

He passed his matrienlation examination to the Government College

at Kumbakonam in 1904 ; and secured the * Junior Bubraniam Scholar-

ship"”. Owing to weakness in English, he failed in his next examination
and lost his seholarship ; and left Kumbakonam, first for Vizagapatam and
then for Madrss. Here he presented himself for the *First Examination
in Arts " in December 1906, but failed and never tried agam. For the
next few years he continued his independent work in mathematics, “ jotting
down his results in two pood-sized notebooks " : I have one of these note
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books inmy possession still. In 1009 he married,and it became necessary
for him to find some permanent employment. I quote My, Seshu Aiyaif: »

"Te this and, he wont to Tirukoilur, & small sub-division town in South Arcot Disthet,'
Lo ses Me, 'V, Ramuiswami Aiyar, the founder of the Tndian Mathematioal Sosiety, bas My:’
Aiyaz, seoing his wonderful gitts, persuaded him. to go to Madras, It was then after some .
four years' intarval that Mr. Ramanujan met me as Madras, with his two well-sized note-
books refarred to above, 1 sens Ramanujsn with a note of roommendation to that tros Tover
of Mathematics, Dewnn Bahsdur R, Remachandrs Rao, who was then District Colleotor st
Neallore, o small town some eighty miles nodh of Madros, Mr. Boao sent him back to me
saying is was oruel to make on imtellectual glaot like Ramsnujan rot af & mofussil station
like Nallore, aond reoommended his stoy ot Modras, generously undertaking to pay Mr.
Ramsnujan's expenses for n time. Thiswas in Decembor 1810, After u whils, other nttempls
to obiain for him & scholarship having failed, and Ramsnojsn himself being unwilling to be s
burdan on anybody for sny length of tine, he decided to take wp & small sppointment under
the Madras Pors Trost in 1011, . K

But he never sinckeusd his work at Mathemntics., His earliess comtribotion to the
Jowrnal of the Indian Mathematical Society waa in the form of queskions communicated by
me in Val, TIT (1811), His first Iong nriieln on 'Some Properties of Bernoaolli's Nombers '
was published in the December number of the same volums, Mr. Ramanujan®s methods wore
o terse and novel and his presentation was 80 lacking in clesrmess and precision, that the
vrdinary reader, unaccustomed to such intellectual gymnastics, could hurdly fallow him,
This partirular arcicle was retumed more than ones by the Editor before it took a form suit-
sble for publicstion, It was doring this period that he same ta mo ona day with some
theorams on Prime Numbees, nnd when T refarred him to Hardy's Tract on Orders of Infinity,
bo vhserved that Havdy had said on p. 96 of his Trwck ' the exsct order of p{z) [defined by

the equation

where v (] denctes the number of primes less than x|, Lss uol yel Leen determived *, wnd
that he himself'had discovered & result which gave the order of p(z. On this T suggested
thot he might communicate his resnlt to Mr. Hoxdy, together with some more of his resulis,

This passage brings me to the beginning of my own acquaintance with
Ramanujan. DBut befora I say anything about the letters which I received
from him, snd which resulted ultimately in his journey to England, I
musat add o little more about lhis Indian career. Dr. G. T. Walker, F.R.8.,
Head of the Meteorological Department, and formerly Fellow and Mathe-
mntical Lecturer of Trinity College, Cambridge, visited Madras for some
olficial purpose some time in 1912 ; and Sir Franeia Spring, K.O.LE., tha -
{Jbairman of the Madrus Port Authovity, ealled his attention to Ramanajan’s -
work. Dr. Walker wue fur too good u mathematician not to recognise ibs .
yunlity, little ae it bad in common with hisown. He brought Ramanajan’s
case to the notice of the Government and the University of Madras. A
research studentship, “ Rs. 75 per niensem for a period of two years ™, was
awarded him; and he became, and remained for the rest of his life, a pro-

fessional mathematicion. - ; iy
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* Ramanujan wrote to me firet on January 16th, 1918, and at faivly
regular intervals until he sailed for England in 1914. I do not baliave
that hia letters were entirely his own. His knowledgo of English, at that
stage of his life, could searecly have beon sufficient, and there is an
oceagional phrase which i hardly characteristic. Indeed I seam to re-
member his telling me that his friends had given him some assistance.
However, it was the mathematies thai mattered, and that was very

amphatically his.

Madras, 16th January 1918
“Dear Sir

I beg to introduce myself 40 you as a clerk in the Accounts
Department of the Port Trust Office at Madras on a salary of only
£20 per apnum. I am now about 28 years of age. I have had no
university education but I have undergome the ordinsry school eourse.
Afver leaving school I have been employing the spare time st my digposal
to work at Mathematics. T have not trodden through the conventional
regular course which is followed in a university course, but I am striking
out a new path for mysell. I have made a special investigation of diver-
gent series in general and the results I get ara termed by the local mathe.

maticians as ‘ startling '
Just as in elementary mathematics you give u meaning to a" when n
i negative and fractional to eonform to the law which holds when » is &
positive intager, similarly the whole of my investigations proceed an giving
8 meaning to Fulerian Seeond Integral for all values of n. My friends
who have gone through the regular course of university education tell me

that Ex"“r'dx = I'(n) is true only when = is positive. They say that

this integral relation is not true when = is negative. Supposing this is
true only for positive values of n and also supposing the definition
al'(n) = I'(n+1) #o be universally true, I have given meanings to these
integrals and nnder the conditions I state the intagral is true for all values
of n negative and fractional. My whole investizations are based upon this
and I have been developing this to a remarkable extent so0 much so that
the loca]l mathematicians are not able to understand me in my higher
flights. , .

- Very recently I came across a tract published by you styled Orders
of Infinity in page 86 of which I find & statement that no definite ex-
pression bas been as yet found for the no of prime nos less than any
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given number. I have found an expression which very nearly approximates
to the real result, the error being negligible. I wounld requesi you to go
through the enclosed papers. Being poor, if you are convineed that there
is anything of value I would like to have my theorems published. I have
nob given the actual investigations nor the expressions that I get but 1
have indicated to the limes on which [ proceed. Being inexperienced T
wounld very highly value any advice you give me. Requesting to. be
excused for the trouble I give you.
. I remain Dear sir Yours truly
4. Ramanujan
P.8. My addreass is 5. Ramanujan, Clark Accounts Department, Port
Truat, Madras, India.”

. I quote now from the " papers enclosed,’’ and from later lettors :—
“In page 36 it is stated that ‘the no of prime noz less than

&
x =! I-%-[-p{;] whera the precise order of pls) has not been deter-

mined. ...’

T have observed that a(e*™) is of euch a natnre that its value is very
small when r lies between 0 and 3 (its value is less than u fow hundreds
when z = 8) und rapidly incresses when = is greater than 8. . . .

The differenee between the no of prime nos of the form 4n—1 and
which are less than r and those of the form 4n+1 less than z is infinite
when x beecomes infinita. . . .

The following are a faw examplea from my theorems :—
log(2n) log(3n)
log 2 log 3

p and ¢ may have any positive integral value including 0,

{1) Tha noa of the form 2P37 lass than u = 3 where

(2) Let us take all nos containing an odd no of dissimilar prime
divisors vis.
2, 8, 5, 7, 11, 18, 17, 19, 28, 29, 30, 31, 97, 41, 42, 48, 4T &

{a) The no of such nos less than n = %

1 1 1 1 1 1 9
0] E§+E§'+E§+ T—;+--++W‘i" ﬁﬂ_i'.-, =53

15

@ g+ gtgerptee =gk
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(8) Lot us take the no of divisors of natural nos viz.
0 1,2,9,8, 2.4 2,4,8 4, 2&e {1 hmﬂnglﬂIWMr 2 having 2,
3 hoving 2, 4 having 3, 5 having 2, &e).
The sum of such nos fo # terms
= n(2y—1+loga)44 of the no of divisors of
where y = ‘5T7215664 ..., the Eulerian Constenk.

(4) 1,2, 4,6,8, 9, 10, 13, 14, 17, 18 &e are nos which are eithar
themselves sqq. or which enn he expressed as the sum of two sqq.
The no of anch nos greater than 4 and less then B

= Ifj v,rb +0()* where K ="T64..,

and 8(z) is very small when compared with the pravieus integral. K and
Bix) have leen exactly found though complieated. . . .

Ramanujan’s theory of primes was vitiated by his ignorance of the
theory of functions of a complex variable. It was (so to say) what the
theory might be il the Zeta-function had no complex zeros. His methods
of proof depended upon a wholesale use of divergent seriee. He diare-
garded entirvely all the diffienlties which are imvolved in the interchange
of double limit operations: he did not distinguish, for example, between
the sum of n series g, and the value of the Abelian limit

hm Ea.z"
—rl

or that of any other limit whicli might be used for similar purposes by u
modern analyst. There are regions of mathematics in which the precepts of
modern rigonr may be disregarded with comparative safety, but the Analviic
Theory of Numbers is not one of them, and Ramanujan's Indian work on
primes, and on all the allied problems of the theory. was definitely wrong. '
That his proofs should have been invalid was only fo be expected. Butb
the mistakes want deeper than that, and many ol the actual results wer'e *
false. He had cbtained the dominant terms of the classical formuls,
alshough by invalid methods ; but none of them are such elose spproxima.
tione as he supposed. N

This may be said to have been Bama.nu]an B ODB8 QEreat fﬁu]urn. And
yet I am not sure that, in some ways, his failure was not more wonderful
than eny of his triumphs. Consider, for example, problem (4). The
dominant term, which Remanujan gives correctly, was first obtained by

® This should presumahly be # (H).
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Landau in 1908. The correct order of the arror term is still' unknown.
Ramanujan had none of Landau’s weapons at his command ; he had never
seen n French or German book ; his knowledge even of Enghlh wae in-
gufficient to enable him to quhh[}' for & degree. Ii i sufficiently mar-
vellous that he should bave even dreams of probleme such as these,
problems which it has taken ths finest mathematieians in Europe a
hundred years to solve, and of which the solution is incomplete to the

present day.

!
. IV. Theorsms on integrals. The following are a few examples

{1)r1+(a+1) 1+(b+i} e dr

ct--l-l

_ ¥r Latd L+ Tb—a+t+d
2 T T+ Th—atl)

(@ It L Sy 42 = g,
b B s (B VR
¢in) is u complicated funetion, The following are certain special values
PO =15: #(3) =i pm=22 pen==

o(5) =555 o(F) =2 wm_ $(2) =0;

+(5) = 5-va(i5-m)

n ” dr o ™
¢ L (1= (12 (127 ... &e — A(l+r4 4"+ &)

where 1, 8, 6, 10 &c ave sums of natural nos.

£} sin Znz s =" gos ﬁhhﬂﬂﬂ'&n
-48) L as(euahw-:.u+uua ﬂ}ﬁ_j_g(mh-};: " ah?'-I &e)
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. V. Theorems on summation of series;* e.g.

Ulir =3-1--9' -§+_:'1' 2::+": 'T‘Hw
= } log '~ T log 2+ (35 + 35 + v +4%¢).
i@ 149,17 (32) o5, (R22E) 4 e = 22

4.8.12 &‘w.:li%}}g'
1.3

24)_‘“=§

@ 1—5.G1°+9. (

l:l.l 21! B:I.H = 1
W F—+ 7 +F—g+oe =g
_. eoth 7 , coth 2 | coth B 19x"
() 1 + i -|- -—Elr-- -I- ﬂz.ﬂ — "ﬁ?'ﬂ'ﬂ
() - Ea - B3 : br —&e = 7:;
£ —_— e — — )
1% posh > 8% ansh ) 5% cosh 2

VI. Theorems on transformation of series and Integrale, e.g.

W (G- Firvst s v T )
2|8 |6 z* |9
“’”‘W R T |_1"+“"
1+f_E’ -E.Hu L {-éﬁ-{—l%g—&a}.

-l
@) If aB=x=" then 71- {1+4ur 54?;—,1;‘
. 0 ] —

. % Thors is always mors in one of Hamannjun's formule than meets the eys, a8 anyome
who sels to work o verify those whish'look the easisst will soon discover, In some ibe interest
lies very deep, in oithers comparstively near the surfsce ; but there is not one which is nos
eurints and entertaining. e
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a L T .
(M) = (¢ +51"5 Jm)
=/ (e~ gin ny/m—e~""F gin n v/37 + ko). -
(8) If » is any positive integer axcluding 0
1 298 . i fH“ lfl‘—] ﬂh—t |
(4'—¢"?+(ﬂ"—!"')* —— = | Bn e e e

whersa B, = | B, =45, &e.

E-JB

VII. Theorems on approximate integration and summation of series,

2 1+—+1—+J’ +.. +E

where % liss botween —H; anil 2

whers 0 = 3 T (;'-FIJ T il e

o 1 () + () (@) rrem o s

whera f vanishea when = =,

1-.! 2! :.1'1 42
Wit ta—g +s"~—1 LR
2 r "
= (1** + + a' + "”’) ':Lc 10 T 181440

b =
+ 7357600 T 159667200

(Noée.—r may be given values from 0 to 2).

“+&e¢ when x is small. |

i 1 42 5] ;
®) 1001 T 100m + 10080 T 1007 T 1008 T
= | S — .
1500 10-*"x 10125 nearly.

kg W L. 3 @ A
*535 =T TR+ a4t a+ e

7 i 1 s
(7) The coefficient of +*n 5= o — 2 2 —&e

sinh (wy/n)
= the nearest integer to "ll voah (ary/n) — -,,-tfru [ )

* This is quite untrae.  Dut the formula is extromely idleresting for a vatisty of redanus.



alviii . OBITUARY KOrIoEs
1X. Theorems on continued fractions, a few examples are :—

4 N g ¢ 1 (r(ﬁ) -_

W R+ T+ T+ 22+ bo 11‘[”'"3)
v gl £ o2 3 @
) I "TALTHETHTHT b0
3 Nz oz 2 P
i "ETTHTH T4 1 &
. _ 1= u ot = But st
Weem e "I Sut a2t
N B il Sl S _ (5 EAD A5+ :
i T s M ) 1+&=_w 2 2 )ﬁ
1 g at o = (/I=nf8 _ =1\ o2
ot r T Tea W RS-
A a1

M Fa™1 - 1 & 1 ke

positive rational quantity. . ..”
27 February 1913

... I have found a friend in you who views my labours sympatheti-
cally. This is slready some encouragement to me to proceed. . .. I find
in meny a place in your letter rigorous proois are required and you ask
me to eommunicate the methods of pr:mt . 1teld him‘ that tha Bum
of an infinite no of terms of the series 1+*2+'l+4+ = = under
my theory. If 1 tell you this you will at once paint ont tn me the lanatie
agylum &3 my goal. . .. What T tell you is this. Verify the results 1
give snd if they agree wikth your results . . . you should at least grant that
thers may be some truths in my :Eu.nﬂ.nmmtal basis. .

Tn preserve my brains | want food and this is now my firet considera-
tion. = Any sympathetic letter from you will be helpful to me here o get
B !r.hula.mhlp either from the University or from Government. . . .

1. The no of prime noe. less than ¢ = zslfi:z+l)

1
where . Sz+1='1-m+§,ﬁ-|l-...

* Referring t0 a-previgus cocrespondence.
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2, The no of prime nos, less than » = .
2 (2 logny , 4 (loga\®, 6 (loga\®
x | B, Erjfﬁﬂi(ﬂr)kf-ﬁﬂﬂ(‘ﬂr)hl.ah

where By =} B, = o} &e, the Bernonllian nos. . . B
For practical caleulations ,
de _ (1 L k=1
j: logz — " \logn * (log n)? Pt log n)* ﬂ)

1 [ 4 §%1—4)

1 [ 8 ., 9%1—0 S1—i2—38H '
Tegar 1T e 15 }'H’t"

where 6 = k—logan. . ..

The order of Aix) whieh you asked in your letter is \f;[ﬁg_x .
1 2 2 2 F4 2
1+1414141+14&e

5 2 ' ; -8 544/
then iﬁ.}t-! +e * Fie~™ : : Jﬂ..-H*i'ﬂ s Fle™h : = d-!:vh

with the conditions aff = =, . . .
&b ..lu g—!rﬂ e—nv'.h == ,—rJI rv’"i _._'V_'su,,ﬂl
Y14 1 4 1 ek T - A r5—11\4 2 -
51 (M2 5ty
1+ 5 () - |
The above thcorem is a particalar case of a theorsm on the e.f.
1 o= e e asl ar
141414141 4 1 +Le
which 18 a particular case of the o.f.
1 ax ax’ ax?
1 + 14tz 4 1+ b4 1+bs'+ Lo
which is a particular case of a general theorem on c.f,
. o (e 1 @ gy g g gt o
i 3. *,L e Y — T T T+ 14 L4 15 1+
uaf e i v B g B
pcoshz - 1+14+3+14+54+1+7+&
l)i 1.8\° (1.3.5 e -4
@1 5'(2 T (u.:) = 55.4-6) T = ra

1) If Fle) =
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_x 242 P4 42"
e s e o
. af 1\ 14rt+ 24z &e
then i 7 (1) = T s

r . : 1 . ']+m+z‘+$6+£m+&ﬂ i
i 2 (14 5) = (1+z“+z"+mm+EW)

(7) If » is any odd integer,
1 1 1

ogh 7_3( T 9—”)+5( 4 5—"')"'h=%'
e ﬁ+em§; cos g?—l—{magﬂ CoB o (LT

2n

5] ala41) - Big+1)
3 "‘:"" (2 " E(a+D)

yiy+1)
X et + &e.

(10) If F(u, 8.y.6,6) = 14 -l“l—

') I'd=a=4)
l'ic—a)I'ie—3)

['d Lie) a4 8—4d) T'(d4+e—a—B—)
PFa) ' ie— ) I'(E+e—a—3)

X Fii—a, i—8, é+e—a—B—v, 6—a—B+1, é+e—a—f)

then Flw B3,y 0 ¢ = Ko, Be—y, a+S—4+1,¢€)

+

18) u o’ 2o (Ja)®
( 14n4-84n+i4n4 T4n4...
= Tas) dz
2a || 7 V@1 +2 VA —1]"

_ L A8k B4R (G+B8 +E
(14 7 Flo, f) =ab =g = =g % +..'

then ' Fla, 8) = F(8, a).
15 1 Flo, =2 5 (2o @86°

n =+ +T+ T+
then Fla, B)4F(8, a) = 2F {}la+B8), +v(aB)}

& ® .

A7) I F(k) = 1+(%)' k+ (ﬁ)'k%... and P(1—k) =(310)F(h),
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then k = (y/2—1}(2—4/8) (/T —y/6)*(B—B4/TV (/10— 8 (4 — 415"
' ¥ (W 15—a/14)% (8—4/85)".

LR

- de o dg
AR Lo = j:'-./{l—(l—u)ain’qe-%ﬁn /| 1—asin’]
and Fla) = 3F(8) = 6F(y) = 15F(d),
then i [(ad)i+ |1 —a)(1 =8} ][(By)i+ {(1=Bl=p}]=1
v. (afydi4{(1=a)1l=8)(1—y)1—d}*
: +{16afyé (l—a)(1=B)(1=—y)1—@ |* =1

(21) It 'a) = 3F(8) = 18F (y) = 89F(f)
or Fia) = 6F(@ = 11F(y) = 55F ()

{1—a)(1 =@ = (wd) _ 1+ {(1—a)(l—d)}*+(ad)?

th - : = ;
O TA=AI—p =By 1+ [(1—A0 =)+ By}

L e T e T E I
e M = L [i ] 569-499,/33 # a1 4=084/88Y |
= ey (S kg

B !
, s W ERE IR A )

12/ (6A1T 4+9214/451
X V(1048y11) X ¥(26+15v/3) X \/ ( v )

17 April 1918

“ . I am a little pained to see what you have written, ..." Iam
not in the least approhensive of my method being utilized by others. On
the contrary my method has been in my p;mnﬂsniun for the last eight
years and 1 have not found anyone to appreciate the method. As I wrota
in my last letter I have found a sympathetic [riend in you and I am
willing to place unreservedly in your hands whas little I have. It was an

* Ramannjan might very rensonably have been relnctant to give nway his secrets to an
English methemntivinm, and I had bried to rensamre him on this point as well as T coald.
§E0. 2. VOL. 19, " T ] x . g
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account of the novelty of the method T have uged that I am A little diffi-
dent even now to communicate my own way of arriving at the exprassions
I bave already given. . . .

... I am glad to inform yon that tha local University has been pleased
to grant me a scholavship of £60 per annum for two years and this was
at the instance of Dr. Walker, F.R.S., Head of the Meteorologioal Depart-
ment in India, to whom my thanks are due. ... I request you to convey
my thanks also so Mr. Littlewood, Dr Barnes, Mr, Derry and others who
take an interest in me, . . ."

) I11.

It is unnecessary to repeat tha story of how Ramanujan was brought
to Tngland. There were serious difficulties ; and the credit for owver-
coming them is dus primarily Lo Prof. E. H. Nevills, in whose company
Ramanujan arrived in April 1914. He had a seholarship from Madras of
£950, of which £50 was allotted to the support of his family in India,
and an exhibition of £80 from Trinity. For a man of his almost ludi-
erously simple tastes, this was an ample income ; and he was nble to save
a good deal of money which was badly wanted lacer. He had no duties
and eould do as he pleased ; he wished indeed to qualify for a Cambridge
degree ns & research student, but this was o formality. Ile was now, for
the first time in his life, in a really comfortable position, and eonld devote
himsalf to his researches without anxiety.

There was one grest puzzle. What was to be dome in the way of
teaching him modern mathematics ? The limitations of his knowledge
were s startling as its profundity. Here was a man who could work out
modular equations, and theorems of complex multiplication, to orders un-
heard of, whose mastery of continued fractone was, on the formal side at
any rate, beyond that of any mathemstician in the world, who had found
for himself the fanetional equation of the Zeta-funetion, and the dominant
terms of many of the most famous problems in the analytic theory of
numbers; and he had never heard of a doubly periodic function or of
Cauchy’s theorem, and had indeed but the vaguest idea of what a funetion
of a complex variable was, His ideas as to what constituled o mathe-
matical proof were of the most shadowy description. All his results, new
of old, right or wrong, had been arrived at by a process of mingled
argument, intuition, and indaetion, of which be was entirely unable to
give any coherent account.

It was impogsible to ask such & man to eubmit to aystematic instruc-
tion, to try to learn mathematics from the beginning onee more, I was
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afraid too that, if T insisted unduly on mabters which Ramanujan found
irksome, I might destroy his confidence or break the spall of his inspira-
tion. On the other hand there were things of which it was impossible
that he shonld remain in ignorance. Some of his resulta wers wrong, and
in parfieular-those which eoncerned the distribution of primes, to which
he attached the grestest importance. It was impossible to allow him to
go through life supposing thab all the zeros of the Zeta-function were real.
So I had to try to teach him, and in o messure I succseded, though ob-
viouely I learnt from him much more than he learnt from me. In a few
years’ time he had & very tolerable knowledge of the theary of functions
snd the analytio theory of numbers. Ho was never a mathematician of
the modern school, and it was hardly desirable that he should become ane ;
but he knew when he had proved a thecrem and when ho had nobf.  And
his flow of ariginal ideas showed no symptom of abatement.

T should add a word hers about Ramanujan's intarests outside mathe-
matics. Like his mathematies, they showed the strangest contrasts. He
bad very little interest, I should say, in literature as such, or in art,
though he could tell good literature from bad. On the other hand, he
was n keen philosopher, of what appeared, to followers of the modern
Cambridge school, a rather nebulous kind, and an ardent politician, of a
pacifist and ultra-radical typs. He adhered, with a severity most unusual
in Indians resident in England, to the religious observances of his caste ;
but his religion was & matter of observance and not of intellestual convie-
tion, and I remember well his telling me (much to my surprise) that all
veligions seemed to him more or less equally true. Alike in literature,
philosophy, and mathematics, he had a passion for what was unaxpectad,
strangs, and odd ; he had quite a small libracy of books by circle-sqnarers
and other cranks. .

Tt was in the spring of 1917 that Ramanujan first appeared to be un-
well. He went into the Nursing Home at Cambridge in the early summer,
uod was never out of bad for any length of time sgain. He was in sana-
toria at Wells, at Matlock, and in London, and it was nob until the autumn
of 1918 that he showed sny decided symptom of improvement. He had
then resumed active work, stimulated perhaps by his eleetion to the Royal
Society, aod some of his most beautiful theorems were diseovered about
this time. His alection to a Trinity Fellowship was & further eneourage-
ment ; and each of those famous societiss may well cougratulate them-
selves that they recognised his claims before it was too late. Early in
1019 he had recovered, it seemed, subfieiontly for the voyage home to
India, and the best medical opinion hald out hopes of a permanent
reatoration, [ was rather alarmed by not hearing from him for & con-
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siderable time ¥ bat & Jotber reached mie in February 1920, from whieh it_
appeared that he was stil] active in vesearch, - “

University of Madras
12th Jannary 1930

“ I am axtremely sorry for not writing you a single letter up te now.

. I discovered very interesting functions recently which I call * Mock '
$-funetions. Unlike the ‘False' $-functions (studied partially by Prof.
Ropgers in his interasting paper) they enter into mathematics as beauntifully
88 the ordinary S-functione. T am sending you with this lstter some
examples. . . .

Mock Z-functions

_ q q'
@ =1+gda+ gl +

p@=L p—I 4 ¢ +
=g  (1=pl=—g" "(l—qil—gH1—¢g" "~

Moek S-funetions (of 58 order)

_ q‘l q“
Q=1 tarrars Taroaroare

Mock S-functions (of TEL arcisr}

O 1+ et g q'Hl =i qﬁ]u—rﬁ

an

He suid little about his health, and what he said was not partieulsrly
discouragiong ; and 1 was quite nnprepared for the news of his death.

IV.

Ramanujan published the following papers in Europe :—

(1} ** Same definite integeals'’, Mesenger of Matfematics, Vol. 44 (15914), pp. 10-18

(2) *= Some definite integrals sonnected with Ganas's sums"', ibid., pp, 75-86.

(3) * Modnlar squations and approximations to v'*, Quarterly Jowrnal of Mathemalics,

. Val. 45 (1D14), pp. 350-874.

(%) ** New expressions [or Rismann's flu:.nhm:l {(a) and E{)'", ibud., Vol. 48 (1015)
pp. 253-261,

(&) **On vertain infinite series’ Ruwufunimun. Val, 46 (1916), pp. 11- 16.

(6) " Bummation of & certain series'’, ébid., pp. 167-160.

(7) ** Highly composits numbers™, Proc. London Maik, Soc., Ber. 3, Vol. 14 {1915}
pp. 347400,
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(4} “Bome formulm in the anmalytic thoory of mumbors'', essenger of Mafkemnlics
Vol. 13 (1016}, pp. 31-84,
{7) ' On cortain arithmetical functions'', Trans, Combridges Phil, Soe., Vel. 29 (1016),
Mo, 9, pp. 1560-184,
{10) ** Bowme serims for Duler's conatant™, Messeger aof Malkensadics, Val, 46 (1915}
pp. T8-80,
(11) *Un the cxpression of numbers in the form az®+ by +cs? +di?", Prog, Combridge
Puil. Sec., Vol, 19 (1917), pp. 11-21.
*{149) “ UIne formule ssympiotique pour lz nombre dal partitions do n "', C’umpm lendus,
4 Jan. 1917,
#(13) * Asymptotic formulm soneorning the distribution of integers of various bypes ', P'm:
London Math, Soc., Ber. 3, Vol. 106 (1917), pp. 113-102.
#(14) ' The normal number of prime factors of a number »'', Quartsrly Jowrual of Hmthe-
madics, Vol, 48 (1917), pp. T6-04.
#(15) “ Asymptotic formule in Combinatory Analysis', Proe. London Math. See., Ser. 3,
Vel. 17 (1018), pp. T5-115.
%(16) * Un the cceficients in the expansions of certain modular functions'', Proc. Foy. Sec.,
{A), Vol. 95 (1918), pp. 144-185.
(1T} " On cordadn teigonometrical sums and their applications in the theory of numbers ™"
Trems. Camb, Phil. Sec., Vol. 28 (1918), pp. 280-2T6.
{18) * Some properties of 3 {n), the numbar of purtitions of n ", Proc. Camb. hil. Soc.,
Val. 19 (1919), pp. 207-210.
{19) * Proof of certain identities in Combinstory Analysis ', ind., pp. 314-216.
[20) ** A closs of definite integrals ‘', Quarterly Journal of Mathemalics, Vol, 48 (1080,
PP 394300
{41} ** Cangrusnce propecties of partitious "', Math. Zeitsclrift, Vol 0 (1921), pp. 147-153.

Of sthese those marked with an asterisk were written in collaboration
with ms, and (21) is a posthumous extract from a much larger unpublished
manuscript in my poesession.t He also publisbed a number of short votes
in the Reeords of Proceedings at our meetings, and in the Journal of the
Lidian Mathemabtical Society. The complete list of these is as follows :

Records of Proceedings al Mepdings.
»39) ¢ Prool that almost all oumbers 5 are composed of abont log logn prime Esctors ',
14 Deo. 1916, z
=(93) ** Asympiodic lermube io Combinatory Aoalysis "', 1 March, 1917.
{24) ** Bome definite intograls'’, 17 Jan., 1918

(26) * Congrusnee properties of partitions ", 13 March, 1919,
(36| ** Algebrsic relations between certain infinite products **, 13 Murch, 1040,

Jowrnal of the I'ndian Mathematical Sociefy.
iA) Articles and Notes,
(27) ‘% Same propecties of Dervoulli's nambers ', Vol. & (1911), pp. 210-236.

(49) ** Un ¢, 330 of Profl, 8anjans '', Yol. 4 (1013), pp. H0-61.
(29) ** A sot of l}qu.n.llmu. ", Vol & [1*.5‘12!, FE- D4=06.

+ All of Ramanujan's manuseripts passed through my hands, and | edited them very
osrefully [or publication. The earlier ones 1 rewrate completely. 1had no share of any kind
in the reaults, exoeps of course when L was actually o collaborator, or when explicit acknow-
ledgment is made, Ramanujan was almost abgurdly serupulous in his desire to seknowledge

the elightest help,
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{80) ** Irregulsr numbers '*, Vel, 5 (1013), pp. 106-107,
{31} ** Bnuaring the eirole **, Vol, 5 (1918), pp. 182-138.

{42) * Do the iningru.]'ruﬂ'. Luni.d‘T ", Vol. 7 (1915), pp. 95986,
L1]

188) * On the divisore of w number *', Vol, 7 (1915), pp. L181-184,
(44) “The snm of the sqoare rools of the first % natomd numbers'', Vol. 7 (1916),
pp.- 173-176.

:.'
a5) u . ", Vol ¥ (1015}, pp. 200-2149.
{35) * Omn the product = [1 . F-] ol ¥ ( PP

(36) " Soma definite intograls ¥, Vel. 11 (1019), pp. B1-88.
97} “ A proef of Bertrand's postulate ™', Yol. 11 (1010), pp. 1B1-1E3,
i38) (Communieated by B. Waravans Adyar), Vol. 8 (14911), p. 60.
tB) Qmestions propossd and solved.
Nos, 280, 261, 2687, 980, 304, 905, 208, 308, 353, 388, 886, 437, 441, 404, 489, 50T, 511,
540, 571, €05, GOG, G2Y, 643, 636, 639, TOO, 723, T24, 70, 740, 758, 763, 740, 788, 745,
(0) Queslions proposed bul pot selved as vel.
Nos. 2834, 327, 959, 38T, 441, 463, 469, 58 G535, 536, 584, 681, AB2, A31, 609, 722, a8,
751, TV0, 764, 1049, 1070, and 1076,

Finally, I may mention the following writings by other authors, eon-
cerned with Ramannjan’s work,

“Proof of o formula of Me. Ramanujan *', by G. H. Hardy [ Messengar of Matlematics,
Vuol, 44, 1915, pp. 18-11).

** Mr. B. Ramanujan's mathematical work in England ', by G. H. Hardy {Report to the
University of Madras, 1910, privaialy printed).

" On Mr, Bamanujan's empirical expansions of woedolar functions ™', by L. J. Mordell
(Proc. Cousb. Plil. Soc., Val. 19, 1017, pp. 117124,

** Life sketch of Bamanujac *' jeditorial in the Jowrmol uf the fadion Mati. See., Val, 11,
1019, p. 129).

" Fote on the parity of the number which cnumernies the parlitions of s nomber",
by P. A, MacMakon [Proe. Camb, Phil. Soc., Vol 20, 1921, pp. 2H1-283),

* Procf of certain identities and ecngruences anunciated by B. REamanujan™, by H, B. C,
Darling (Froc. London Math. Soc., Ber. 9, Yol. 18, 1931, pp. 360-37%),

" Qo & type of modular relation ", by L, J. Bogers (ibid., pp. 287-307),

It is plainly imposaible for me, within the limits of a notive such as .
this, to attempt a reasoned estimate of Ramanujan's work. Some of it is
very intimalely conmected with my own, and my verdist eonld mot be
impartisl ; there is much too that I am hardly competent to judge; and
there is & mass of unpublished material, in part new and in part antici-
pated, in part proved and in part only conjectured, thab still awaits
analysis, Dut it may be useful if I siate, shortly and dogmatically, what
seeme {0 me Ramanujan’s finest, most independent, and most character-
igfie work. - .

His most remarkable papars appear to me to be (8), (), (9), (17), (18),
(19), and (21). The firsi of these is mainly Indisn work, done befare he
came to England ; and mueb of it bad been anticipatsd. But there is
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much that is new, and.in particular & very remarkable series of algebraic
approximations to . T may mention only the formula
. = 68 17415y5 1 _ 1108
T 35 TH16a/B7  2wy/2 - W
corract to O and B places of decimals respectively.

The long memocir (7) represents work, perheps, in a backwater of
mathematics, and is somewhat overloaded with detail; but the elementory
analysis of “highly composite " numbers—numbers which have more
divisors than any preceding number—is exceedingly remarkable, and
shows very elearly Ramannjan's extraordinary mastery over the algehra
af inequalities. Papers (9) and (L7) should be read together. and in eon-
naction with Mr. Mordell's paper mentioned above ; for Mr. Mordell after-
wards proved a great deal that Ramanujan conjectured, They contain,
in partienlar, exceedingly remarkable contributions to the theory of the
rapresentation of numbers by sums of squares. But I am inelined Lo
think that it was in the theary of partitions, and the allied parts of the
theories of ellipsic funetions and eontinued fractions, that Ramnnujan
shows at his very best. [t is in papers (1 8, (19), and (21), and in the
papers of Prof. Rogers and My, Darling that T have quoted, thul this side
of his work (3o far as it has bean published) is to he found. It would be
diffienlt to find more beantiful formule than the ‘‘ Rogers-lamanujan ™
identities, proved in (19 ; bnt hers Ramanujan muss take second placa to
Prof. Rogers ; and, if I had to select one formula from ull Ramannjan's
work, I would ngree with Major MacMahon in selecting a formula from

(18}, viz. 1 o
. . IR Bt o 10 G o 11 S 0 OO

where p(n) is the number of partitions of . :

I have often been nsked whether Ramanujan had any spacial seeres ;
whether his methoda differed in kind from thase of other mathematicians ;
whether thers was anything really abnormal in his mode of thought. T
cannot answer these questions with any confidence or eonviction; but T
da nat believe it. My beliof is that all mathemativians think, at hobtom,
in the same kind of way, und that Ramanujan was no exception. He
had, of course, an extraordinary memdry. He could remember the idia-
syncrasies of numbers in an almost nneanny way. Ib was Mr. Listlewood
(I believe) who remarked that ** every positive integer was ona of his per-
sonal friends.” I remember once going to see him when he was Iying ill at
Putoey. 1 had ridden in taxi-cab No. 1729, and remarked that the num-
ber (7.18.19) seemed to me rather a dull one, and that I hoped it was
not an nnfaveurable omen. * No,” ha replied, * it is a very interesting
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number: it is the smallest number expressible as a sum of two cubes in
two different ways.” 1 asked him, naturally, whether he knew the
answer to the corresponding problem for fourth powers; and he replied,
alter n moment's thought, that hé ecould see no obvious example, and
thought that the first such number must be very large.* His memory,
and bis powers of ealenlation, were very unusual, bat they eould
not rensonably be called ** abnormal ", If he had o multiply two large
numbers, he mnlttplied them in the ordinary way ; he would do it with
unnsual rapidity and accuracy, but not more rapidly or more accurately
than any mathematician who is naturally quick and has the habib of com-
putation. There is a table of partitions at the end of our paper (15).
This was, for the most part, caleulated independently by Ramanujan and
Major MaeMahon; and Major MaeMahon Wwas, in general, elightly the
quicker and more accurate of the two.

It was his insight into algebraical formulw, transformations of infinita
sories. and so forth, that was niost amazing, On this side most eertainly
I Liave never met his squal, and [ can eompare him only with Euler or
Jacobi. He worked, far more than the majority of modern mathematicians,
by induction from numerical examples; all of his congruence properties
of partitions, for example, were discovered in this way. Dut with his
memory, his patience, and his power of ealeulation, he eombined a power
of generalisation, a feeling for form, and n eapacity for rapid modification
of his hypotheses, that was often really startling, gud made him, in his
own peculiar field, without & rival in his day.

It is often said that it is mueh more diffieult now for mathematieian
to he original than it was in the great days when the foundations of moderm
analysis wers laid ; and no doubt in n measure ib is true. Opinions muy
differ ns to the importance of Ramanujan’s work, the kind of standard by
which it should be judged, and the influence which it is likely to have on
the mathematics of the future. It has not the simplicity and the inevit-
ablonass of the very greatest work; ii would be greater if it were less
atrange. One gift it has which no one ean deny, profound and invincible
originality. He would probably have been a greatsr mathematician if he
had been ceught and tamed a little in his youth; he would have discovared
more that was mew, and thak, no doubt, of grenter importauce. On the
othor hand bhe would have bean less of a Rumanujan, and more of o
European professor, and the loss might have heen greater than the gain.

G. H. H.

* Euler gove 543¢ 4 108" = 866%4 614 as i example. Sec SirT, L. Henth's Diophansus
of Alexandria, p. B80.



