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Abstract
The first fully dynamic algorithm for maintaining a
maximal independent set (MIS) with update time
that is sublinear in the number of edges was presented recently by the authors of this paper [Assadi et al. , STOC’18]. The algorithm is deterministic and its update time is O(m3/4 ), where m is
the (dynamically changing) number of edges. Subsequently, Gupta and Khan and independently Du
and Zhang [arXiv, April 2018] presented deterministic algorithms for dynamic
MIS with update times of
√
O(m2/3 ) and O(m2/3 log m), respectively. Du and
Zhang also
gave a randomized algorithm with update
e √m). Moreover, they provided some partial
time O(
(conditional) hardness results hinting that the update
time of m1/2−ε , and in particular n1−ε for n-vertex
dense graphs, is a natural barrier for this problem for
any constant ε > 0, for deterministic and randomized
algorithms that satisfy a certain natural property.
In this paper, we break this natural barrier and
present the first fully dynamic (randomized) algorithm for maintaining an MIS with update time that
is always
sublinear in the number of vertices, namely,
e √n) expected amortized update. We also show
an O(
that a simpler variant of our algorithm can already
e 1/3 ) expected amortized update time,
achieve an O(m
which
results in an improved performance over our
e √n) update time algorithm for sufficiently sparse
O(
graphs, and breaks the m1/2 barrier of Du and Zhang
for all values of m.
1

Introduction

The maximal independent set (MIS) problem is a fundamental problem in graph theory with a wide range
of applications. MIS is often used in the context of
graph coloring, as all vertices in an independent set
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can be assigned the same color. As another example, Hopcroft and Karp [10] gave an algorithm to
compute a large bipartite matching (approximating
the maximum matching to within a factor arbitrarily
close to 1) by finding maximal independent sets of
longer and longer augmenting paths. In general, the
MIS problem has natural connections to various important combinatorial optimization problems; see the
celebrated papers of Luby [18] and Linial [17] for some
basic applications. Additional applications of MIS include leader election [6], resource allocation [24], network backbone constructions [11, 14], and sublineartime approximation algorithms [21].
The MIS problem has been extensively studied in
parallel and distributed settings, following the seminal works of [2, 17, 18]. Surprisingly however, the
fundamental problem of maintaining an MIS in dynamic graphs received no attention in the literature
until the pioneering PODC’16 paper of Censor-Hillel,
Haramaty, and Karnin [5], who developed a randomized algorithm for this problem under the oblivious
adversarial model1 in distributed dynamic networks.
Implementing the distributed algorithm of [5] in the
sequential setting requires Ω(∆) update time in expectation, where ∆ is a fixed upper bound on the maximum degree in the graph, which may be Θ(m) even
in sparse graphs. Furthermore, it is unclear whether
O(∆) time is also sufficient for this algorithm, and a
naive implementation may incur an update time of
Θ(m), even in expectation, where m is the (dynamically changing) number of edges; see Section 6 of [5]
for further details.
We study the MIS problem in a (sequential)
dynamic setting, where the underlying graph evolves
over time via edge updates. A dynamic graph is
a graph sequence G = (G0 , G1 , . . . , GM ) on n fixed
vertices, where the initial graph is G0 = (V, ∅) and
each graph Gi = (V, Ei ) is obtained from the previous
graph Gi−1 in the sequence by either adding or
deleting a single edge. The work of Censor-Hillel
1 In

the standard oblivious adversarial model (cf. [4, 12]),
the adversary knows all the edges in the graph and their arrival
order, as well as the algorithm to be used, but is unaware of
the random bits used by the algorithm, and so cannot choose
updates adaptively in response to the randomly guided choices
of the algorithm.
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et al. [5] left the following question open: Can one
dynamically maintain an MIS in time significantly
lower than it takes to recompute it from scratch
following every edge update?
The authors of this paper answered this question in the affirmative in [3] by presenting the first
fully dynamic algorithm for maintaining an MIS with
(amortized) update time that is sublinear in the number of edges, namely, O(min{m3/4 , ∆}). Achieving
an update time of O(∆) is simple, and the main
contribution of [3] is in further reducing the update
time to O(m3/4 ). Note that O(m3/4 ) improves over
the simple O(∆) = O(n) bound only for sufficiently
sparse graphs.
Onak et al. [22] studied “uniformly sparse”
graphs, as opposed to the work by Assadi et al. [3],
which focused on unrestricted sparse graphs. The
“uniform sparsity” of the graph is often measured by
its arboricity [19, 20, 23]. A dynamic graph of arboricity α is a dynamic graph such that all graphs
Gi have arboricity bounded by α. Onak et al. [22]
showed that for any dynamic n-vertex graph of arboricity α, an MIS can be maintained with amortized
update time O(α2 log2 n), which reduces to O(log2 n)
in constant arboricity graphs, such as planar graphs.
The result of [22] improves that of [3] for all graphs
with arboricity bounded by m3/8−ε , for any constant
ε > 0. Nonetheless, for general graphs, this update
time of O(α2 log2 n) is in fact higher than the naive
O(m) time needed to compute an √
MIS from scratch
(arboricity can be as high as O( m) in arbitrary
graphs).
Recently, the O(m3/4 ) bound of Assadi et al.
[3] for general graphs was improved to O(m2/3 )
by Gupta
√ and Khan [8] and independently to
O(m2/3 log m) by Du and Zhang [7]. All the aforementioned algorithms (besides the distributed algorithm of [5]) are deterministic. Du and Zhang also
presented a randomized algorithm under the oblivious adversarial
model with an expected update time
√
of O( m log1.5 m); for dense graphs, this update time
reduces to O(n log1.5 n), which is worse than the simple O(∆) = O(n) deterministic update time algorithm for this problem.
None of the known algorithms for dynamically
maintaining an MIS achieves an update time of
o(n) in dense graphs. A recent result of Du and
Zhang [7] partially addresses this lack of progress:
they presented an “imperfect reduction” (to quote
the authors in [7]) from the Online Boolean MatrixVector Multiplication problem to prove a conditional
hardness result for the dynamic MIS problem (see,
e.g., [9] for the role of this problem in proving
conditional hardness result for dynamic problems).

This result hints that the update time of m1/2−ε or
n1−ε , for any constant ε > 0, may be a natural barrier
for a large class of deterministic and randomized
algorithms for dynamic MIS that satisfy a certain
natural property (see [7] for the exact definition of
this property and more details).
This state-of-affairs, namely, the lack of progress
on obtaining the update time of o(n) for dynamic
MIS in general on one hand, and the partial hardness
result hinting that (essentially) Ω(n) update time
might be a natural barrier for this problem for a large
class (but not all) of algorithms on the other hand,
raises the following fundamental question:
Question 1. Can one maintain a maximal independent set in a dynamically changing graph with update
time that is always o(n)?
1.1 Our contribution Our main result is a positive resolution of Question 1 in a strong sense:
Theorem 1.1. Starting from an empty graph on
n fixed vertices, an MIS can be maintained over
any sequence√of edge insertions and deletions in
1/3
e
O(min{m
, n}) amortized update time, where m
denotes the dynamic number of edges, and the update
time bound holds both in expectation and with high
probability.2
The proof of Theorem 1.1 is carried out in three
stages. In the first stage, we provide a simple
randomized algorithm for maintaining an MIS with
e 2/3 ); although simple, this algorithm
update time O(n
already resolves Question 1. In the second stage, we
generalize this simple algorithm to√obtain an update
e 1/3 ). Achieving the O(
e n) bound is more
time of O(m
intricate; we reach this goal by carefully building
e 2/3 ) and O(m
e 1/3 )-time
on the ideas from the O(n
algorithms.
Finding a maximal independent set is one of the
most studied problems in distributed computing. It
is thus important to provide an efficient distributed
implementation of the proposed sequential dynamic
algorithms. While the underlying distributed network is subject to topological updates (particularly
edge updates) as in the sequential setting, the goal in
the distributed setting is quite different: optimizing
the (amortized) round complexity, adjustment complexity and message complexity of the distributed algorithm (see, e.g., [3, 5] for definitions). Achieving
low amortized round and adjustment complexities is
typically rather simple, and so the goal is to devise a
2 We remark that the high probability guarantee holds when
the number of updates is sufficiently large; see the formal
statement of the results in later sections.
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distributed algorithm whose amortized message complexity matches the update time of the proposed sequential algorithm. This goal was achieved by [3]
and [8]. Similar to [3,8], our sequential algorithm can
also be distributed, achieving an expected
√ amortized
1/3
e
message complexity of O(min{m
, n}), in addition to O(1) amortized round and adjustment complexities, per each update. We omit the details of
the distributed implementation of our algorithm as it
follows in a straightforward way from our sequential
algorithm using the ideas in [3].
1.2 Overview of Our Techniques At a very
high level, the core idea behind all previous algorithms of [3,7,8] is the following. Partition the graph
into “high” and “low” degree vertices (where the degree threshold changes from one algorithm to another); after each update, give higher priority to low
degree vertices by adding them to the MIS even if
they already have high degree neighbors in the MIS,
then decide which of the high degree vertices need to
leave the MIS as a result of adding these low degree
vertices. This approach builds on the observations
that all the low degree vertices can be handled efficiently using a simple algorithm with update time
proportional to the maximum degree (see Lemma 2.1)
and that the number of high degree vertices is small
so they can be handled efficiently in a naive way (see
Section 2 of [8] for an excellent overview of this approach). This approach however √
seems to be crucially
stuck at an update time of Θ( m) (which can be
Ω(n) for dense graphs), as further demonstrated by
the (partial) conditional hardness result of [7].
In this paper we take a completely different approach to the problem that heavily relies on randomization. Instead of giving priority to low degree vertices, we give priority to a randomly selected set of
(potentially very high) degree vertices, and we show
that this simple twist guarantees that after removing
these vertices and some of their neighbors, the degree of the remaining vertices is low. We then give a
higher priority to the randomly chosen set of vertices,
by making sure that the MIS in the remainder of the
graph never interferes with the MIS induced by the
random vertex set. In a sense, our approach can be
viewed as a dual to the previous approaches. We now
describe our approach in more detail.

this phase. That is, if an update to MH is inevitable,
which occurs only when the adversary inserts an
edge between two vertices in MH , we terminate this
phase and start the next one. We then use MH to
partition the set of vertices in V \ H into two sets
It and Lt for the graphs Gt (V, Et ) during this phase
(where t is the current time step within the phase):
It contains vertices incident to MH in Gt and Lt
contains the remaining vertices. By maintaining
an MIS MLt of the subgraph induced on vertices
in Lt , we obtain an MIS M := MH ∪ MLt of the
entire graph. Our task hence is to maintain an MIS
of the subgraph induced on vertices in Lt , i.e., the
“low priority” vertices. We remark that the set Lt
may change over time, due to edge updates between
vertices in Lt ∪ It and vertices in H.
In order to maintain the MIS MLt , we use a key
property of the set Lt (and H): the maximum degree
in the subgraph induced on vertices in Lt is at most
e 2/3 ) with high probability. To see why this is
O(n
true, note that if a vertex v has a larger degree in this
subgraph, one of its neighbors there should have been
sampled in H and joined MH , hence forcing v to be in
It not Lt . This intuition is of course very informal.
Formalizing it is nontrivial and involves combining
the sample-and-prune technique of [15] for the MIS
problem (similar to [13]) with additional ideas related
to dynamic graphs. (See Lemma 2.2 and Lemma 3.1
for more details.) This allows us to maintain MLt
e 2/3 ) update time during this phase using
with O(n
an algorithm with update time proportional to the
maximum degree (see Lemma 2.1). However, we
should also take into account the time needed to
“restart” a phase, which can be as large as O(n2 ).
Performing the restart often would be troublesome.
Fortunately, however, since set H is chosen uniformly
at random from G and the adversary is oblivious
to the randomness of the algorithm, the adversary
has to use Ω(n4/3 ) updates in expectation before
it can force the algorithm to restart the phase.
(We note that in the actual algorithm, we need to
introduce multiple other criteria for terminating the
phase to make the arguments work, but this upper
bound continues to hold even with these additional
termination criteria.) Consequently, we can relate the
expected cost of all restarts to the number of updates
e 2/3 ) expected amortized update
and obtain an O(n
algorithm. Proving that the same bound holds with
high probability requires more efforts.

e 2/3 )-Expected
O(n
Amortized
Update
Time. Our algorithm runs in multiple phases. At
the beginning of each phase, we sample a set of
e 1/3 ) vertices uniformly at random among all
e 1/3 )-Expected
O(n
O(m
Amortized
Update
vertices and compute an MIS MH for the subgraph Time. Our algorithm in this part is a natural
e 2/3 ) update time algorithm
induced on these vertices. These vertices form the generalization of our O(n
high priority set and we never modify MH during for all values of m. A key difference here is that we
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also need to bound the cost of updates to the set
Lt , i.e., the time needed to update the underlying
graph of Lt when a vertex moves between It and Lt .
This part of the algorithm combines new ideas with
ideas from our previous approach [3] of maintaining
local information of high degree vertices in It ∪ Lt
at all times in order to boost the performance of the
algorithm when vertices are moved between these
two sets.

algorithm to lower bound the expected number of
updates needed for the adversary to force a level-r
phase restart, and√show that the amortized cost of
e n) in expectation. We note that
restarts is also O(
a major difference in the cause of restarts in this new
algorithm. Compared to the previous algorithms,
the underlying graphs G1 , . . . , GR−1 , for which we
recursive solve the problem, undergo not only edge
insertions and deletions, but also vertex insertions
and deletions. This follows from the definition of
r
r
1/2
e
O(n )-Expected
Amortized
Update sets L and I . Handling this part requires multiple
e 2/3
Time. This brings us to our most technically additional ideas compared to our O(n ) algorithm.
involved algorithm. The general idea is to perform They are discussed in Section 5.
e 2/3 ) 2 Preliminaries
the partitioning of the graph G in the O(n
update algorithm in a recursive way. In particular,
Notation. For a graph G(V, E), n denotes the
we now have a nested sequence of phases as follows.
number
of vertices in V (G) := V and m denotes the
In a level-1 phase, we sample a set H 1 of vertices
number of edges in E(G) := E. For a set S ⊆ V , we
(with a different size than our previous algorithms),
define G[S] as the induced subgraph of G on vertices
compute the MIS MH 1 , and partition the vertices
in S. We further define NG (S) to be the set of vertices
into It1 and L1t using MH 1 . Now consider the graph
that are neighbor to at least one vertex in S in G (we
G1 induced on vertices of L1t . The level-2 phase
may drop the subscript G when it is clear from the
recursively applies the previous approach to this
context). For a vertex v ∈ V , we define dG (v) as the
graph G1 , creating MIS MH 2 and sets It2 and L2t
degree of v in G. Finally, ∆(G) denotes the maximum
of vertices inside L1t . We then define the graph G2
degree in G.
on L2t and continue to a level-3 phase and so on
Greedy MIS. The maximal independent set
for R = Θ(log log n) levels. As before, vertices in
H 1 , . . . , H R have “high priority” in that we never problem admits a simple greedy algorithm. Let
modify MH r , for r ∈ [R], unless it is inevitable G(V, E) be a graph and π := π(V ) be any ordering
(more on this below). In the end, we obtain a of vertices in G. Greedy(G, π) iterates over vertices in
collection of nested graphs G1 , G2 , . . . , GR , along G according to the ordering π and adds each vertex
with multiple MISes MH 1 , . . . , MH R .
We also to the MIS if and only if none of its neighbors have
maintain an MIS of the graph GR explicitly, using already been chosen. It is immediate to verify that
the algorithm with max degree update time (i.e., this algorithm indeed computes an MIS of G for
Lemma 2.1). We ensure that the maximum degree any ordering π. Throughout this paper, we always
of vertices in graphs G1 , . . . , GR is likely decreasing assume that π is the lexicographically-first ordering
(while the sizes of H 1 , . . . , H R are increasing), with of vertices and hence simply write Greedy(G) instead
e √n) degree with high of Greedy(G, π).
vertices in GR only having O(
probability. Hence, during the most √
inner phase, 2.1 A Deterministic O(∆)-Update Time Ale n) time to
i.e., a level-R phase, we only need O(
gorithm We use the following simple algorithm for
maintain the MIS.
maintaining an MIS deterministically: every vertex
The most challenging part in this algorithm maintains a counter of its neighbors in the MIS, and
is however to perform the “restarts” for different after any update to the graph, decides whether it
level phases when inevitable. When the adversary should join or leave the MIS based on this informamanages to insert an edge between two vertices in tion. Moreover, any vertex that joins or leaves the
MH r (for some r ∈ [R]), we need to restart the MIS uses O(∆) time to update the counter of its
computation of this phase (i.e., compute a new set neighbors. While the worst case update time of this
H r inside Lr−1
and so on), as well as all inner algorithm can as as large as Ω(∆2 ), one can easily
t
phases, i.e., level-(r + 1) to level-R phases (as they prove that on average, only O(∆) time is needed to
are defined on graph Gr , which may have completely process each update. This was first shown in [3] and
changed). Note that all this is happening inside further strengthened in [8].
the graph Gr−1 , and hence by bounding the maxdegree of Gr , we can bound the time needed for Lemma 2.1. ([3, 8]) Starting from any graph
this restart operation. We further use the fact that G(V, E), a maximal independent set can be mainthe adversary is oblivious to the randomness of the tained deterministically over any sequence of
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K vertex or edge insertions and deletions in
O(m + K · ∆) time, where ∆ is a fixed bound on the
maximum degree in the graph and m = |E| is the
original number of edges in G.
2.2 Sample-and-Prune Technique for Computing an MIS We also use a simple application of
the sample-and-prune technique of [15] (see also [16])
originally introduced in context of streaming and
MapReduce algorithms. To our knowledge, the following lemma was first proved in [13] following an
approach in [1]. Intuitively speaking, it asserts that
if we sample each vertex of the graph with probability p, compute an MIS of the sampled graph, and
remove all vertices that are incident to this MIS, the
degree of remaining vertices would be O(p−1 · log n).
For completeness, we present a self-contained proof
of this lemma here (we note that our formulation is
different from that of [13] and is tailored to our application).
Lemma 2.2. (cf. [1, 13]) Fix any n-vertex graph
G(V, E) and a parameter p ∈ [0, 1). Let S be a
collection of vertices chosen by picking each vertex
in V independently and with probability p. Suppose
M := Greedy(G[S]) and U := V \ (M ∪ NG (M)).
With probability 1 − 1/n4 ,

u itself is neighbor to some vertex in M (as by the
calculation above, we would pick one of those at least
τ vertices) and hence does not belong to U . Taking
the union bound over all vertices finalizes the proof.

3

e 2/3 )-Update Time Algorithm
An O(n

We start with a simpler version of our algorithm and
then build on this algorithm in Sections 4 and 5 to
prove our Theorem 1.1.
Theorem 3.1. Starting from an empty graph on
n vertices, a maximal independent set can be
maintained via a randomized algorithm over any
sequence of K edge insertions and deletions in
2/3
O(K · (n · log n) ) time in expectation and O(K ·
2/3
(n · log n)
+ (n log n)4/3 ) time with high probability.
As a direct corollary of Theorem 3.1, we obtain the
following result.

Corollary 3.1. Starting from an empty graph
on n vertices, a maximal independent set can
be maintained via a randomized algorithm with
O((n log n)2/3 ) amortized update time with high prob∆(G[U ]) ≤ 5p−1 · ln n.
ability, assuming the number of updates is sufficiently
Proof. Define τ := 5p−1 · ln n and fix any vertex u large, i.e., is Ω((n log n)2/3 ).
in the original graph G. We prove that with high
probability either u ∈
/ U or dG[U ] (u) ≤ τ and then
The algorithm in Theorem 3.1 works in phases.
take a union bound on all vertices to conclude the
Each phase starts with a preprocessing step in which
proof.
we initiate the data structure for the algorithm and
Recall that Greedy(G[S]) iterates over vertices of
in particular compute a partial MIS of the underlying
V in a lexicographically-first order. It skips a vertex if
graph with some useful properties. Next, during each
it is adjacent to the already constructed independent
phase, we have the update step which processes the
set M. Otherwise, it selects it with probability p for
updates to the graph until a certain condition is met,
inclusion in M. Let v1 , . . . , vdG (u) be the neighbors
upon which we terminate this phase and start the
of u in G ordered accordingly. When processing a
next one. We now introduce our algorithm during
vertex vi , if vi is not adjacent to M computed so far,
one phase.
the probability that we pick vi to join M is exactly
p. As such, if we encounter at least τ such vertices in The Preprocessing Step The goal in this step
this process, the probability that we do not pick any is to find a partial MIS of the current graph with
of them is at most:
the following (informal) properties: (i) it should
be “hard” for a non-adaptive oblivious adversary to
τ
Y
 update edges incident on this independent set, and
Pr vij is not chosen | vij is not incident to the MIS
(ii) maintaining an MIS in the reminder of the graph,
i=j
i.e., after excluding these vertices and their neighbors

1
= (1 − p)τ ≤ exp p · 5p−1 · ln n = 5 . from consideration, should be distinctly “easier”.
n
In the following, we prove that the sample-andHence, we either did not encounter τ vertices not prune technique introduced in Section 2 can be used
adjacent to M, which implies that dG[U ] (u) ≤ τ , or to achieve this task (we will pick an exact value for p
we did, which implies that with probability 1 − 1/n5 , below later but approximately p ≈ n−2/3 ):
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PreProcess(G, p):
1. Let H be a set chosen by picking each vertex
in V (G) with probability p independently.
2. Compute MH := Greedy(G[H]).
3. Return (H, MH ).

tstart . Whenever any of these time steps happen we
terminate this phase and move to the next one. As
such, throughout this section, all of these time steps
are defined with respect to the original set H and the
time step tstart in which this phase has started.
In the following, we prove that every phase is
successful with at least a constant probability (this
fact will be used later to argue that the cost of
preprocessing steps can be amortized over the large
number of updates between them).

Throughout this section, we use tstart to denote
the time step in which PreProcess(G, p) is computed Lemma 3.1. Any given phase is successful, i.e., has
(hence G = Gtstart ). We define a partitioning of the t
end = tstart + T , with probability at least 1/2.
vertices of Gt at any time t ≥ tstart :
Proof. The lemma is proved in the following three
• H:
the set of vertices computed by claims which bound t , t , and t , respectively. All
H
I
L
PreProcess(Gtstart , p) (and not Gt ).
claims crucially use the fact that the adversary is
• It := NGt (MH ) \ H: the set of vertices incident non-adaptive and oblivious and hence we can fix its
updates beforehand.
on M in the graph G that are not in H.
H

t

1
• Lt := V \ (H ∪ It ): the set of vertices is neither Claim 3.2. Pr (tH < tstart + T ) ≤ 6 .
in H nor incident to MH in the graph Gt .
Proof. For any t ≥ tstart , let et := (ut , vt ) denote the
It is easy to see that in any time t ≥ tstart , (H, It , Lt ) edge updated by the adversary at time t. We consider
partitions the vertices of the graph. We emphasize the randomness in PreProcess(Gtstart , p). The proba2
that definition of H is with respect to the time step bility that both ut and vt belong to H is exactly p .
tstart and graph Gtstart , while It and Lt are defined for For any t ∈ [tstart , tstart + T ), define an indicator ranthe graph Gt for t ≥ tstart . This means that across dom variable
P Xt which is 1 iff (ut , vt ) belongs to G[H].
time steps t ≥ tstart , the set of vertices H is fixed but Let X := t Xt . In order for Gt [H] to no longer be
remaining vertices may move between It and Lt . We equal to Gtstart [H] for some t ∈ [tstart , tstart + T ), at
use this partitioning to define the following key time least one of these T − 1 updates needs to have both
endpoints in H. As such,
steps in the execution of the algorithm:

• tH ≥ tstart : the first time step t in which
Gt [H] 6= Gtstart [H] (recall that H and MH were
computed with respect to Gtstart and not Gt ).

Pr (tH < tstart + T ) ≤ Pr (X ≥ 1) ≤ E [X]
1
= (T − 1) · p2 ≤ 2 · p2
6p
1
= ,
6

• tI ≥ tstart : the first time step t in which the total
number of times (since tstart ) that vertices have
moved from Is to Ls+1 , for s < t, reaches 2p−1 .

where the second inequality is by Markov bound.

• tL ≥ tstart : the first time step t in which
∆(Gt [Lt ]) > 5p−1 · ln n.

Claim 3.3. Pr (tI < tstart + T ) ≤ 16 .

• tend := min {tH , tI , tL , tstart + T } where T :=
1
6p2 : the time step in which we terminate this
phase (in other words, if any of the conditions
above happen, the phase finishes and the next
phase starts).
By definition above, each phase starts at time step
tstart and ends at time step tend and has length at
most T = 6p12 . We say that a phase is successful iff
tend = tstart + T .
We stress that the notation above is defined with
respect to an arbitrary fixed phase, starting at time

Proof. For any t ≥ tstart , let et := (ut , vt ) denote
the edge updated by the adversary at time t. By the
randomness in PreProcess(Gtstart , p), the probability
that at least one endpoint of et belongs to H is
2p − p2 ≤ 2p. For any t ∈ [tstart , tstart + T ), define
an indicator random variable Yt which P
is 1 iff at least
one of ut or vt belong to H. Let Y := t Yt .
The only way a vertex from I moves to L is that
an edge incident on this vertex with other endpoint
in MH is deleted (and this vertex has no other edge
to MH either). For this to happen 2p−1 times (as
in definition of tI ), we need to have at least 2p−1
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updates in the range [tstart , tstart + T ) with at least
one endpoint in H (recall that MH ⊆ H). As such,

p
Pr (tI < tstart + T ) ≤ Pr Y ≥ 2p−1 ≤ E [Y ] ·
2
p
1
2
≤ (T − 1) · 2p · ≤ 2 · p
2
6p
1
= ,
6
where the second inequality is by Markov bound.
Claim 3.4. Pr (tL < tstart + T ) ≤

1
n2 .

is also an MIS of Gt [H]. The second property is by
definition of tL and the last one is by definition of tI .
Our update algorithm simply maintains the
graph Gt [Lt ] at all time and run the basic deterministic algorithm in Lemma 2.1 on Gt [Lt ] to maintain
an MIS MLt of Gt [Lt ]. The full MIS maintained by
the dynamic algorithm is then MH ∪ MLt .
We now describe the update algorithm in more
details. For any vertex v ∈ V , we maintain whether
it currently belongs to H, It , or Lt . Additionally, for
any vertex in It ∪H, we maintain a list of its neighbors
in MH . Finally, we also maintain the graph Gt [Lt ],
which involves storing, for each vertex v ∈ Lt , the set
of all of its neighbors in Lt . Note that both edges and
vertices (as opposed to only edges) may be inserted
to or deleted from Gt [Lt ] by the algorithm (and as
such, we crucially use the fact that the algorithm in
Lemma 2.1 can process vertex updates as well). Fix
a time t ∈ [tstart , tend ] and let et = (ut , vt ) be the
updated edge. We consider the following cases:

Proof. Fix a time step t ∈ [tstart , tstart +T ). Let Gt be
the graph at this time step and for the sake of analysis
H
define another graph GH
t where Gt [H] = Gtstart [H]
H
and Gt is equal to Gt everywhere else (i.e., we
replaced the induced subgraph of Gt on vertices in
H with the corresponding part in Gtstart ). Since
Gtstart [H] = GH
t [H] and MH = Greedy(Gtstart [H]),
we also have MH = Greedy(GH
t [H]). Thus, we can
apply Lemma 2.2 with S = H and U = Lt (recall • Case 1. Updates that cannot impact the partithat H and Lt are defined w.r.t to the same fixed
tioning (H, It , Lt ) of vertices:
H computed at time tstart ) and conclude that with
– Case 1-a. Both ut and vt belong to H.
probability 1 − 1/n4 , we have that ∆(GH
t [Lt ]) ≤
This update means that t = tH as the graph
−1
H
5p ln n. But since Gt [Lt ] = Gt [Lt ], it follows that
Gt [H] is updated and hence this update con−1
∆(Gt [Lt ]) ≤ 5p ln n as well. Taking a union bound
cludes this phase (and is processed in the next
2
over these ≤ n graphs finalizes the proof.
phase).
By applying union bound to Claims 3.2, 3.3,
– Case 1-b. Both ut and vt belong to It−1 .
and 3.4, the probability that tend = min {tH , tI , tL } <
There is nothing to do in this case.
tstart + T is at most 1/6 + 1/6 + 1/n2 ≤ 1/2, finalizing
– Case 1-c. Both ut and vt belong to Lt−1 .
the proof. Lemma 3.1.
We need to update the edge (ut , vt ) in the
graph Gt [Lt ] and pass this edge update to the
We conclude this section with the following
algorithm in Lemma 2.1 on Gt [Lt ].
straightforward lemma.
Lemma 3.5. PreProcess(G, p) takes O(m + n) time
where m := |E(G)|.

– Case 1-d. ut belongs to It−1 and vt belongs
to Lt−1 (or vice versa). There is nothing to
do in this case.

The Update Algorithm As argued before, each • Case 2. Updates that can (potentially) change the
phase continues between time steps tstart and tend
partitioning (H, It , Lt ) of vertices:
where the latter is smaller than or equal to time steps
– Case 2-a. ut is in H and vt is in It−1 (or
tH , tI and tL . We have the following invariant.
vice versa). If et is inserted, the partitioning
(H, It , Lt ) remains the same and there is
Invariant 1. At any time step t ∈ [tstart , tend )
nothing to do except for updating the list
inside one phase:
of neighbors of vt in MH . However, if et
(i) MH is an MIS of the graph Gt [H],
is deleted, it might be that vt needs to be
removed from It and inserted to Lt instead
−1
(ii) ∆(Gt [Lt ]) = O(p · log n).
(if it is no longer incident on MH ). If so, we
iterate over all neighbors of vt and find the
Moreover, throughout the phase, at most O(p−1 )
ones which are in Lt . We then insert vt with
vertices are moved from I to L.
all its incident edges to Gt [Lt ] and pass this
We note that the first property above is simply
vertex update to the algorithm in Lemma 2.1
because Gt [H] = Gtstart [H] as t < tH and hence MH
on Gt [Lt ].
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– Case 2-b. ut is in H and vt is in Lt−1 (or
vice versa). If et is deleted, the partitioning
(H, It , Lt ) remains the same and there is
nothing to do. However, if et is inserted, it
might be that vt needs to leave Lt and join It
(if ut belongs to MH ). If so, we delete vt with
all its incident edges in Lt from Gt [Lt ] and
run the algorithm in Lemma 2.1 to process
this vertex update in Gt [Lt ].

inside one phase). The time spent by the overall
algorithm in each phase i ∈ [k] is O(n2 ) in the
preprocessing step (by Lemma 3.5), and O(n2 + p−1 ·
n + |Pi | · p−1 · log n) (by Lemma 3.6). As such, the
total running time is

Proof of Theorem 3.1 We are now ready to prove
Theorem 3.1. The correctness of the algorithm
immediately follows the discussion after Invariant 1
as MH ∪ MLt is an MIS of the graph Gt . Hence, it
only remains to bound the amortized update time of
the algorithm.
Fix a sequence of K updates, and let P1 , . . . , Pk
denote the different phases of the algorithm over this
sequence (i.e., each Pi corresponds to the updates

Proof. Recall the coin tossing process described in
the proof of Lemma 3.7. Consider the event that
among the first 4K/T coin tosses, there are at most
K/T heads. The probability of this event is at most
exp (−K/10T ) by a simple application of Chernoff
bound. On the other hand, the probability of this
event is at least equal to the probability that among
the first 4K/T phases of the algorithm, there are at
most K/T long phases. This concludes the proof

(3.1)

O(k · (n2 + p−1 n) + K · p−1 · log n),

P
since i |Pi | = K. So to finalize the proof, we only
need to bound the number of phases, which is done
The cases above cover all possible updates. By in the following two lemmas.
the correctness of the deterministic algorithm in
2
Lemma 2.1, MLt is a valid MIS of Gt [Lt ]. Since Lemma 3.7. E [k] = O(K · p ).
all vertices in It are incident to some vertex in MH ,
Proof. Recall that a phase Pi is called successful iff
it is immediate to verify that MH ∪ MLt is an MIS
|Pi | = T (= 6p12 ). The probability that any phase Pi
of the graph G for any time step t ∈ [tstart , tend ] by
Invariant 1. It only remains to analyze the running is successful is at least 1/2 by Lemma 3.1, regardless
of what has happened in the previous phases (unless
time of the update algorithm.
there are no updates left in which case this is going
Lemma 3.6. Let K denote the number of updates in to be the last phase).
Notice that any successful phase includes T upa particular phase. The update algorithm maintains
2
−1
dates
and hence we can have at most K/T long phases
an MIS of the graph in this phase in O(n + p · n +
−1
(even
if we assume short phases include no updates).
K · p · log n) time.
Consider the following randomized process: we have
Proof. The cost of bookkeeping the data structures a coin which has at least 1/2 chance of tossing head
in the update algorithm is O(1) per each update. The in each trial regardless of the outcome in previous
two main time consuming steps are hence maintain- tosses; how many times in expectation do we need
ing an MIS in the graph Gt [Lt ] and maintaining the to toss this coin to see K/T heads? It is immediate
to verify that E [k] is at most this number (plus one)
graph Gt [Lt ] itself.
The former task, by Lemma 2.1, requires O(n2 + and this process stochastically dominates a binomial
K · ∆? ) time in total where ∆? := maxt ∆(Gt [Lt ]), process with probability 1/2 in each trial. As such,
which by Invariant 1 is O(p−1 log n). Hence, this part the expected number of coin tosses in this process is
2K/T . Hence E [k] ≤ 2K/T + 1 = O(K · p2 ).
takes O(n2 + K · p−1 log n) time in total.
For the latter task, performing edge updates (in
By plugging in Lemma 3.7 in Eq (3.1), the
Case 1-c) can be done with O(1) time per each
2
·
update. Making vertex-deletion updates (in Case 2- expected running time of the algorithm is O(K · (p
(log n)1/3
?
2
−1
b) can also be done in O(∆ ) time per update as we n + p · n) + K · p log n). By picking p := n2/3 ,
only need to iterate over neighbors of the updated the expected running time of the algorithm would
vertex in Gt [Lt ]. However, performing the vertex- be O(K · (n · log n)2/3 ) time, proving the bound on
insertion updates (in Case 2-a) requires iterating over expected amortized update time in Theorem 3.1.
all neighbors of the inserted vertex (in Gt not only
We now prove the high probability bound on the
Gt [Lt ]) and hence takes O(n) time. Nevertheless, running time.
by Invariant 1, the total number of such vertex

updates is O(p−1 ) and hence their total running time Lemma 3.8. With probability 1 − exp −K · p2 /10 ,
k = O(K · p2 ).
is O(p−1 · n).
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of first part as we cannot have more than K/T Proof. [Proof of Theorem 4.1] When m ≤ 100,
long phases among K updates (each long phase naive re-computation of MIS after every update takes
“consumes” T updates).
constant time and hence there is nothing to do.
Hence, we only need to consider the case where
n)1/3
By the choice of p = (logn2/3
, if K ≥ 10n4/3 · m ≥ 100. The idea is to run the algorithm in
log1/3 n, then by Lemma 3.8 and Eq (3.1), the Lemma 4.1 until the number of edges deviate from m
2/3
running time of the algorithm is O(K · (n · log n) ) by a factor more than 2, upon which, we terminate
with high probability, finalizing the proof of this part the algorithm and restart the process. As the total
we can apply Lemma 4.1
also. If however K < 10n4/3 log1/3 n, we only need number of updates is Ω(m),1/3
and
obtain
a
bound
of
O(m
log m) on the expected
to have 2 log n successful phases to process all the
amortized
update
time.
Moreover,
we can “charge”
updates. In this case, since every phase is successful
the
O(m)
time
needed
to
restart
the
process to the
with constant probability, with high probability we
Ω(m)
updates
happening
in
this
phase
and
obtain the
only need to consider O(log n) phases before we are
final
bound
(see
Lemma
4.6).
done. Moreover, note that when the number of
updates is at most O(n4/3 log1/3 n), the total number
The rest of this section is devoted to the proof of
of edges in the graph is also O(n4/3 log1/3 n) only Lemma 4.1. The algorithm in Lemma 4.1 is similar
and the preprocessing time takes O(n4/3 log1/3 n) per to the one in Theorem 3.1 and in particular again
each phase as opposed to O(n2 ). This means that the executes multiple phases each starting by the same
total running time in this case is with high probability preprocessing step (although with change of paramat most O(n4/3 · log4/3 n) (for preprocessing) plus eters) followed by the update algorithm throughout
O(K · (n log n)2/3 ) (time spent inside the phases). the phase. We now describe the preprocessing step
This concludes the proof of Theorem 3.1.
and the update algorithm inside each phase. Re1/3
e
4 An
Improved
O(m )-Update
Time call that m = mtstart denotes the number of edges
in the graph Gtstart and that throughout the proof
Algorithm
of Lemma 4.1, m provides a 2-approximation to the
We now show that one can alter the algorithm in number of edges in the underlying graph at any time
Theorem 3.1 to obtain improved performance for step.
sparser graphs with m = o(n2 ) edges. Formally,
The Preprocessing Step Let tstart again denote
Theorem 4.1. Starting from an empty graph, a the first time step in this phase. The preprocessing
maximal independent set can be maintained via a ran- step of the new algorithm is as before where we
−1/3
(this value
domized algorithm over any sequence of edge inser- run PreProcess(Gtstart , p) for p = m
1/3
tions and deletions in O(m log m) amortized up- of p generalizes the one in Section 3 which was
−2/3
). We define the partitioning (H, It , Lt ) of
date time both in expectation and with high probabil- ≈ n
vertices
as
before. However, we change the stopping
ity, where m is the dynamic number of edges.
criteria of the phase and definition of time steps
Note that the bound in Theorem 4.1 is never tH , tI , tL (we emphasize that these choices are natural
worse than the one in Theorem 3.1 (modulo low-order generalization of the bounds in the previous section):
terms which we did not optimize in Theorem 4.1), and
• tH ≥ tstart : the first time step t in which
improves upon it whenever m = o(n2 ). The following
Gt [H] 6= Gtstart [H] (recall that H and MH were
lemma is a somewhat weaker looking version of
computed with respect to Gtstart and not Gt ).
Theorem 4.1. However, we prove next that this
lemma is all we need to prove Theorem 4.1.
• tI ≥ tstart : the first time step t in which the total
number of times (since tstart ) that vertices have
Lemma 4.1. Starting with any arbitrary graph on
moved from Is to Ls+1 , for s < t, reaches m1/3 .
m ≥ 100 edges, a maximal independent set can
be maintained via a randomized algorithm over any
sequence of K = Ω(m) edge insertions and deletions
in O(K · m1/3 log m) time in expectation and with
high probability, as long as the number of edges in
the graph remains within a factor 2 of m.

• tL ≥ tstart : the first time step t in which
∆(Gt [Lt ]) > 20m1/3 · ln (m).
• tend := min {tH , tI , tL , tstart + T } where T :=
1
2/3
: the time step in which we terminate
6 · m
this phase.

We first prove that this lemma implies TheoWe again say that a phase is successful if tend =
rem 4.1. The proof of this part is standard (see,
tstart + T , i.e., we process T updates in the phase
e.g. [3]) and is only provided for completeness.
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before terminating. Similar to Lemma 3.1, we prove The Update Algorithm We now describe the new
that each phase is successful with at least a constant update algorithm. Firstly, similar to Invariant 1 in
probability.
the previous section, we have that,
Lemma 4.2. Any given phase is successful with probability at least 1/2.
Proof. The proof is similar to Lemma 3.1 and is based
on the fact that the adversary is non-adaptive and
oblivious.
Claim 4.3. Pr (tH < tstart + T ) ≤

1
6.

Proof. The proof is identical to Claim 3.2 by substituting the new values of p and T .

Invariant 2. At any time step t ∈ [tstart , tend ]
inside one phase:
(i) MH is an MIS of the graph Gt [H],
(ii) ∆(Gt [Lt ]) = O(m1/3 log (m)).
Moreover, throughout the phase, at most
O(m1/3 ) vertices are moved from I to L.

The update algorithm is similar to the one in
previous section: we maintain the graph Gt [Lt ] and
Proof. Again, the proof is identical to Claim 3.3 by use the algorithm in Lemma 2.1 to maintain an MIS
substituting the new values of p and T .
MLt in Gt [Lt ]. The only difference is in how we
maintain the graph Gt [Lt ]. In order to do this, we
Claim 4.5. Pr (tL < tstart + T ) ≤ m12 .
present a simple data structure.
Proof. Fix the graphs Gt for t ∈ [tstart , tstart + T )
The Data Structure. As before, we maintain
and note that Gt has at most 4m vertices with nonzero degree (as number of edges in Gt is at most 2m) the list of all neighbors of each vertex, as well as the
and we can ignore vertices with degree zero as they set H, It , or Lt that it belongs to for each vertex.
will not affect the following calculation. The rest of Clearly, this information can be updated in O(1)
the proof is as in Claim 3.4 as by Lemma 2.2, with time per each update. In addition to the partition
choice of S = H and Ut = Lt for any graph Gt (H, It , Lt ), we also partition vertices based on their
(with at most 4m vertices), with probability 1−1/m4 , degree in the original graph at the beginning of the
∆(Gt [Lt ]) ≤ 10p−1 · ln (4m) ≤ 20m1/3 · ln m. Taking phase, i.e., in Gtstart . Specifically, we define Vhigh to be
2/3
in Gtstart
a union bound over these ≤ m2 graphs finalizes the the set of vertices with degree at least m
and Vlow := V \ Vhigh to be the remaining vertices.
proof.
Note that this partitioning is defined with respect to
By applying union bound to Claims 4.3, 4.4, the graph G
tstart and does not change throughout the
and 4.5, the probability that min {tH , tL , tI } < phase. We have the following simple claim.
tstart + T is at most 1/6 + 1/6 + 1/m2 ≤ 1/2 (as
m ≥ 100), finalizing the proof of Lemma 4.2.
Claim 4.7. Throughout one phase:
By Lemma 3.5, the preprocessing step of this
1. |Vhigh | = O(m1/3 ).
algorithm takes O(m + n) time. However, a simple
trick can reduce the running time to only O(m) as
2. For any vertex v ∈ Vlow and any graph Gt for
follows.
t ≥ tstart , degree of v in Gt is O(m2/3 ).
Claim 4.4. Pr (tI < tstart + T ) ≤ 16 .

Lemma 4.6. The preprocessing step of the new algorithm can be implemented in O(m) time.

Proof. The first is simply because each vertex in Vhigh
has degree at least m2/3 and the total number of
Proof. Initially, there are at most 4m vertices in the edges is at most 2m. The second part is because
preprocessing step that have non-zero degree (we the total number of updates inside a phase is at most
keep track of non-isolated vertices throughout the 1 · m2/3 by the definition of tend and hence even if
6
whole algorithm). Hence, instead of picking the set they are all incident on a vertex in Vlow , the degree of
H from all of V , we only pick it from the vertices the vertex is at most 7 · m2/3 .
6
with non-zero degree, which can be done in O(m)
time. Later in the algorithm, whenever a new vertex
Finally, for any vertex v ∈ Vhigh , we maintain a
is given an edge in this phase, we toss a coin and list of all of its neighbors in Lt as follows: whenever
decide to add it to H with probability p which can a vertex moves between It and Lt , it iterates over
be done in O(1) time. We then process this update all vertices in Vhigh and informs them of this update.
as before as if this new vertex always belonged to H. This way, vertices in Vhigh are always aware of their
It is immediate to verify that this does not change neighborhood in Lt . The remaining vertices also have
a relatively small degree and hence whenever needed,
any part of the algorithm.
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we could simply iterate over all their neighbors and of the algorithm. Fix a sequence of K updates, and
find the ones in Lt . As a result of this, we have the let P1 , . . . , Pk denote the different phases of the alfollowing invariant.
gorithm over this sequence (i.e., each Pi corresponds
to the updates inside one phase). The time spent
Invariant 3. At any time step t ∈ [tstart , tend ]
by the overall algorithm in each phase i ∈ [k] is
inside one phase after updating et = (ut , vt ):
O(m) in the preprocessing step (by Lemma 4.6), and
O(m+|Pi |·m1/3 log m) (by Lemma 4.8). As such, the
(i) We can find the list of all neighbors of ut
1/3
total
P running time is O(k · m + K · m log m) (since
and vt that belong to Lt in O(m2/3 ) time.
i |Pi | = K). So to finalize the proof, we only need
to bound the number of phases (proof is identical to
(ii) Updating the data structure after the update
Lemmas 3.7 and 3.8 by setting p = m−1/3 ).
takes O(m1/3 ) time.
Proof. For vertices ut and vt in Vhigh , we have maintained the list of their neighbors explicitly and hence
we can directly return this list. For vertices ut and
vt in Vlow , we can simply iterate over their O(m2/3 )
neighbors (by Claim 4.7) and check which one belongs
to Lt and create the list in O(m2/3 ) time. Finally, the
update time is O(m1/3 ) as there are only O(m1/3 )
vertices in Vhigh (by Claim 4.7) and each vertex is
only updating these vertices per update.
Processing Each Update. We process each
update as in the previous section, with the difference
that we use Invariant 3, for maintaining the graph
Gt [Lt ]. To be more specific, in Case 2-a, where a
vertex may be inserted in Gt [Lt ], we use the list in
Invariant 3, to find all neighbors of this vertex in Lt
and then pass this vertex-update to the algorithm
of Lemma 2.1 on Gt [Lt ]. The remaining cases are
handled exactly as before.
The correctness of the algorithm follows as before
and we only analyze the running time of the update
algorithm.

2/3
Lemma 4.9. E [k] =
 O(K/m ). 2/3Moreover, w.p.
2
1 − exp −K · p /10 , k = O(K · m ).

By Lemma 4.9, the expected running time of the
algorithm is O(K · m1/3 + K · m1/3 ln m), concluding
the proof of expectation-bound in Lemma 4.1. The
extension to the high probability result now is exactly
the same as in Lemma 3.8, as K = Ω(m) 
m2/3 log m. This concludes the proof of Lemma 4.1.
e √n)-Update Time
5 Main Algorithm: An O(
Algorithm
We now present our main algorithm for
maintaining
e √n) expected
an MIS in a dynamic graph with O(
amortized update time.
Theorem 5.1. Starting from an empty graph on n
vertices, a maximal independent set can be maintained via a randomized algorithm over any
√ sequence
of K edge insertions and deletions in O(K·√ n·log2 n·
log log n) time in expectation and in O(K · n·log2 n·
log log n + n2 log3 n) time with high probability.

A direct corollary of Theorem 5.1 is the following.
Lemma 4.8. Fix any phase and let K denote the
number of updates inside this phase. The update al- Corollary 5.1. Starting from an empty graph on
gorithm maintains an MIS of the input graph (deter- n vertices, a maximal independent set can√ be maine n) amortained via a randomized algorithm with O(
ministically) in O(m + K · m1/3 · log m) time.
tized update time with high probability, assuming
Proof. By Invariant 3, updating the data structure the number of updates is sufficiently large, i.e., is
takes O(K · m1/3 ) time. Maintaining the MIS in the Ω(n3/2 · log3 (n)).
graph Gt [Lt ] also requires O(m+K ·m1/3 log m) time
The improvement in Theorem 5.1 over our previby Lemma 2.1 (as max-degree is O(m1/3 log m) by
Invariant 2). Finally, by Invariant 3, we can find the ous algorithm in Theorem 3.1 is obtained by using a
neighbors of any updated vertex in Lt in O(m2/3 ) nested collection of phases instead of just one phase.
time. Since, the total number of times we need to Let R := 2 log log n. We maintain R subgraphs of
find these neighbors is O(m1/3 ) by Invariant 2 (as we the input graph at any time step of the algorithm,
only need this operation when a vertex moves from referred to as level graphs. For any level r ∈ [R], we
I to L), the total time needed for this part is also compute and maintain the subgraph at level r in a
level-r phase. A phase as before consists of a preO(m), finalizing the proof.
processing step, followed by update steps during the
Proof of Lemma 4.1 The correctness of the algo- phase, and a termination criteria for the phase. Morerithm immediately follows from Lemma 4.8, hence, over, the phases across different levels are nested in
it only remains to bound the amortized update time a way that a level-1 phase consists of multiple level-2
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Before we move on from this section, we show
phases, a level-2 phase contain multiple level-3 phases
and so on. We now describe our algorithm in more that Proposition 5.1 and 5.2 imply the Part-(1) of
detail starting with the nested family of level graphs. Invariant 4.
Level Graphs Our approach is based on computing and maintaining a collection of graphs
G1t , . . . , GR
t , referred to as level graphs, which are
subgraphs of Gt and a collection of independent sets
∗
M1t , . . . , MR
t , Mt . We maintain the following main
invariant in our algorithm (we prove different parts
of this invariant in this and the next two sections).
Invariant 4. (Main Invariant) At any time
step t and for any r ∈ [R]:
∗
1. M1t ∪ . . . ∪ MR
t ∪ Mt is a maximal independent set of Gt .

2. ∆(Grt ) ≤ ∆r (for parameters ∆r to be
determined later).
3. Grt is maintained explicitly by the algorithm
with an adjacency-list access for every vertex.
We start by defining the three
 1 main collections
of
vertices
of
V
(G),
H
:=
Ht , . . . , HtR , It :=
t
 1

It , . . . , ItR , and Lt := L1t , . . . , LR
used in our alt
gorithm (when clear from the context, or irrelevant,
we may drop the subscript t from these sets). For simplicity of notation, we also define Ht0 = It0 = ∅ and
L0t = V (G) for all t. We design these sets carefully
in the next section to satisfy the properties below.
Proposition 5.1. At any time step t:
1. The sets in Ht ∪ It , i.e., Ht1 , . . . , HtR , It1 , . . . , ItR ,
are all pairwise disjoint.
2. The sets in Lt are nested, i.e., L1t ⊇ L2t ⊇ . . . ⊇
LR
t .
3. For any fixed r ∈ [R], Htr , Itr , Lrt ⊆ Ltr−1 and
partition Ltr−1 .
For any r ∈ [R], the level-r graph Grt is defined as
the induced subgraph of Gt on Lrt , i.e., Grt := Gt [Lrt ].
Moreover, Mrt would be chosen carefully from the
graph Gr−1
such that Mrt ⊆ Htr . M∗t would also be
t
an MIS of the graph GR
t . We further have,

Proof. [Proof of Part-(1) in Invariant 4] Firstly, if
follows from Part-(1) and Part-(3) of Proposition 5.1
0
that Ht ∪ It ∪ LR
t partitions V (G)(= Lt ).
By Part-(1) of Proposition 5.2, M1t is an MIS
of Gt [Ht1 ] and is also incident to all vertices in It1 .
Hence, the only vertices not incident to M1t are inside
G1t . M2t is not incident to any vertex of M1t as M2t ⊆
Ht2 ⊆ L1t and hence by Part-(2) of Proposition 5.2
are not incident to M1t . We can hence continue as
before and argue that any vertex not incident to M2t
can only belong to G2t . Repeating this argument for
all r ∈ [R], we obtain that M1t ∪ . . . ∪ MR
t are all an
independent set in Gt and moreover, the only vertices
∗
not incident to them are in GR
t . Since Mt is an MIS
R
1
∪
M∗t is an
∪
.
.
.
∪
M
,
we
obtain
that
M
of GR
t
t
t
MIS of Gt .
Level-r Phases and Preprocessing Steps We
now construct the sets H, I, L, plus the independent
sets M1 , . . . , MR from the previous section. These
are defined through the notion of a level-r phases
for any r ∈ [R]. Each level-r phase is responsible
for maintaining the graph Grt and independent set
Mrt defined in the previous section. A level-r phase
starts at some time step trstart and terminates at some
time step trend (we define the criteria for terminating
a time step later) upon which the next level-r phase
r−1
starts. Both trstart , trend ∈ [tr−1
start , tend ], i.e., any levelr phase happens during a level-(r − 1) phase and
it is possible that multiple level-r phases start and
terminate during a single level-(r − 1) phase. We
now define the process during each phase.
Pick R probability parameters p1 , . . . , pR ∈ (0, 1)
such that pr ≥ 2 · pr−1 for all r > 1 and p1 ≥ n1 .
We optimize the values of p1 , . . . , pR at the end of
the section to obtain the best bound possible from
our nested approach. Moreover, we define ∆r :=
5p−1
r · ln n for all r ∈ [R] (recall that ∆r is used
in Part-(2) of Invariant 4).
At the beginning of a level-r phase, we remove
all vertices H r , H r+1 , . . . , H R (similarly for I- and
L-vertices), as well as graphs Gr , Gr+1 , . . . , GR , and
corresponding independent sets Mr , . . . , MR , and
M∗ . All these sets and graphs are then redefined
through the following preprocessing step.

Proposition 5.2. At any time step t:
1. For any r ∈ [R], the independent set Mrt is an
MIS of Gt [Htr ].
2. For any r ∈ [R], Itr is incident to some vertex of
Mrt and Lrt has no neighbor in Mrt .

LevelPreProcess(r)
phases):

(preprocessing

for

level-r

1. Let t0 := trstart denote the current time step.
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All graphs and sets below are with respect to
time t0 and hence we omit this subscript.
e r be a set chosen by picking each vertex
2. Let H
in V (G) independently w.p. pr .
e r ∩Lr−1 and compute MH r :=
3. Define H r := H
Greedy(G[H r ]).
4. If r ≤ R, perform LevelPreProcess(r + 1).

 r−1 r r r r
• trend := min tend
, tH , tI , tL , tstart + Tr where
1
Tr := 24p
2 : the time step in which we termir
nate this phase (in other words, if any of the
conditions above happens, the level-(r − 1) that
the current level-r phase belongs to terminate,
or we simply spend Tr updates in this phase, the
phase finishes and the next one starts).
We first prove that by the criteria imposed
for terminating each phase, the properties Propositions 5.1 and 5.2 are satisfied. We start with the
simpler proof.

We note that at first glance it might not be clear
e r from a larger domain in Proof. [Proof of Proposition 5.1]
that why we pick the set H
LevelPreProcess, but then only focus on H r as the inFor simplicity, we drop the subscript t from all
e r with Lr−1 (we could have just picked sets below.
tersection of H
H r by sampling each vertex in Lr−1 w.p. p). How1. H r , I r , Lr are disjoint for each r ∈ [R] by
e r crucially in our algoever, we also use the sets H
definition. Moreover, H r ∪ I r ⊆ Lr−1 , while
rithm to detect whether the current phase should be
H r−1 , I r−1 are disjoint from Lr−1 by definition.
terminated or not (for reasons which would become
This means that H r , I r are also disjoint from any
evident shortly) and hence we perform this rather
0
0
other set H r , I r for r 6= r0 .
counterintuitive sampling step. We now define the
sets Ht , It , Lt plus the independent sets M1t , . . . , MR
t
2. Each Lr is defined as a subset of vertices of Lr−1 ,
for all time steps t ∈ [trstart , trend ] as follows:
hence Lr ⊆ Lr−1 .
• Mrt is defined to be MH r defined in
LevelPreProcess throughout the whole phase
(Mrt is fixed during a level-r phase).

3. The disjointness of H r , I r , Lr is by definition.
Also, by definition, we have I r ∪ Lr = Lr−1 \ H r ,
and hence the sets partition Lr−1 at any time
step.

• Htr ∈ Ht is defined to be H r defined in
LevelPreProcess throughout the whole phase (Htr Proof. [Proof of Proposition 5.2] For simplicity, we
is fixed during a level-r phase).
drop the subscript t from all sets below.
which
• Itr ∈ It is defined to be any vertex in Lr−1
t
is not in Htr and is incident to Mrt in the graph
Gt (Itr can vary during a level-r phase).
• Lrt ∈ Lt is defined to be any vertex in Ltr−1 which
is neither in Htr nor in Itr in the graph Gt (Lrt
can vary during a level-r phase).
We now define the termination criteria of a level-r
phase using the following time steps.
• trH ≥ trstart : the first time step t where the
updated edge et := (ut , vt ) is such that ut , vt ∈
e 1 ∪. . .∪ H
e r , and at least one of ut or vt belongs
H
e r.
to H

1. By definition of trH , we always terminate a level-r
phase and start a new one if the update involved
e1 ∪ . . . ∪ H
e r with at least one
two vertices in H
r
r
e
e r , this
of them in H . As H is a subset of H
means that if an edge with both endpoints in
H r are updated, then we terminate this phase
and start a new one. Otherwise, by definition,
we have Gtrstart [H r ] = Gt [H r ] for any t < trH .
Since Mrt = MH r was an MIS of Gt1start [H r ], this
means that it is also an MIS of Gt [H r ], proving
this part.
2. This part follows from definition of Mrt = MH r
and the sets I r and Lr .

We now use these properties to prove Part-(2) of
• trI ≥ trstart : the first time step t in which the Invariant 4.
total number of times (since trstart ) that vertices
e1 ∪. . .∪H
e r have been incident to an update Proof. [Proof of Part-(2) of Invariant 4] Recall that
in H
−1
Grt := Gt [Lrt ]. By definition of the time step tL , we
reaches pr .
always start a new level-r phase whenever ∆(Grt ) >
r
r
• tL ≥ tstart : the first time step t in which ∆r . As such, throughout the algorithm we always
∆(Gt [Lrt ]) > ∆r .
have that ∆(Grt ) ≤ ∆r .
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We also prove the following two auxiliary claims
that are used in the rest of the proof.

Claim 5.4. Pr (trH < trstart + Tr ) ≤ 61 .

Proof. For any t ≥ tstart , let et := (ut , vt ) denote
Claim 5.1. Let et := (ut , vt ) be an update during a the edge updated by the adversary at time t. Define
level-r phase after which vt needs to join or leave Lrt . E1 (et ) as the event that both ut and vt belong to
e1 ∪ . . . ∪ H
e r and at least one of them belong
Then ut ∈ Ht1 ∪ . . . ∪ Htr .
H
r
e
to H . Consider the randomness in the choice of
Proof. By Proposition 5.1, Ht1 , . . . , Htr , It1 , . . . , Itr , Lrt H
e1 ∪ . . . ∪ H
e r . We have,
partition V (G). If both ut , vt ∈ Lrt , this update
cannot force vt to leave Lrt . Moreover, if ut is in Pr (E1 (et )) ≤ 2pr · (p1 + . . . + pr ) ≤ 2pr · 2pr = 4p2r ,
It1 ∪. . .∪Itr , then deleting or adding this edge does not
change the set Lrt (recall that Lrt and Itr are defined where we used the fact that pr0 ≥ 2pr0 −1 for all
0
with respect to Htr and are both subsets of Ltr−1 ). As r ∈ [R] and hence p1 + . . . + pr ≤ 2pr . For any t ∈
r
[t
start , tstart + T ), define an indicator random variable
such, the only way for vt to join or leave Lt is if ut
P
1
r
X
t which is 1 iff E1 (et ) happens. Let X :=
belongs to Ht ∪ . . . ∪ Ht , finalizing the proof (note
t Xt .
As
such,
that we assumed this update is happening during a
phase and hence none of level-1 to level-r phases are
Pr (trH < trstart + Tr ) ≤ Pr (X ≥ 1) ≤ E [X]
terminated which naturally change the definition of
1
Lrt ).
· 4p2r
= (Tr − 1) · 4p2r ≤
24p2r
Claim 5.2. Let t be any time step in [trstart , trH ).
1
= ,
e r ∩ Lr−1
Then H
= Hr.
6
t
r−1
e r ∩ Lr−1
Proof. Recall that H r := H
trstart and since Lt
can vary from Lr−1
throughout the phase, a-priori it
t
is not clear that H r remains the same. However, for
e r ∩Lr−1
e r , say
H r to be different from H
, a vertex in H
t
r−1
v, should join or leave Lt . Consider the first time
step t0 ≤ t such that v did this change and let (ut0 , vt0 )
be the updated edge at this time step. By Claim 5.1,
e 10 ∪. . .∪H
e r−1
ut0 should belong to Ht10 ∪. . .∪Htr−1
⊆H
0
t
t0 .
e r0 . This, by definition
But we also have that vt0 ∈ H
t
of trH implies that t0 = trH , contradicting the choice
of t < trH .

where the second inequality is by Markov bound.
Claim 5.5. Pr (trI < trstart + Tr ) ≤ 16 .
Proof. For any t ≥ tstart , let et := (ut , vt ) denote
the edge updated by the adversary at time t. Define
E2 (et ) as the event that at least one of the endpoints
e1 ∪. . .∪H
e r . Consider the randomness
et belong to H
1
e
e r . We have,
in the choice of H ∪ . . . ∪ H
Pr (E2 (et )) ≤ 2(p1 + . . . + pr ) ≤ 4pr ,

where we used the fact that p1 + . . . + pr ≤ 2pr .
We conclude this part by remarking that defi- For any t ∈ [tstart , tstart + T ), define an indicator
nition of the time step trI immediately implies the random
P variable Yt which is 1 iff E2 (et ) happens. Let
Y := t Yt . We have,
following invariant.

Pr (tI < tstart + T ) ≤ Pr Y ≥ p−1
≤ E [Y ] · pr
Invariant 5. The total number of updates durr
ing a level-r phase that are incident to some ver≤ (Tr − 1) · 4pr · pr
e t1 ∪ . . . ∪ H
e tr is O(p−1
tex in H
r ).
1
1
≤
· 4p2r = ,
2
24pr
6
Successful Phases. A 
level-r phase is considr−1
ered successul iff trend = min tend , trstart + Tr . The where the second inequality is by Markov bound.
following lemma is analogous to Lemma 3.1 in SecClaim 5.6. Pr (trL < trstart + Tr ) ≤ n12 .
tion 3.
Proof. Let t0 = trstart as in LevelPreProcess. First
consider the graph Gt0 [Ltr−1
]. The set H r chosen in
0
LevelPreProcess is a set of vertices each chosen with
Proof. We calculate the probability that trend < probability pr from Lr−1
t0 . Hence, by Lemma 2.2,
trstart + Tr . Recall that the adversary is non-adaptive by choice of S = H r and U = Lrt0 , and since
and oblivious and hence we can fix the updates the MH r = Greedy(G[H r ]), we have that ∆(Gt0 [Lrt0 ]) ≤
adversary.
5p−1
r ln n.
Lemma 5.3. For any r ∈ [R], any given level-r phase
is successful with probability at least 1/2.
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processed after restarting the current phase
Now consider any time step t > t0 . Define
and in the next phase. Note that deciding
the graph G0t where G0t [H r ] = Gt0 [H r ] and G0t is
whether an update can result in either of these
equal to Gt everywhere else (i.e., we replaced the
events can be easily detected in O(1) time per
induced subgraph of Gt on vertices in H r with the
each update.
corresponding part in Gt0 ). By definition, MH r is
equal to Greedy(G0t [H r ]) (= Greedy(Gt0 [H r ])). The
2. Updates that do not change the set
problem with applying the above argument directly • Case
r
L
(hence
do not change vertices of Grt but can
r−1
t
for t as well is that the set of vertices in Lt
may
potentially update its edges):
have changed since Lr−1
and when we chose H r (i.e.,
t0
0
the set of vertices of Gt is not the same as Gt0 ).
– Case 2-a. Both ut and vt belong to It1 ∪ . . . ∪
e r ∩ Lr−1
However, consider instead the set H 0 := H
:
Itr . There is nothing to do in this case.
t
these are again vertices chosen by picking each vertex
– Case 2-b. Both ut and vt belong to Lrt . We
e r ). By
of Lr−1
with probability pr (by definition of H
t
only need to update the edge in (ut , vt ) in the
Claim 5.2, H 0 = H r during one phase. As such, H r =
graph
Grt := Gt [Lrt ] which can be done in O(1)
H 0 , and we can apply Lemma 2.2 as before and obtain
time
trivially.
that for the graph G0t , with probability 1 − 1/n4 ,
0
– Case 2-c. ut belongs to It1 ∪ . . . ∪ Itr and vt
∆(G0t [Lrt ]) ≤ 5p−1
r ln n. But since Gt [Lt ] = Gt [Lt ]
belongs to Lrt (or vice versa). There is nothing
by definition, it follows that ∆(Gt [Lt ]) ≤ 5p−1
r ln n as
to do in this case either.
well. Taking a union bound over these ≤ n2 graphs
finalizes the proof.
• Case 3. Updates that can (potentially) change the
set Lrt (and hence the vertices of Grt ); recall that by
By applying union bound to Claims 5.4, 5.5, and 5.6,
Claim 5.1, one endpoint of any such update needs
the probability that min {trH , trI , trL } < trstart + Tr is
2
to be in Ht1 ∪ . . . ∪ Htr :
at most 1/6 + 1/6 + 1/n ≤ 1/2. This concludes the
proof of Lemma 5.3.
The Update Algorithm We now show how to
process the updates during different phases of the
algorithm, and prove Part-(3) of Invariant 4.
Processing Updates for a Level-r Phase.
Recall that each level-r phase is mainly responsible
for maintaining the graph Grt := Gt [Lrt ]. We show
how to do this in the following. Let et := (ut , vt ) be
the updated edge. Recall that by Proposition 5.1,
Ht1 ∪ . . . ∪ Htr ∪ It1 ∪ . . . ∪ Itr ∪ Lrt partitions the
0
e tr0 for all r0 ∈
set of vertices V (G), and Htr ⊆ H
[R]. Finally, we note that we process the updates
according to the ordering below and when some
updates can be possibly processed according to two or
more of the cases below, we always update it according
to the first case it appears.
• Case 1. Updates the immediately terminate this
phase:
e t1 ∪
– Case 1-a. Both ut and vt belong to H
r
e
. . . ∪ Ht . These updates by definition of trH
either terminate the level-r phase directly, or
terminate some level-r0 phase for r0 ≤ r, and
hence indirectly terminate the current level-r
phase. These updates are then processed after
restarting the level-r0 phase (and all phases
inside it).
– Case 1-b. Any update that result in time
steps trI , trL , tr−1
These updates are again
end .

– Case 3-a. ut is in Ht1 ∪ . . . ∪ Htr and vt is in
It1 ∪ . . . ∪ Itr (or vice versa). If et is inserted,
no set needs to be changed. However, if et
is deleted, it might be that vt needs to be
0
removed from Itr and be inserted in either
00
Itr for some r0 ≤ r00 ≤ r or to Lrt . If it is to
00
be inserted in Itr , it necessarily means that
00
it also needs to be inserted to the set Ltr −1
and hence we process this update at a level-r00
phase as well and that phase then informs the
next level phase in case it needs to also add
vt to its corresponding L-set and so on. As
such, without loss of generality, in the current
phase, we can focus on the case when vt needs
to be inserted to Lrt .
To do this, we iterate over all neighbors of
vt in the graph Gtr−1 and find all the ones
that also belong to the set Lrt (recall that
Lrt ⊆ Lr−1
and Lr−1
is the vertex-set of
t
t
r−1
Gt ). This takes O(∆r−1 ) time as maximum
degree of Gr−1
is at most ∆r−1 by Partt
(2) of Invariant 4. Here, we also assumed
inductively that Part-(3) of Invariant 4, holds
for graphs G1t , . . . , Gr−1
. We then insert this
t
vertex to Grt and update the adjacency-list of
all its neighbors in the graph Grt in O(∆r )
time. Finally, we pass this update to the next
level phase to process (updates of this form
are passed from higher level phases to lower
level phases).
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– Case 3-b. ut is in Ht1 ∪ . . . ∪ Htr and vt
is in Lrt (or vice versa). If et is deleted, no
sets need to be changed. However, if et is
inserted, it might be that vt needs to leave Lrt
0
and join Itr for some r0 ≤ r. We first delete vt
with all its incident edges from Grt using the
adjacency-list representation we maintained
for this graph. This takes O(∆r ) time as the
maximum degree of Grt is at most ∆r by Part(2) of Invariant 4. If this vertex needs to be
inserted to Itr we do so, otherwise there is
nothing to do (note that, this update is being
processed by all level-r0 phases for r0 ≤ r and
the corresponding level that needs to insert vt
0
to Itr would do so).

Claim 5.1, any Case 3 update necessarily contains a
e t1 ∪. . .∪H
e tr . By Invariant 5,
vertex in Ht1 ∪. . .∪Htr ⊆ H
the total number of such updates during a level-r
phase is at most p−1
r . As such, the total time needed
to process Case 3 phases is O(p−1
r · ∆r−1 ) which is at
−1
most O(n · ∆r−1 ) as p−1
≤
p
r
1 ≤ n.

One can verify that cases above contain all possible
updates. This immediately proves Part-(3) of Invariant 4.
Processing Updates to Maintain M∗t . Recall
that we also need to maintain M∗t which is an MIS
of the graph GR
t . To do this, we simply run the
deterministic algorithm of Lemma 2.1 on the graph
GR
t which we are explicitly maintaining by Part-(3)
of Invariant 4. As this deterministic algorithm can
handle vertex-insertions and deletions as well as edge
insertions and deletions, M∗t would indeed be an MIS
of GR
t and this requires O(∆R ) amortized update
time as maximum degree of GR
t is ∆R by Part-(2)
of Invariant 4.
We now bound the total running time of the
algorithm responsible for each phase, as well as the
one needed for maintaining M∗t .

Proof of Theorem 5.1 We are now ready to prove
Theorem 5.1. The correctness of the algorithm
immediately follows from Lemmas 5.7 and 5.8 and
Part-(1) of Invariant 4, hence, it only remains to
bound the amortized update time of the algorithm.
Fix a sequence of K updates and for any r ∈ [R],
let P1r , . . . , Pkrr denote the different phases of the algorithm over this sequence (i.e., each Pir corresponds
to the updates inside one level-r phase). We compute the time spent by the overall algorithm in levelr phase, as well as the algorithm for maintaining M∗t
separately.

Lemma 5.7. Let K denote the number of updates in
a particular level-r phase. The update algorithm for
the level-r phase maintains the independent set Mrt
and graph Grt (deterministically) in O(n · ∆r−1 + K)
time.
Proof. The cost of bookkeeping the data structures
in the update algorithm is O(1) per each update.
The two main time consuming steps are hence the
preprocessing done at the beginning of the levelr phase and the cost of maintaining the graph Grt
throughout the phase.
The preprocessing algorithm takes linear time in
the graph it processes. As it is performed over Gr−1
trstart
r−1
and maximum degree of Gt
≤ ∆r−1 throughout
(by Invariant 4), the preprocessing step of a level-r
phase takes O(n · ∆r−1 ) time.
For the latter task, performing all updates except
for Case 3 can be done in O(1) time per each
update, while Case 3 updates require O(∆r−1 ) time
per update as argued above. However note that by

Lemma 5.8. Let K denote the number of updates
in a particular level-R phase. The update algorithm
maintains an MIS M∗t in GR
t (deterministically) in
O(n · ∆R + K · ∆R ) time.
Proof. Follows from Lemma 2.1 as by Invariant 4,
maximum degree of GR
t is at most ∆R and we only
“start” the deterministic algorithm in Lemma 2.1,
once per each level-R phase.

Total Time Spent Across All Level-r
Phases. By Lemma 5.7, the total time spent across
all
phases is O(kr · n · ∆r−1 + K) as K =
P level-r
r
|P
|.
Hence,
we only need to upper bound kr .
i
i
Lemma 5.9. For any r ∈ [R], E [kr ] = O(K · p2r ).
Proof. We prove the lemma by induction on r. For
the base case, recall that a level-1 phase Pi1 is
1
successful iff Pi1 = T1 (= 24p
2 ). The probability that
1

Pi1 is successful is at least 1/2 by Lemma 5.3. Any
successful phase includes T1 updates and hence we
can have at most K/T1 successful level-1 phases (even
if we assume the other phases include no updates).
By the same argument as in Lemma 3.7, we have
that E [k1 ] ≤ 2K/T1 = O(K · p21 ).
We now prove the induction step. Recall that a
level-r phase Pir is successful iff the level-(r−1) phase
1
that contains it terminate, or |Pir | = Tr (= 24p
2 ). The
r
probability of being successful is also at least 1/2 by
Lemma 5.3. Finally, note that at most kr−1 levelr phases can terminate because the corresponding
level-(r − 1) phase that contain them terminated
(by definition of kr−1 ). The number of remaining
successful phases are at most K/Tr . As such, by the
above argument E [kr ] ≤ 2K/Tr +E [kr−1 ] = O(K·p2r )
by induction hypothesis as pr ≥ 2 · pr−1 .
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As such, the expected running time of this part

All in all, this implies that the total expected
running time of the algorithm is:


 √ 
∆r−1
√
2
2
2
,
O(K · n · pr · ∆r−1 + K) = O(K · log n) · n ·
O(K
·
log
n)
·
R · n = O(K · n · log2 n · log log n),
2
∆r
is:

by the choice of ∆r and pr (note that n · ∆r−1 > ∆2r
for all r ∈ [R]).
Total Time Spent for Maintaining M∗t . By
Lemma 5.8, the total time spent for maintaining M∗t
is O(kR · n · ∆R + K · ∆R ). As, by Lemma 5.9,
E [kR ] = O(K · p2R ), we have that the expected
running part of this time is:
 n

O(K ·p2R ·n·∆R +K ·∆R ) = O(K ·log2 n)·
+∆R .
∆R
Total Running Time. The total expected running time of the algorithm is now:
2

O(K · log n) ·

R 
X
n·∆

r−1
∆2r ·

r=1


+


n
+ ∆R .
∆R

· ln n. We pick the
Recall that ∆r := 5p−1
r
values of ∆1 , . . . , ∆R (by choosing p1 , . . . , pR in the
algorithm) to optimize the above bound. By our
R−1
assumption that pR > 2pR−1 , we have that n·∆
>
∆2R
n
∆R . As such we can simplify the bound above to:
2

O(K · log n) ·

R 
X
n·∆

r−1
∆2r

r=1




+ ∆R .

To optimize this bound, we form the following
equations:
(5.2)

n∆1
n∆2
n∆R−1
n2
=
=
= ... =
= ∆R .
∆21
∆22
∆23
∆2R

One can then use all the equalities except for the
last one to prove by induction that:


2i+1 −2
2i+1 −1



∆i = ∆i+1



·n

1
2i+1 −1



.

Then using the final equality in Eq (5.2), we
obtain that:


∆R = n

1
2R
2 · 2R −1



√
= O( n),

where the second inequality is
choice of R =
 by the

2 log log n, and thus having n
3 We

1
2R −1

= O(1)3 .

remark our algorithm in Section 3 can be seen as a
special case of the algorithm in this section with parameter
R = 2 instead of R = 2 log log n. Using the calculation above,
it is easy to see that for the choice of R = 2, the bound on ∆R
is O(n2/3 ) as in the algorithm in Section 3 (note that we are
measuring the log n-parameters outside this calculation).

finalizing the proof of expectation-bound in Theorem 5.1.
To obtain the bound, with high probability, we
can apply the same exact argument in Lemma 3.8
in Section 3 to Lemma 5.9; as the smallest value
of pr for r ∈ [R] belongs to p1 and it is equal to
Θ(n−3/4 · log n) (simply plug in the value of ∆R in
the first term of Eq (5.2)), we obtain that as long as
K = Ω(n3/2 log n), we obtain the bound with high
probability. For smaller values of K, we again do as
in Section 3, and obtain that the total running time of
the algorithm in this case is O(n2 log3 n), concluding
the proof of Theorem 5.1.
References
[1] K. J. Ahn, G. Cormode, S. Guha, A. McGregor, and
A. Wirth. Correlation clustering in data streams. In
Proceedings of the 32nd International Conference on
Machine Learning, ICML 2015, Lille, France, 6-11
July 2015, pages 2237–2246, 2015.
[2] N. Alon, L. Babai, and A. Itai. A fast and simple
randomized parallel algorithm for the maximal independent set problem. J. Algorithms, 7(4):567–583,
1986.
[3] S. Assadi, K. Onak, B. Schieber, and S. Solomon.
Fully dynamic maximal independent set with sublinear update time. In Proceedings of the 50th Annual ACM SIGACT Symposium on Theory of Computing, STOC 2018, Los Angeles, CA, USA, June
25-29, 2018, pages 815–826, 2018.
[4] L. Carter and M. N. Wegman. Universal classes of
hash functions. In Proc. 9th STOC, pages 106–112,
1977.
[5] K. Censor-Hillel, E. Haramaty, and Z. S. Karnin.
Optimal dynamic distributed MIS. In Proceedings of the 2016 ACM Symposium on Principles of
Distributed Computing, PODC 2016, Chicago, IL,
USA, July 25-28, 2016, pages 217–226, 2016.
[6] S. Daum, S. Gilbert, F. Kuhn, and C. C. Newport. Leader election in shared spectrum radio networks. In Proc. ACM Symposium on Principles
of Distributed Computing, PODC 2012, Funchal,
Madeira, Portugal, July 16-18, 2012, pages 215–224,
2012.
[7] Y. Du and H. Zhang. Improved algorithms for
fully dynamic maximal independent set. CoRR,
abs/1804.08908, 2018.
[8] M. Gupta and S. Khan. Simple dynamic algorithms
for maximal independent set and other problems.
CoRR, abs/1804.01823, 2018.

Copyright c 2019 by SIAM
Unauthorized reproduction of this article is prohibited

[9] M. Henzinger, S. Krinninger, D. Nanongkai, and
T. Saranurak. Unifying and strengthening hardness
for dynamic problems via the online matrix-vector
multiplication conjecture. In Proceedings of the
47th Annual ACM on Symposium on Theory of
Computing, STOC 2015, Portland, OR, USA, June
14-17, 2015, pages 21–30, 2015.
[10] J. E. Hopcroft and R. M. Karp. An n5/2 algorithm
for maximum matchings in bipartite graphs. SIAM
J. Comput., 2(4):225–231, 1973.
[11] T. Jurdzinski and D. R. Kowalski. Distributed backbone structure for algorithms in the SINR model of
wireless networks. In Proc. Distributed Computing
- 26th International Symposium, DISC 2012, Salvador, Brazil, October 16-18, 2012, pages 106–120,
2012.
[12] B. M. Kapron, V. King, and B. Mountjoy. Dynamic
graph connectivity in polylogarithmic worst case
time. In Proc. of 24th SODA, pages 1131–1142,
2013.
[13] C. Konrad. MIS in the congested clique model in
O(log log ∆) rounds. CoRR, abs/1802.07647., 2018.
[14] F. Kuhn, T. Moscibroda, and R. Wattenhofer. Initializing newly deployed ad hoc and sensor networks. In Proc. 10th Annual International Conference on Mobile Computing and Networking, MOBICOM 2004, Philadelphia, PA, USA, September 26 October 1, 2004, pages 260–274, 2004.
[15] R. Kumar, B. Moseley, S. Vassilvitskii, and A. Vattani. Fast greedy algorithms in MapReduce and
streaming. In 25th ACM Symposium on Parallelism
in Algorithms and Architectures, SPAA ’13, Montreal, QC, Canada - July 23 - 25, 2013, pages 1–10,
2013.
[16] S. Lattanzi, B. Moseley, S. Suri, and S. Vassilvitskii.
Filtering: a method for solving graph problems in

[17]

[18]

[19]

[20]
[21]

[22]

[23]

[24]

MapReduce. In SPAA 2011: Proceedings of the
23rd Annual ACM Symposium on Parallelism in
Algorithms and Architectures, San Jose, CA, USA,
June 4-6, 2011 (Co-located with FCRC 2011), pages
85–94, 2011.
N. Linial. Distributive graph algorithms-global
solutions from local data. In Proceedings of the
28th IEEE Annual Symposium on Foundations of
Computer Science, FOCS 1987, Los Angeles, CA,
USA, October 27-29, 1987, pages 331–335, 1987.
M. Luby. A simple parallel algorithm for the maximal independent set problem. SIAM J. Comput.,
15(4):1036–1053, 1986.
C. S. Nash-Williams. Edge-disjoint spanning trees
of finite graphs. J. London Math. Soc., 36(1):445–
450, 1961.
C. S. Nash-Williams. Decomposition of finite graphs
into forests. J. London Math. Soc., 39(1):12, 1964.
H. N. Nguyen and K. Onak. Constant-time approximation algorithms via local improvements. In
Proc. 49th Annual IEEE Symposium on Foundations of Computer Science, FOCS 2008, October 2528, 2008, Philadelphia, PA, USA, pages 327–336,
2008.
K. Onak, B. Schieber, S. Solomon, and N. Wein.
Fully dynamic MIS in uniformly sparse graphs. In
45th International Colloquium on Automata, Languages, and Programming, ICALP 2018, July 913, 2018, Prague, Czech Republic, pages 92:1–92:14,
2018.
W. T. Tutte. On the problem of decomposing a
graph into n connected factors. J. London Math.
Soc., 36(1):221–230, 1961.
D. Yu, Y. Wang, Q. Hua, and F. C. M. Lau.
Distributed (∆+1)-coloring in the physical model.
Theor. Comput. Sci., 553:37–56, 2014.

Copyright c 2019 by SIAM
Unauthorized reproduction of this article is prohibited

