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Announcements

•Due
• PA1 tonight (Gradescope)
• WA1 tomorrow (Gradescope)

•WA2 and PA2 to be assigned tomorrow (or Saturday, please be patient)
• WA2: 1 week
• PA2: 1.5 weeks



Recap: Interpreting Binary Representations

•Every object is just a collection of bits

•Can’t know what it is supposed to be without:
• Knowing how to interpret it (image, text, number, code, etc.)
• Knowing its intended representation (encoding, number format, endianness, etc.)
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0x230

Object in Memory

0xbaad_c0de
0x22c

 What does this represent?

NumberText
Random number generator output
Encrypted ciphertext
Junk (?)
Proprietary format
Metadata

None of the Above?
Unsigned (BE):
Unsigned (LE): 
Two’s Complement (BE):
Two’s Complement (LE):
Sign Magnitude (BE):
Sign Magnitude (LE):
Other: ???

ASCII
Latin-1
UTF-8
UTF-16 BE
UTF-16 LE
Other: ???

<error>
ºÀÞ
<error>
몭샞
궺�
???

3131949278
3737169338
-1163018018
-557797958
-984465630
-1589685690
???



Can You Find the Unsigned Integer Representations?

#include <stdint.h> 

uint32_t a = 0x00112233; 

uint32_t b = 0x44556677; 

uint32_t c = 0x8899aabb; 

uint32_t d = 0xccddeeff; 

uint64_t add(void) 

{ 

return a + b + c + d; 

}
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Source Code Machine Code

Compiler



Floating Point

•Today: Approximating all real numbers using 32 bits
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Floating Point Trickery (Approximation Error)
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•Today: Approximating all real numbers using 32 bits
• Clearly: 232 < infinity
• Most numbers are approximately represented



Agenda

•Fixed Point

•Floating Point
•IEEE Standard 754

•Special Floating Point Numbers



Fractions

•So far, we’ve dealt with only whole numbers

8

4

Little Endian Representation

0x1102_0000
0

0x211

•What about fractions?

Value

Fraction

1
2

2( )10

Decimal

2.5( )10

Decimal point



Representing Fractions
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1
2

1( )10

Value

4
????_????

0

(0.ത3)10

(6-3)10

Representation

•First, let’s consider fractions in other bases



Fractions in Other Bases
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(10.1)2

Binary point

(2.8)16(2.5)10

Number Base 10Base 2 Base 16

(2.6)12

Base 12

Decimal point Hexadecimal pointDuodecimal point

1
2

2( )10

•Nothing’s changed: this is just another positional code
• The “point” indicates the position of the(base)0 term
• We now have negative powers of the base

(2.5)10
2∙100 + 5∙10-1

(2.8)16(10.1)2
1∙21 + 0∙20 + 1∙2-1 2∙160 + 8∙16-1



Negative Power Weights
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(i)16

(10.101…)2
1∙2-1 + 0∙2-2 + 1∙2-3 + …

0
1
2
3
4
5
6
7
8
9
a
b
c
d
e
f

1
0.5
0.25
0.125
0.0625
0.03125
0.015625
0.0078125
0.00390625
0.001953125
0.0009765625
0.00048828125
0.000244140625
0.0001220703125
0.00006103515625
0.000030517578125

2-i



Base Conversion: Other to Decimal
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(101.1)2

(2fac.e)16

(802.11)9



Base Conversion: Decimal to Other
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(3.75)10

(3)10 + (0.75)10

(11)2 + (0.11)2

(11.11)2

Integer Part
Algorithm: Divide by the base

Fraction Part
Algorithm: Multiply by the base



Base Conversion: Decimal to Other
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(10.1)10



Base Conversion: Other to Other

•Shortcut: powers of two
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•Two step conversion

1. Convert to base 10

2. Convert to final base

(101.1011)2

(5.b)16(11.23)4 (5.54)8



Binary Representation of Fractions

•Key idea: put the point in a “fixed” location (“fixed point” representation)
• Point location is implied: hardware does not know about it (treated as an integer)
• Programmer must remember the point’s location
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1
2

-2( )10
1

1101_1000
0

Two’s Complement Representation

(-10.1)2

b7b6b5b4.b3b2b1b0

1
0010_1000

0

Unsigned Representation

1
2

2( )10 (10.1)2

b7b6b5b4.b3b2b1b0



Integer vs. Fixed Point
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0

1

2

3
-4

-3

-2

-1
0
0
0

010

1
0
0

110
0.0

0.5

1.0

1.5
-2.0

-1.5

-1.0

-0.5

0
0
0

010

1
0
0

110

Two’s Complement
Integer

Two’s Complement

Fixed Point (b2b1.b0)



The Fixed Point Number Wheel

•Consider two’s complement fixed point of the form b3b2b1.b0
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0

1

2

3

-4

-3

-2

-1

0
0
0
0

0100

1
0
0
0

1100

0.5

1.5

2.5

3.5

-0.5

-1.5

-2.5

-3.5

2-12021-22

Positional code weights



Fixed Point Uses

•Commonly-used in signal processing, graphics, and machine learning
• Fast and low-power (identical to just using integers)

19
Zhang+, "FAST: DNN Training under Variable Precision Block 

Floating Point with Stochastic Rounding," HPCA, 2022.

Ju-Ho Sohn+, “A Programmable Vertex Shader with Fixed-Point SIMD 
Datapath for Low Power Wireless Applications,” HWWS, 2004.



Problem: Limited Range of Representation
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32-Bit Fixed Point Representation
b[31:16].b[15:0]

0x2fac_e000(2fac.e)16

0x02fa_ce00

0x002f_ace0

0x0002_face

0x0000_2fac

Value

(2fa.ce)16

(2f.ace)16

(2.face)16

(0.2face)16

0xface_0000(2face.0)16

Not 
Representable!

Not 
Representable!



Problem: Multiplication and Division

•Add/subtract are the same: just like with unsigned/two’s complement
• Hardware just treats the representations as integers
• Programmer must keep track of the “point”’s position

•Multiplication/division require moving the “point”

21

Addition Multiplication

1.1

0.1

1.1

0.1



Agenda

•Fixed Point

•Floating Point
•IEEE Standard 754

•Special Floating Point Numbers



Limitations of Fixed Point

•Programmer needs to micromanage the “point” location

•Range of representable values is limited
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6.022 x 1023
6.626 x 10-34

Representing both with the same fixed point representation 
would take over 57 decimal digits (190 bits)

Difference is ~ 1057 (2189.35)



Toward a General-Purpose Representation

•We want one number representation for all real numbers
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{0, -30, 62}Regular integers

Tiny numbers

Huge numbers 6.022 x 1023

Extreme numbers -infinity

Invalid numbers <uninitialized>

•Constraint: we have N bits to work with (only 2N unique numbers)

6.626 x 10-34

Irrational Numbers π



Limits of Number Representation

•N bits represent only 2N values
• So far, we’ve stuck to linearly-spaced values
• But nobody said these need to be linear (or contiguous, monotonic, etc.)
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3-Bit Two’s Complement
(linear spacing)

0
1

2

3
-4

-3

-2

-1

0
0
0

010

1
0
0

110

A Valid 3-Bit Representation
(exponential spacing)

Another Valid Representation
(??? probably useless)

1
2

4

8
16

32

64

128

0
0
0

010

1
0
0

110

∞
<error>

π

0
-∞

0

-π

0

0
0
0

010

1
0
0

110



Floating Point

•Key idea: Use part of the representation to store the point’s position
• Let the hardware handle all the point micromanagement

•Turns out, this is just the scientific notation we already know and love
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-(6.022)10 x 10
(23)10

exponent
position of the pointsignificand

sign

Significand

(23)10 (6.022)10 

Exponent

-

Sign

some floating-point representation



Different Floating Point Standards

•Many different floating point standards exist

27
Zhang+, "FAST: DNN Training under Variable Precision Block 

Floating Point with Stochastic Rounding," HPCA, 2022.

IEEE

Google

NVIDIA

NeurIPS’19

…and many others across 
industry and academia



Number Representations in the Wild

28



Floating Point Hardware

•Requires very complex hardware to operate correctly

29https://www.righto.com/2024/12/this-die-photo-of-pentium-shows.html
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Agenda

•Fixed Point

•Floating Point
•IEEE Standard 754

•Special Floating Point Numbers



IEEE Standard 754 (est. 1985)

•An industry-standardized implementation of floating point
• Used in almost every processor that supports floating point
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“Single Precision” Floating Point (32 Bits)

-(6.022)10 x 10
(23)10

sign magnitude
unsigned
bias-127

Significand (23 bits)

b[30:23] b[22:0]

Exponent (8 bits)

b31

Sign



Significand: Normalized Form

•A number has infinite valid forms in scientific notation
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-(1.11)2 x 2
0

-(11.10)2 x 2
-1

-(0.111)2 x 2
1

-(0.0111)2 x 2
2

-(111.0)2 x 2
-2

“Normalized form”

•Normalized form: one digit to the left with no leading zeroes
• Only one unique normalized form for every number ☺



Significand: Normalized Form

•We can imply the leading ‘1.’ without wasting a bit to store it

33

-(1.11)2 x 2
0

(1.000001)2 x 2
14

(1.1010101010101)2 x 2
-124215325

Every normalized number
starts with ‘1.’

Normalized Number Significand Representation (23 bits)

110_0000_0000_0000_0000_0000

000_0010_0000_0000_0000_0000

101_0101_0101_0100_0000_0000



Exponent: Bias-127

•8 exponent bits yield 256 unique representations
• 0x00 and 0xff reserved for “special numbers” (e.g., infinity, zero, NaN)
• 0x01-0xfe are valid exponents (bias-127)
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(1.0)2 x 2
0

Exponent Representation 
(8 bits)

0111_1111

Normalized Form Biased ValueExponent Value

0 0 + 127

(1.0)2 x 2
127 127 127 + 127 1111_1110

(1.0)2 x 2
-126 -126 -126 + 127 0000_0001



Floating Point Example
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(1.0)10

Significand (23 bits)Exponent (8 bits)Sign



Floating Point Example
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(1.0)10 = (1.0)2 = (1.0)2 x 2
0

Significand (23 bits)

0111_1111 000_0000_0000_0000_0000_0000

Exponent (8 bits)

0

Sign

biased value: 127



Floating Point Example
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(6.25)10

Significand (23 bits)Exponent (8 bits)Sign



Floating Point Example
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(6.25)10 = (110.01)2 = (1.1001)2 x 2
2

Significand (23 bits)

1000_0001 100_1000_0000_0000_0000_0000

Exponent (8 bits)

0

Sign

biased value: 129



Floating Point Example
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Significand (23 bits)

0001_1000 011_0000_0000_0000_0000_0000

Exponent (8 bits)

1

Sign



Floating Point Example
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-(1.011)2 x 2
-103 = (1.375)10 x 2

-103

Significand (23 bits)

0001_1000 011_0000_0000_0000_0000_0000

Exponent (8 bits)

1

Sign

Unbiased exponent = (11000)2 - (127)10 = (-103)10

Significand = (.011)2
Sign = -



More Examples
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(1.1001)2 x 2
-4(0.1)10 = (1.1001)2 x 2

-3(0.2)10 =

biased exponent: -4 + 127 biased exponent: -3 + 127



Floating Point Range (Normalized)

•Sign bit makes floats symmetric across positive/negative numbers

•Makes sense to talk about smallest/largest representable values instead

42

(1.000_0000_0000_0000_0000_0000)2 x 2
-126 ≈ (1.18)10 x 2

-38

Smallest Normalized Value

Significand (23 bits)

0000_0001 000_0000_0000_0000_0000_0000

Exponent (8 bits)

b31

Sign

(1.111_1111_1111_1111_1111_1111)2 x 2
127 ≈ (3.40)10 x 2

38

Largest Normalized Value

Significand (23 bits)

1111_1110 111_1111_1111_1111_1111_1111

Exponent (8 bits)

b31

Sign



Floating Point Value Distribution

•2N=32 values are nonuniformly distributed

43Milos Ercegovac, Tomas Lang, "Digital Arithmetic", Morgan Kaufman, 2004



Agenda

•Fixed Point

•Floating Point
•IEEE Standard 754

•Special Floating Point Numbers



Going Even Smaller: Denormalization

•What if we allowed a leading zero for really small numbers?
• Special exponent value = 0x00
• Called a “denormalized value”

45

Smallest Denormalized Value

(1.000_0000_0000_0000_0000_0000)2 x 2
-126 ≈ (1.18)10 x 2

-38

Significand (23 bits)

0000_0001 000_0000_0000_0000_0000_0000

Exponent (8 bits)

b31

Sign

Smallest Normalized Value

Significand (23 bits)

0000_0000 000_0000_0000_0000_0000_0001

Exponent (8 bits)

b31

Sign

(0.000_0000_0000_0000_0000_0001)2 x 2
-126 ≈ (1.4)10 x 2

-45



Floating Point Range (Normal + Denormal)

46Milos Ercegovac, Tomas Lang, "Digital Arithmetic", Morgan Kaufman, 2004



Special Numbers in IEEE 754

47Harris + Harris, Chapter 5.3



Other Floating Point Formats

• IEEE Standard 754 specifies other types of float representations

48

•Many other formats exist out in the wild

https://en.wikipedia.org/wiki/Floating-point_arithmetic



Common DNN Training Number Formats

49Zhang+, "Fast: Dnn training under variable precision block floating point with stochastic rounding," HPCA, 2022.



Summary of Float and Double Representations

50Stallings, “Computer Organization and Architecture,” Pearson Education, 2008.



More on Floats

•There’s a semester’s worth of floating point material to consider
• Precision, machine epsilon, and ulp
• Normalized and denormalized numbers
• Specialized floating-point types (e.g., 8-bit, 16-bit, etc.)
• Representation error, rounding error, error propagation and bounding

51Milos Ercegovac, Tomas Lang, "Digital Arithmetic", Morgan Kaufman, 2004
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