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Announcements

•Ongoing
•Extra Credit: replaces WA6, due Friday (April 11) @ 11:59 pm

•WA7: due Wednesday (April 9) @ 11:59 pm

•PA4: due Next Friday (April 18) @ 11:59 pm

•Upcoming
•WA8: TBA after WA7

•PA5: TBA after PA4
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Note on PA6

•PA6 is too ambitious

•Tentative plan: reweight PA1-PA5 to cover a missing PA6
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5%
12%
12%
12%
12%

•We will announce our final decision when we make it



Layers of Abstraction for CS 211
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Problem

Algorithm

Program

Runtime

System software

HW/SW Interface (ISA, ABI)

Microarchitecture

Logic gates

Circuits

Technology

Physics

Real-world Demands

Real-world Constraints

CS 415: Compilers

CS 416: Operating Systems

Simple RISC-V Processor

Logic Circuits

Assembly Language Program

Machine Language Program 

Instruction Set Architecture (ISA)

loop:  ld   a4, 0(a5) 
ld   a3, 8(a5) 
addi a5, a5,   -8 
add  a4, a4,   a3 
sd   a4, 8(a5) 
bne  a0, a5,   loop

0000_0000_0000_0111_1011_0111_0000_0011
0000_0000_1000_0111_1011_0110_1000_0011
1111_1111_1000_0111_1000_0111_1001_0011
0000_0000_1101_0111_0000_0111_0011_0011
0000_0000_1110_0111_1011_0100_0010_0011
1111_1110_1111_0101_0001_0110_1110_0011

High-Level Language Program
int i; 
for(i = 0; i < 10; i++) 

a[i] = b[i] * c[i];



Layers of Abstraction for CS 211
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Problem

Algorithm

Program

Runtime

System software

HW/SW Interface (ISA, ABI)

Microarchitecture

Logic gates

Circuits

Technology

Physics

Real-world Demands

Real-world Constraints

CS 415: Compilers

CS 416: Operating Systems

Simple RISC-V Processor

Logic Circuits

Assembly Language Program

Machine Language Program 

Instruction Set Architecture (ISA)

loop:  ld   a4, 0(a5) 
ld   a3, 8(a5) 
addi a5, a5,   -8 
add  a4, a4,   a3 
sd   a4, 8(a5) 
bne  a0, a5,   loop

0000_0000_0000_0111_1011_0111_0000_0011
0000_0000_1000_0111_1011_0110_1000_0011
1111_1111_1000_0111_1000_0111_1001_0011
0000_0000_1101_0111_0000_0111_0011_0011
0000_0000_1110_0111_1011_0100_0010_0011
1111_1110_1111_0101_0001_0110_1110_0011

High-Level Language Program
int i; 
for(i = 0; i < 10; i++) 

a[i] = b[i] * c[i];

Next ~2-3 weeks:
How a CPU executes machine language code



Recap: Computer Organization
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Main Memory

(small, fast, expensive)

Storage
(big, slow, cheap memory)

Processor
(where code runs)

Input/Output
(network, USB, etc.)



nandgame.com

7https://nandgame.com/

https://nandgame.com/


Minecraft Redstone

8Redstone circuits/Logic – Minecraft Wiki

https://minecraft.fandom.com/wiki/Redstone_circuits/Logic


Nand to Tetris

9https://dl.acm.org/doi/pdf/10.1145/3626513 https://www.nand2tetris.org/

https://dl.acm.org/doi/pdf/10.1145/3626513
https://www.nand2tetris.org/


Agenda

•The Digital Logic Abstraction

•Boolean Algebra
•Truth Tables
•Equations and Identities

•Digital Logic Gates



Digital Logic

•Digital logic is a convenient abstraction for how circuits work

•1-bit input/output signals (high/low = 1/0)
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Input/Output Signal 
Representation

a

f(a) 

1

0
1

0

time

Example Logic Circuit: “Buffer”

Algebraic 
Representation

f(a) = a

Graphical 
Representation

f(a) a



Digital Logic Abstraction

•Digital logic abstracts away the hardware
• Can work with mathematical equations (instead of resistors, capacitors, etc.)
• Unfortunately, hard to say whether you can actually build a given circuit
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Example Logic Circuit: “Inverter”

Algebraic 
Representations

f(a) = ~a

= !a

= ā

= a'

Input/Output Signal 
Representation

a

f(a) 

1

0

0 1

time

Graphical 
Representation

f(a) a



Abstraction vs. Reality

•Voltage cannot change instantaneously
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Sandoval-Ibarra, F., and E. S. Hernández-Bernal. "Ring CMOS NOT-based oscillators: 
Analysis and design." Journal of applied research and technology, 2008.

RealityAbstraction

a

f(a) 

time

f(a) a



Example: Electrical Wires

•Real circuit behavior is highly non-ideal
• Circuit design (e.g., density, error-mitigation mechanism)

• Manufacturing defects (e.g., thinner/thicker wires)

• Environment (e.g., temperature, altitude)

• Operating conditions (e.g., voltage, frequency)

• …

14Tim Wang Len, “DDR5 Signal Integrity Fundamentals,” 2021.

DDR5 Read/Write Interface

Eric Bogatin, “Signal and Power Integrity 2/E,” 2010.

bit[0]

bit[1]

Two Adjacent Wires

https://www.signalintegrityjournal.com/blogs/12-fundamentals/post/1998-ddr5-signal-integrity-fundamentals


Example: Real Inverter Circuits

15Texas Instruments 74HC04 IC Datasheet

•Performance heavily depends on voltage and temperature

https://www.ti.com/lit/ds/symlink/sn74hc04.pdf


Circuit Design is a Game of Tradeoffs

•Cost: typically proportional to the physical circuit size (area)

•Performance: depends on size, complexity, etc.

•Power / Energy: worse with larger circuits, higher voltage/frequency

•Design effort: circuit designers are expensive in time and money

16

No single approach: depends on goals and requirements



Digital Logic Abstractions for CS 211
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f(a,b,c) 

a
b

c

f(a,b,c) = a'b' + bc

Graphical Circuit Algebraic Equation

f(a) = af(a) a



Agenda

•The Digital Logic Abstraction

•Boolean Algebra
•Truth Tables
•Equations and Identities

•Digital Logic Gates



Boolean Algebra

•Mathematical framework for binary values
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a, b ∈ {0, 1}

•Formalized by George Boole in the mid-1800s



Boolean Functions

•We can define functions and equations over Boolean variables
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f

a
b
c.

.
.

f(a,b,…)

f(a) =
1   a = 0

0   a = 1

Example Function

0 1
1 0

a f(a)



Example: Binary Addition

•Adding two unsigned one-bit numbers
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0
0

1
0

0
1

1
1

f(a,b) = a + b 

a
b

f(a,b)



Truth Table Representation

•Fully defines the function (all possible inputs)
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0
0

1
0

0
1

1
1

00 0101 11

0 0

a b

00
0 1 01
1 0 01
1 1 10

f(a,b)

“Truth Table”
inputs outputs



Truth Tables: Examples
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0 1
1 0

a f(a)

NOT f(a) a

000
001
010
011

abc f(a,b,c)

0
0
0
0

100
101
110
111

0
0
0
1

f(a,b,c) 
a

c
b AND3

00 0
01 1
10 1
11 1

ab f(a,b)

f(a,b) 
a
b



Truth Tables (Generalized)
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000
001
010
011

f(0,0,0)
f(0,0,1)
f(0,1,0)
f(0,1,1)

100
101
110
111

f(1,0,0)
f(1,0,1)
f(1,1,0)
f(1,1,1)

abc f(a,b,c)

f

a
b
c.

.
.

f(a,b,…)

inputs outputs



Agenda

•The Digital Logic Abstraction

•Boolean Algebra
•Truth Tables
•Equations and Identities

•Digital Logic Gates



Boolean Algebra Representations
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f(a) = !a // C-style notation
     = a' // Boolean algebra notation

“a prime”

0 1
1 0

a f(a)

NOT f(a) a



Functional Completeness

•We can express any Boolean function in terms of {NOT, AND, OR}
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f(a) = a'

0 1
1 0

a f

NOT f(a) a

f(a,b) = a * b
       = ab

00 0
01 0
10 0
11 1

ab f

f(a,b) 
a
b

AND2

f(a,b) = a + b

00 0
01 1
10 1
11 1

ab f

f(a,b) 
a
b



Example: Buffer and Inverter
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f(a) =

0 0
1 1

a f(a)

BUF f(a) a

0 1
1 0

a f(a)

NOT f(a) a

f(a) =



Example: NAND2
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f(a,b) =

00 1
01 1
10 1
11 0

ab f

f(a,b) 
a
b

NAND2



Example: NAND2
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00 1
01 1
10 1
11 0

ab f

f(a,b) 
a
b

NAND2 f(a,b,c) = a' + b'
         = (ab)'

NAND2(a, b)
a
b

AND2 NOT

NAND2(a, b)
a

b

NOT

NOT



Example: Majority Function
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f(a,b,c) =000
001
010
011

0
0
0
1

100
101
110
111

0
1
1
1

abc x

x = MAJ(a, b, c)
a
b
c

x



Example: Majority Function
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f(a,b,c) = ab + bc + ac000
001
010
011

0
0
0
1

100
101
110
111

0
1
1
1

abc x

x = MAJ(a, b, c)
a
b
c

x

a
b

AND2

MAJ(a, b, c)
b
c

AND2

a
c

AND2



Truth Table to Algebraic Equation
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00 f(00)
01 f(01)
10 f(10)
11 f(11)

ab f(a,b)

Truth Table

NOT

0 1
1 0

a f

f(a,b) =
    a'b' * f(00) +
    a'b  * f(01) +
    ab'  * f(10) +
    ab   * f(11)

Algebraic Representation



Truth Table to Algebraic Equation
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00 f(00)
01 f(01)
10 f(10)
11 f(11)

ab f(a,b)

Truth Table

NOT

0 1
1 0

a f
f(a) = a' * f(0) + a * f(1)
     = a' * 1    + a * 0
     = a'

f(a,b) =
    a'b' * f(00) +
    a'b  * f(01) +
    ab'  * f(10) +
    ab   * f(11)

Algebraic Representation



Example: AND
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00 0
01 0
10 0
11 1

ab f
1f =

iff ab == 11

0 otherwise

f(a,b) = a * b * f(1,1) 
       = ab

Algebraic Representation

Ignore 
f=0 cases

f(a,b) 
a
b

AND2



Example: XOR
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00 0
01 1
10 1
11 0

ab f

1
f =

iff ab == 01
 OR ab == 10

0 otherwise

f(a,b) = a'b + ab'

Algebraic Representation

f(a,b) 
a
b



Standard Logic Blocks

37https://www.geeksforgeeks.org/logic-gates/

F=xy F=x+y F=x' F=x F=(xy)' F=(x+y)' F=(x⊕y) F=(x⊕y)'



Basic Identities of Boolean Algebra

•Used to simplify complex equations

38

ab = ba commutativitya + b = b + a

(ab)c = a(bc) associativity(a + b) + c = a + (b + c)

a(b + c) = ab + ac distributivitya + bc = (a + b)(a + c)

ab + a = a absorption(a + b)a = a

(ab)' = a' + b' DeMorgan’s law(a + b)' = a'b'

a'' = a involution

a∙a' = 0 complementaritya + a' = 1

a∙a = a idempotenta + a = a 

a∙1 = a identitya + 0 = a 

a∙0 = 0 nulla + 1 = 1



Exercise: Simplify the Expressions
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a'bc + a'bc' + ab (a' + b')(a' + b)



Exercise: Simplify the Expressions
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((a + d)'(b' + c)')' abc + a'c + bc'



Example: OR
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00 0
01 1
10 1
11 1

ab f

1

f =

iff ab == 01
 OR ab == 10
 OR ab == 11

0 otherwise

f(a,b) = a'b + ab' + ab
       = a'b + a(b' + b)
       = a'b + a
       = a + b

Algebraic Representation

Boolean algebra
(simplification using identities)

f(a,b) 
a
b



Example: Majority Function
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000
001
010
011

0
0
0
1

100
101
110
111

0
1
1
1

abc x

x = MAJ(a, b, c)
a
b
c

x

f(a,b,c) = a'bc + ab'c + abc' + abc
         = ...
         = ac + ab + ac

Algebraic Representation

Simplification 
left as an exercise ☺



Aside: Functional Completeness

• {NAND} and {NOR} are functionally complete singleton sets
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00 1
01 1
10 1
11 0

ab f

00 1
01 0
10 0
11 0

ab f

f(a,b) 
a
b

NAND2 f(a,b) 
a
b



Agenda

•The Digital Logic Abstraction

•Boolean Algebra
•Truth Tables
•Equations and Identities

•Digital Logic Gates



Representations of Boolean Logic

•Any two-state system can represent Boolean values

45

Boolean EquationTruth Table

0 1
1 0

a f f(a) = a'

Switch
up/down

Line width
narrow/wide

Pixel color
Black/white

Sound Length
Long/short tap

Color
red/black

State
clipped/unclipped

Lever
up/down

https://www.smithsonianmag.com/arts-
culture/how-the-telegraph-went-from-semaphore-
to-communication-game-changer-1403433/



Building a Logic Gate: Mechanical Switches

•Mechanical switches controlled manually

46

Truth Table

0 1
1 0

switch light

Boolean Equation

light(sw) = sw'
0

1

Prof. Gavva, CS 211 Lecture 8, Fall 2024



Building a Logic Gate: Electromechanical Switches

•Mechanical switches controlled by electricity

47

https://www.electricalandcontrol.com/electromechanical-relays-emr/

Truth Table

off NC
on NO

electromagnet contact



Building a Logic Gate: Electrical Switches

•Fully electronic switch (transistor): no mechanical/moving parts

48https://commons.wikimedia.org/wiki/File:Agc_nor2.jpg

NOR3 Gate from the 
Apollo Guidance Computer (1960s)

000
001
010
011

1
0
0
0

100
101
110
111

0
0
0
0

abc NOR3(a,b,c)



Example: “Standard Cell” Library for Chip Design

49Intel, “Introduction to Intel Cell-Based Design,” 1988.



CS 211: Intro to Computer Architecture
11.1: Digital Logic and Boolean Algebra

Spring 2025 – Tuesday 8 April
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