CS 205 Sections 07 and 08
Homework 4 — Accepted for grading 4/12

1. Prove that whenevem, ... p, is a list of two or more propositions,

=(pLVp2V...Vpn)

is logically equivalent to
—“PLAP2 A ... ATPn

Use mathematical induction, and the fact thgp\/ q) is equivalentto-pA—q (De Morgan’s
law).

Answer:
Proof. Basis stepn = 2. In this case;(p1V p2) is equivalent to-p; A —p2 by De Morgan.

Inductive step. Suppose(p1V p2V...V pk) is equivalentto-ps A—p2A... A—pk. Consider
—(p1Vp2V...VpkVpkr1). By De Morgan, this is equivalent to(prV p2 V...V pk) A
—pkr1- By the induction hypothesis, this is equivalent-ips A =p2 A ... A =Pk A = Pkr1-
This is what we had to show.

We complete the proof by mathematical induction.



2. Prove by induction that & = b(mod n) thena" = b"(mod n) for alln > 0.

Answer:
Proof. The key fact for the proof is that & = b(mod nm) andc = d(mod n) thenac=

bd(mod . This is Theorem 10 in the text on page 163.

Basis stepn = 0. In this casea® = 1 andb® = 1 and 1= 1(mod n).

Inductive step. Suppos# = bX(mod m). Considerakt! = a(a¥) andb**t! = b(b¥). Since
a=b(mod m and by hypothesig = bX(mod nj, by Theorem 10a51 = b*t1(mod m).
We complete the proof by mathematical induction.



3. Verify that the program segment

if X <ythen
m:=Xx
else
m:=y

is correct with respect to the initial asssertiband the final assertion

(X<yAm=x)V(x>yAm=y)

Answer:
We use the rule for verifying conditional programs by verifying each branch. We consider
the branches in turn.

First, it must be shown that if the initial assertion is true andy, then after we execute
m:=x, it's true that(x < yAm=x) vV (x > yAm=y). By inertia,x <y is true after we
executem:= x. And by implication,x <y is true. By assignmentn= x is true after we
executem:=X. So by logicx <yAm=xis true and thugx<yAm=x) VvV (x>yAm=y).

Second, it must be shown that if the initial assertion is trueyafi, then after we execute
m:=y, it'strue thatx <yAm=x)V (x> yAm=Yy). By inertia,y < xis true after we execute
m:=y. By assignmentn=y s true after we executa:=y. So we havgy < xAm=y. We
consider cases for< x: eitherx >y ory=x. So either(x>yAm=y)V (y=XxAm=y).
Looking at the second disjungt—= XA m=y s equivalent toy = X A m= x and thus entails
X<yAm=x Sowe concludéx<yAm=x)V(X>yAm=y).

This completes the proof.



4. This program computes quotients and remainders:

r:=a
q:=0
whiler >d
begin
r.=r—d
g:=q+1
end

The program assumes ttaat> 0 anda > 0.

Prove that
d>0A0<r<aAa=dqg+r

is aloop invariantfor thewhile loop. In other words, show that if
d>0AN0<r<aAa=dq+r Ar>d
is true at the beginning of any iteration of the loop, then
d>0A0<r<aAa=dqg+r

is true afterwards.

Answer:

Each iteration of the loop carries out the two instructionsf r :=r —d andl, of q:= q-+ 1.
First we show that il > 0A0<r <aAa=dg+rAr >dis true beford; thend > 0A0 <
r <aAa=dq+r+distrue afterwards. Sinagdoes not change iR, and we knowd > 0
beforels, we knowd > O afterls. Initially r has some value: call ip. We know initially
a=dqg-+ro. This does not depend anso it holds aftet; by inertia. Likewise 6KXrg <a
holds after; by inertia. Meanwhile, by assignment, we know that afffer = ro —d. Since
d > 0 andd <rg < awe know 0<r < a afterl;. Finally, by algebrag =r +d and thus
a=dqg+r+d. By logic then, aftet;,d >0A0<r <ana=dqg+r+d.

Next we show that itl > 0A0<r <aAa=dq+r+dis true beford,, thend > 0A0 <

r <aAna=dqg-+r is true afterwards. Neithet norr norais affected by assignment tp

so that meand > 0N 0 <r < ais true afterl,. Beforel, g has some value: call go. We

know initially a= dgo+r +d. This does not depend an so it holds afted, by inertia.
Meanwhile, by assignment, we know that afierq = qo+ 1. By algebrago =q—1 so
a=d(q—1)+r+d=dg—d+r+d=dg+r. Thus by logiocd >0AN0<r <aAa=dq+r

is true after.

We complete the proof by observing that since the two instructions are run in sequence, these

two arguments suffice to show thatdf> 0AN0<r <aAa=dq+r Ar > dis true before
any iteration, them > 0AN0 <r <aAa=dq+r is true afterwards.



5. Briefly, why does this invariant guarantee that the program can only terminate with a correct
answer.

Answer:
When the loop completes, we haae- dq+r and 0< r by the loop invariant and < d by

the termination condition. That makeshe remainder and the quotient, by the Division
Algorithm.



