CS 205 Sections 07 and 08
Homework 3 Answers

1. Each of the following items gives a condition on a function. Construct a function satisfying
that condition. The domain and codomain of your function must be chosen from the sets

U={ab,c}V={xyz,W={12}

(a) One-to-one but not onto.
Answer:
f:W — U wheref(1) =aandf(2) =h.
(b) Onto but not one-to-one.
Answer:
f:U —Wwheref(a) =1, f(b)=1andf(c) = 2.
(c) One-to-one and onto.
Answer:
f:U —V wheref(a) =x, f(b)=yandf(c)=z
(d) Neither one-to-one nor onto.
Answer:
f:U —V wheref(a) =x, f(b)=xandf(c)=x.
2. Each of the following items specifies a functibn N — N, and specifies certain of its
properties. In each case, give a precise mathematical argument showing that the function
satisfies the properties.

(@) f(x) =2x— one-to-one but not onto.

Answer:
To showf is one-to-one, we suppodéx) = f(y). By the definition off, this means
2x = 2y. Dividing both sides by 2, by algebra, we concludey. Thusf is one-to-one.

To showf is not onto, we note that4 N but 14 2x for x € N.
(b) f(x) = |x/2] — onto but not one-to-one.
Answer:
To show f is onto, we considey € N. Then % € N. Moreover, f(2y) = [2y/2]| =
ly] =Y. Sothere is am € N such thatf (x) =y. Sof is onto.
To showf is not one-to-one, we note thatON and 1€ N but f(0) = |0/2] = 0 and
f(1)=|1/2] =0.
F(x) = x—1 if xis odd
X+ 1 otherwise

Answer:
First we make two observations.Xfis odd thenf (x) = x— 1 andf(x) is even. Ifxis

even thenf (x) = x4+ 1 andf(x) is odd.

— one-to-one and onto.
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To show thatf is one-to-one, suppodex) = f(y). Either f(x) is odd orf(x) is even.
If f(x)isodd, then by our observationgx) =x+1, andf(y) =y+1. Sox+1=y+1

and by algebra =y. Likewise, if f(X) is even, then by our observatiofigx) = x— 1

andf(y) =y—1. Sox—1=y—1 and by algebra =y. This showsf is one-to-one.

To show thatf is onto, considey € N. If yis even, thery+1 € N andy= f(y+1).

(Sincey+1isodd,f(y+1)=(y+1)—1=y.) If yis odd, thery—1 € N andy =

f(y—1). (Sincey—1lisevenf(y—1)=(y—1)+1=y.)

3. LetA, B andC be nonempty sets, and lgt A— Bandh: A— Cand letf : A— BxC be

defined by
f(x) = (9(x),h(x))
Give a precise mathematical argument for each of the following statements.

(a) If f is onto, therg andh are onto.

Answer:

Suppos¢ is onto. Then for al(b,c) in B x C, there is ara € A such thatf (a) = (b,c).
Letu € B. SinceC is nonempty there is somec C and(u,v) € B x C. There is some
y € Asuch thatf (y) = (u,v). This means thaj(y) = u. Sog s onto.

Likewise, forv € C, sinceB is nonempty there is somee B and(u,v) € BxC. So
there is somg € A such thatf (y) = (u,v). This mean$(y) = v sohis onto.

(b) Itis not the case th&t must be onto whenevegrandh are onto.
Answer:
We give a counterexample. We take= B =C = N, and letg(x) = x andh(x) = x.
Clearlyg andh are onto. Butf is not onto, because if # v there is noy € N such that
f(y) = (u,v).

(c) If eithergis one-to-one oh is one-to-one, thefi is one-to-one.
Answer:
Supposd (x) = f(y). This meansg(x),h(x)) = (g(y), h(y)), and thereforg(x) = g(y)
andh(x) = h(y). If gis one-to-one and(x) = g(y) thenx=y. If his one-to-one and
h(x) = h(y) thenx =y. Thus, since eitheg is one-to-one oh is one-to-one, it follows
thatx=y. Sof is one-to-one.

(d) Itis possible forf to be one-to-one without eithgror h being one-to-one.

Answer:

We give a counterexample. We take- {0,1,2,3},B={0,1},C={0,1}. We consider
the functiong such thag(0) = g(1) = 0 andg(2) = g(3) = 1. We consider the function
h such thah(0) = h(2) = 0 andh(1) = h(3) = 1. Clearlyg andh are not one-to-one.
However, in this casé is as follows: f(0) = (0,0), f(1) = (0,1), f(2) = (1,0) and
f(3) =(1,1) sof is one-to-one.

4. Prove or disprove each of these statements about the floor and ceiling functions.



(a) For all real numbers,
LIX]] = [x]
Answer:
We disprove this by giving a counterexample: 1.8.5] = 2. So|[x]| =2. But
|1.5] =1.
(b) |x] = [x] if and only if x is an integer.
Answer:

Proof. If xis an integer, then the greatest integer no greater xiarx. So|x| = x.
Meanwhile, the least integer no smaller thas x so [X] = x. So|x]| = [x].

Conversely, supposeis not an integer. Thefx| < x while x < [x]. So|x| < [x]| and
thus | x| # [x].

(c) For all positive integers,

),

Consider a positive integer We will setnto be the lowest integer such thrat 2". We
consider two cases separately. Firsg 2" — 1. Then% =2"1, This is an integer,
so| 51| =21 This guarantees that

o |57 = e (”1)

Otherwisey = 2" *+d where 0< d < 2" — 1. So'3t =22 1 441 whered3! <
22 Therefore
r+1
log, {TJ =n—-2+¢

where 0<e< 1. So
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This compeletes the proof, because we have handled all possible values of

Meanwhile,

where 0< d < 1. So



