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CHAPTER é6:

Dimensionality
Reduction




Reduces time complexity: Less computation
Reduces space complexity: Less parameters

Saves the cost of observing the feature

Simpler models are more robust on small datasets
More interpretable; simpler explanation

Data visualization (structure, groups, outliers, etc)
if plotted in 2 or 3 dimensions
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Choosing k<d important features,
ignoring the remaining d - k
Subset selection algorithms
Project the
original x;, i =1,...,d dimensions to
new k<d dimensions, z;, j=1,...,k

Principal components analysis (PCA), linear
discriminant analysis (LDA), factor analysis (FA)
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There are 29 subsets of d features

Forward search: Add the best feature at each step
Set of features F initially O.
At each iteration, find the best new feature
Jj=argmin; E( Fu X;)
Add x;to F ifE(Fuxj)<E(F)

Hill-climbing O(d?) algorithm
Backward search: Start with all features and remove
one at a time, if possible.

Floating search (Add k, remove |
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Find a low-dimensional space such that when x is
projected there, information loss is minimized.

The projection of x on the direction of wis: z= wix
Find w such that var(z) is maximized
var(z) = var(wix) = E[(wix - wip)?]
= E[(W!x - wi)(w!x - wip)]
= E[w!(x - w(x - p'w
= WLE[(x - p(x -u)TIw=wlZ w
where var(x)= E[(x - W(x -p)7] = 2
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Maximize var(z) subject to ||w||=1

maxwiZw; — x(wiwj — 1)
W
2. w; = a w, that is, w, is an eigenvector of X

Choose the one with the largest eigenvalue for
var(z) to be max

Second principal component: Max var(z,), s.t.,
lw,||=1 and orthogonal to w,

l%ﬁXW;ZWQ — Ci(W%FWE — 1) — B(wgwl —0)

2w, = a W, that is, w, is another eigenvector of X
and so on.
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Z=WIi(x-m)
where the columns of W are the eigenvectors of 2,
and m is sample mean

Centers the data at the origin and rotates the axes
A A

o
= Z; 5

—

- >
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Proportion of variance (PoV) explained

f\l‘i‘f\g—f—""{—f\k
AM+A+ -+ A+ -+ Ay

when /;are sorted in descending order
Typically, stop at PoV>0.9
Scree graph plots of PoV vs k, stop at “elbow”
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(a) Scree graph for Optdigits
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Find a small number of Z, which when
combined generate x:

where z, j=1,...,k are the with
g; are the

E[ 81' ]= \Ill" COV(SI y SJ) =O, l ¢j, COV(SI y ZJ) =O y
and v;; are the
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PCA From x to z Z=WIl(x-pn

FA From z to x X-U=VZ+¢
variables factors
e (OO O OO Oat
W Vv W
= 00 O 00 O
wgab[es _ : : | ‘ N
PCA FA
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In FA, factors z; are stretched, rotated and
translated to generate x

A A

™~ ol

ry =

—S

A : :
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Given pairwise distances between N points,
dg, 1,j=1,..,.N

place them on a low-dimensional map such that the
distances are preserved.

Z=¢g (x| 6) Find @ that min

' (2" = 2°ll = Ix" = x°))?
E(O|X) = 9
rz.s' [x" — x5||2
_ v Ugx10) —g(x*10)]l — X" = x*11)°
[xr — xs||2

r,S
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Map of Europe by MDS
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Find a low-dimensional
space such that when x
is projected, classes
are well-separated.

Find w that maximizes

m,

(my — my)?
J(w) — > ) W
ST + 85
> owlxtpt T .
m; = =wim, s; =

Dt
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Between-class scatter
(m —m>)° = (wim; —wim»)?

= wliim; —my)(m; —my)'w

= wliszw
Within-class scatter
sio= D (wIxt—my)*r!
[
— ZWT(X{ “m) X' —m)Twrt = wisiw
[

where S; = > ri(x" —my) (x' —m;)T
[

S
si+s5 =wliSyw
where S,y = S1 + S»
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Find w that max

J(w) =

wiSgw  Iwl(m; —m»)|

LDA soln: |
w = cSyt(my — m»)

Parametric soln:
wo= X" (1 — o)
when p(x|Cj) ~ N (u;, %)
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Within- class scatter:

ZSI Si= > r(x'—-m)(x'—mp)’
[
Between class scatter: "
o 1
SB—ZNI(m;—m)(mf—m)T meZm
-1 i=1

Fmd W that max

T(W) = IWISgW|  The largest eigenvectors of S;!Sg
~ |WTS,yW| maximum rank of K — 1
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