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CHAPTER 5:

Multivariate Methods




Multiple measurements (sensors)
d inputs/features/attributes: d-variate
N instances/observations/examples
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Mean: E[x]=p = [u,...,uaql"
Covariance: 0j; = Cov(Xj, X)

. ~ O—I .
Correlation: Corr(X;, X;) = pij = J
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Sample mean m

N t
(=1Xj .
mj = N !I:l!"'!d

Sample covariance matrix S

N [ [
=1 (X; —m;)(X; —myj)

Sii =
J N
Sample correlation matrix R
Sij
Fij =
SiSj
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What to do if certain instances have missing
attributes?

Ignore those instances: not a good idea if the
sample is small
Use ‘missing’ as an attribute: may give information

Fill in the missing value

Mean imputation: Use the most likely value (e.g., mean)

Imputation by regression: Predict based on other
attributes
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X ~ Na(p,Z)
n e

1
(21r)4/2|1X|1/2

— exp [—%(x — )z (x - u)]

p(x) =
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Mahalanobis distance: (x —p)!'Z ' (x — )

measures the distance from x to p in terms of X
(normalizes for difference in variances and

correlations)
2
Bivariate: d = 2 s_| 9i pPOL02
pPO107? 25
| 1 1 X i
p(X1,X2) = . f exp[—,). S (27—2;J2|23+z-3)}
2T0102,/1 - P2 2(1 —p=)
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Cov(x, .X,}=0, Var(x,)=Var(x)) Cov(x,.X,)=0, Var(x,)>Var(x,)
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If x, are independent, offdiagonals of 2 are 0,
Mahalanobis distance reduces to weighted (by 1/¢))
Euclidean distance:

d d 2
. . 1 1 Xi— HMi\~
(X)) = i (Xi) = - - exp | —— ( )
l Dh | (27T)d/?2 H§f=| o : [ 2 Z Ui }

If variances are also equal, reduces to Euclidean
distance
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Ifp(x|C)~N(u,2)

1
(2m)dr2|%; |12

1 o
p(x|Cj) = eXP [_E(X_uf}rzj_l(x_uj)]

Discriminant functions are

gi(x) = logp(x|Cj) +log P(C;)

| 1 | 1
gi(x) = ¢ log 21T — ;10@; 12| —

1 | |
- -3 S(x —p) ' Z7H(x — ) +1og P(Ci)
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P(C)) = N
[ I
m; — Ztrr‘:f
2.1
g _ 2l -m)x'—mp)7
-

1 1 o .
gi(x) = =5 1ogISi| — 7 (x - mi) St (x — m;) +log P(C;)
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gi(x) = —%log IS;| — % (xTS;'x —2x1S7'm; + m}rS;'m;) +log P(Cy)

-

where
1
W, = —;Sfl
W — Sf_'mi-
L Te- 1. .
wio = —5m; Sy m;— < loglS;| +log P(Cj)
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discriminant:
P(Cy|x) = 0.5

posterior for C,
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Shared common sample covariance S
S=> P(C)S
f

Discriminant reduces to

9i(x) =~ (x — m) TS~ (x — my) +log P(C))
which is a gi(x) = W;X + Wijo
where w; = S_lmj

Wig = —%m}rs_lmf +log P(C;)
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= SE——

Common Covariance Matrix S

Yo
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When x; j = 1,..d, are independent, 2. is diagonal
p (x|C) = HJ. p (x;|C) (Naive Bayes’ assumption)

2

d t
l K _m.. ~
gi(x) =~ 3 ( L ”) +log P (Cy)
j=1 o

Classity based on weighted Euclidean distance (in s,
units) to the nearest mean
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variances may be
different
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Classify based on
Euclidean distance to the nearest mean

P
X —mill- s
gi(x) = — | — | + log P(Cj)
28~
- -
= —57 2. (Xj —myy)® +log P(CY)
j=1
Each mean can be considered a or
and this is
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gt
Diagonal S, equal variances
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Assumption Covariance matrix | No. of parameters
Shared, Hyperspheric S; =S = s°I 1
Shared, Axis-aligned Si =S, withs;j =0 d
Shared, Hyperellipsoidal Si =S dd+1)/2
Different, Hyperellipsoidal | S; K-(dd+1)/2)

As we increase complexity (less restricted S), bias
decreases and variance increases

Assume simple models (allow some bias) to control
variance (regularization)
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features: pij = p(x; = 1|Cy)
if x; are ‘;Naive Baves’)
p(x|Ci) = [ pi] (1 - pij) 1%
Jj=1
the discriminant is
gi(x) = logp(x|Ci) +1ogP(C;)
= Z [Xj logpii + (1 —x;)log(1 —p”)] + log P(C;)

j

| A > Xy
Estimated parameters Pij = S
t Vi
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(1-of-n) features: x; € {v;, v,,..., an}

piik =p(zZjk = 11Ci) = p(x; = v|Cy)

if x; are
d hj
. Zjk
p(xIC)) =[] ]]pik
j=1k=1
gi(x) = Z szk logpijk +1log P(Cp)
J K
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rt=g(xtwg, Wy, ...,Wgq) +€
Multivariate linear model

Wo + WiX] + Wox5 + - - - + waxl
1

E(wg,Wi,...,wgqlX) = = Z{'Ff — Wy — Wi Xi — ‘FVEX'EJ — e e — wrdxfi]z

2
t

Multivariate polynomial model:
Define new higher-order variables
Z1=Xyy Zo=Xo, Z3=X,°y Z,=X5°, Zs=X1 X
and use the linear model in this new z space
(basis functions, kernel trick, SVM: Chapter 10)
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