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CHAPTER 13:

Hidden Markov
Models




Modeling dependencies in input; no longer iid
Sequences:

Temporal: In speech; phonemes in a word
(dictionary), words in a sentence (syntax,
semantics of the language).

In handwriting, pen movements
Spatial: In a DNA sequence; base pairs

Lecture Notes for E Alpaydin 2004 Introduction to Machine Learning © The MIT Press (V1.0)



N states: §,, S,, ..., Sy State at “time” t, g, = S;
First-order Markov

P(qr+1 = Sjmr = Si,9t-1 = Sk, - *) = P(qr+1 = Sj|0h‘ = Si)
Transition probabilities

N

aij = P(qr<1 = Silgr = Si) ajj = 0 and Z ajj =1
Jj=1

Initial probabilities

N
i =P(q1 = Si) > T =1
i=1
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Three urns each full of balls of one color
S1:red, S> = blue, S3 : green

C 0.4 0.3 0.3
IT1=1[0.5,0.2,0.3]" A= 02 06 0.2
0.1 0.1 0.8 |

() — '}:51551153153}

P(O|AIT) = P(Sy) - P(S51]|S1) - P(S3]S1) - P(53]S3)
= Tty - djy - dy13 - 433
= 0.5-04-0.3-0.8=0.048
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Given K example sequences of length T

P #{sequences starting with S;} > l(éff = 5j)
I #{number of sequences} K

P #{transitions from S; to S;}
Y #{transitions from S;}
-1 k K
2k 2] 1(gf = Siand gf.y = S))
o T-1 k
2k 2t=1 l(qg = Sj)
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States are not observable

Discrete observations {v;,V,,...,V,,} are recorded; a
probabilistic function of the state

Emission probabilities
bj(m) = P(O; = vinlqr = S5i)

Example: In each urn, there are balls of different
colors, but with different probabilities.

For each observation sequence, there are multiple
state sequences
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N: Number of states

M: Number of observation symbols

A =layl: Nby N state transition probability matrix
B = b(m). N by M observation probability matrix
IT1 = [77,]: N by 1 initial state probability vector

A= (A, B, II), parameter set of HMM
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Given 4, and O, calculate P(O | A)
Given 4, and O, find Q" such that
P(Q10,2)=max,P(Q[O,41)
Given X={OK},, find 1" such that
P(X|A)=max, P(X|21)

(Rabiner, 1989)
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(i) = P(O1 - - - O¢,qr = SilA)

Intialization:
x1(i) = T13b;i(O)
Recursion: T -
Xe+1(J) = Z&'r(i}ﬁf; bi(Or:1)
N
P(O|A) = Zoc-r(i) t 1
i=1
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Bi(i) = P(Ors1---0O71lgr = Si,A)

Initialization:

Br(i) =1

Recursion:

N
Pe(i) = Zﬂijb;'(()rJrl)ﬁtJrl(j)

J=1

13
Lecture Notes for E Alpaydin 2004 Introduction to Machine Learning © The MIT Press (V1.0)



*ﬁr(i}ﬁr(i)
S0 e (J)Be ()

ye(i) =

Choose the state that has the highest probability,
for each time step:

q; = argmax y; (i)
[

No!
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0i(i) = max p(q1qgz2---qi-1,qc = S;, 01+ - - O¢|A)

a1dz -+~ G-
Initialization: &6¢(i) = T1;b;(01) Wwi(i) = 0
Recursion: 5:(j) = max Or—1(i)ajj - b;j(Oy)

We(j) = argm;axé{_l(im”
Termination: P~ = mIEIX or(i) qr = arg lTlIfaX ot (i)

Path backtracking:
a; =W (gl), t=T-1,T-2,...,1

15
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&(i,j) =P(qr = Si,gr+1 = Sj1O,A)

O‘r(f)aijbj (Ot+1)Br+1(J)

Eell, j) =
el 2k 21 Xe(K)akibp(Or1) Braq (D

Baum-Welch algorithm (EM)

(1 ifgr =S S 1 if gr =S;and gro1 = S;
Zi =1 0 otherwise U 0 otherwise
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E-step:  E[zj] = y(i)

E[er;] — gl‘(hj)

[] _ T—

fo 1 fil yf (I)
~ - ) 1 O =V
bl;(m) _ Z,L 1 { 1 ytﬂ(_] ( = Vi)
ZL 12{ 1 J/r
. > o1 Y
i = k lkl
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Discrete: 1 ifO, = v
t t = Vm
P(O¢lgr = Sj,A) = l_[ bj(m)'m Y = { 0 otherwise

nm=1

Gaussian mixture (DiLscretize using k-means):

p(Oclge = Sj,A) = > P(Gi)p(Oclge = Sj, G1,A)

I:]_ s ol
~ N (pp, ;)
Continuous: Hi <
p(()IIQF — S}! f\} ~ fN(“}! O-‘_)
. 2.t Yi(J)O
Use EM to learn parameters, e.g., Hj = Zt ;r( ) r
[ "
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Input-dependent observations:

p(Oclge = Sj,xe,A) ~ N(g;(x'10;),07)

Input-dependent transitions (Meila and Jordan,
1996; Bengio and Frasconi, 1996):

P(qi1 = Sjlgr = Si, x¢)

Time-delay input:

Xt = f(Or—7,...,0¢-1)
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Left-to-right HMMs:

250!
O
O
O

a2

ap?
O
O

ais

a3

asj
O

In classification, for eac
separate HMM and use Bayes’ rule

P(O|A;)P(A;j)

P(Ai|O) =

n C, estimate P(O| 1) by a

2.; P

(OIA;)P(A;)
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