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CHAPTER 10:

Linear Discrimination




Assume a model for p(x|C), use
Bayes’ rule to calculate P(C|x)

g{x) = log P(C|x)

Assume a model for g{(x|®); no
density estimation

Estimating the boundaries is enough; no need to
accurately estimate the densities inside the
boundaries
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Linear discriminant:
d

T
gi (X|Wi,Wig) = W; X + Wjy = Z WijXj + Wio
j=1
Advantages:
Simple: O(d) space/computation

Knowledge extraction: Weighted sum of attributes;
positive/negative weights, magnitudes (credit scoring)

Optimal when p(x|C) are Gaussian with shared cov matrix;
useful when classes are (almost) linearly separable
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Quadratic discriminant:
gi (X|Wi, wi, wio) = X'Wix + Wix + Wig
Higher-order (product) terms:

5 .-
Z) = X1,Zp = X2,73 = X{,Z4 = X5,7Z5 = X|X2

Map from x to z using
and use a linear discriminant in z-space

k
gi(x) = > widij(x)
J=1
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g g(x)=w x,+wx,+w =0 = (WX +wio) — (WX + wy)
N (x)>0 = (wi —w2) x + (Wi — w2o)
2x
g(x)<0 = wix+w
CZ
X
C[ if g{x} > ()
O choose . .
X C> otherwise
X
L
X
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g(x)=0

g(x)<0 g(x)>0

wol/l 1wl

g()|/[[w]]
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T

oA i (X|Wi, Wio) = W; X + Wio
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Choose C; if

gi(x) = max;_, g;(x)

Classes are



[ > 0 ifXEC;‘
o A gij(x) =9 =0 it x € C;

~
. | don’t care otherwise
12
T
v oo o 9iiXIWijWijo) = wiX + Wijo
C ‘: O ¢,
2 O O
O A
H31
\— ++
X
H23 \—\' C3
|
X

1

choose C;if Vj #1,gij(x) >0
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When p (x| G;) ~ N (;, 2)

gf(x) — WETX. + Wijo

wi = Z'p
1 + )
Wig = —Eufz L +1og P(Cy)
y =P(Ci|x) and p(Colx) =1 -y
i y > 0.5
choose Cy if - 1)—; > 1 and C»> otherwise
log— > ()

10
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logit(P(Cy1x)) = log

p(x|Cy) P(Cy)
= lo — + 1o _
& PxICy) gP(cgy
9 —d 1 /2 . I _ N
_ log(fn 2NZI7Vexp[—(1/2)(x — )T 2™ I(x ,u|}]+10gp((;|)
(277)-4/2|%|~ '“~exp[ 2)(x —p)TE (X — o) ] P(C»)
= wlix+w
where
wo= X' - p)
1 _ P(Cy)
Wy = _;{,U|—|—,U2)TZ (,U'|—H;u)—|—1()gp((|)}
The inverse of logit
_ P(C”X) B T ,
logl—P(le) =W X+ W
1

P(C11x) = sigmoid (W' x + wy) =
(Ci]x) = sigmoid(w" X + wp) 1 +exp[—(wlx +wp)]
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1. calculate g(x) = wlx + wy and choose Cy if g(x) > 0, or
2. calculate y = sigmoid(w’x + wy) and choose Cy if y > 0.5
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E(w|X) is error with parameters w on sample X

w* =aregmin E(w|X)
_ w
Gradient .
OF OF oF
V‘H-’-E — y y ~rry
oW1 OW» oW,

Gradient-descent:

Starts from random w and updates w iteratively
in the negative direction of gradient
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awi
Wi = W3+AW3

E (wt)
E (Wt+1) \

v

Wt Wt+ 1

—

J
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Two classes: Assume log likelihood ratio is linear
10 p (X I Cll) T

g p(x|C») WX
logit(P(Cy|x)) = log 1 P(PC(lcl“‘Tl)x)
- lox P s i
| _ Wy i Wo wo = w{ + log ﬁigi;
y =P(Clx) = — exp[—(WTx +wp)]
15
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X = {x' ri} rt|x" ~ Bernoulli(y!)

1
1T+ exp[—(wTx +wo)]

[(w,wy|X) H(y [}(1— fy= r)

E = —logl

E(w,wolX) =D rllogy" + (1 —r")log(l - y'
[
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E(w,w,|X) == > r'logy" + (1 — r)log(1l — y')
[

If y = sigmoid(a) g—y =yl -y)
Aw:, = — a_E_ z r_r_l—}’r r(l— r)?{r
g = rfawj _nr yt 1 —yt Y YIX]
= UZ(FI—)’I)X‘E‘,I_L- '!d
t
OE
A _ a9t t o\t
Wo anO U;(V V)
17
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For j =0,....d
w,; «—rand(-0.01,0.01)
Repeat
For y =0,...,d
Aw; «— 0
Fort=1,....N
o +— U

For j =0,...,d

t

O« O+ Ww;j I‘}

Y — Sigmoid(o)

Awj — Awj + (r' — y)=?

For 7 =0,....d
w; — w; + nAw;
Until convergence
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n
T

on
[

P(C,x)

100

1000
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S exp[wlrx + Wio |

yf:P(CiIX): T 3

K
2. -1 eXp[wiXx +Wwjo]

rtixt ~ Multg (1, y)
[({wi, Wio}ilX) = 1‘[1‘[ v

E({wi, wio}ilX) = errlogyl

Aw; = np.(r}-
[

Awjo = nD (ri—yh)
[
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Fori=1,...,K, For j =0,...,d, wy; — rand(—0.01,0.01)

Repeat
Fori=1...., K, For 7 =0...., d, Awzj «— 0
Fort=1,.... N
For:=1...., K

Fori:=1...., K
For 1 =0.....d
Wij +— Wij + nAw;;
Until convergence
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Quadratic:

. C: _ _
log p(x] f) = xTWix + wlx + wig
p(x|Ck)
Sum of basis functions:
p(Xle) T
log = Wi p(x) +w;

where ¢(x) are basis functions

Kernels in SVM
Hidden units in neural networks
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Classes are NOT mutually exclusive and exhaustive

' =y'+e wheree ~ N(0,07)
1
1 +exp[—(WwIxt +wy)]

[ T2
v, w0l ) = [ 5 exp | - 0

< V2O 202

vyt = sigmoid(w! x' + wy) =

1 5
E(w,wolX) = 5 D (rf—yhH?
[

Aw = n> (' =yHy't (1 - yhHx
[

24
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X = {xU, r'y wherer' = +1if x' € (4
i = —1if x' € &
find w and wg such that
wixl+wy>+1 for rl=+1
wixl+wy <—-1 for ri=-1
which can be rewritten as

Friw!ixt +wy) > +1

(Cortes and Vapnik, 1995; Vapnik, 1995)
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Distance from the discriminant to the closest
instances on either side

Tyl o 4
Distance of x to the hyperplane is W “"I{ Jlr‘ Wo
W
Cw T vl .
We require ' (Wllfvr Wo) > . Vi

For a unique sol'n, fix pl[w|| = 1 and to max margin

1 . _ o
min EHWII‘2 subject to ' (WIxT +wgy) > +1, Vt

26
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g(x)= -
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1

min EHWII2 subject to F'(w!IxT +wg) > +1, Vt
1, <
L, = EHWH2 > o[ wTxt+wp) — 1]
=1
1 .
— EHWHE > 't wIxt+wp) + D o
[ [
aL’}_j
=0 w=> &'r'xt
= = ;{
aL;;;
=0 x'rt =0
T - Zr'{
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1

Ly = E(w'rw) —wi D xlrIxt—wy > &t > ol
[ [ [
L T t
= —E(w w)+Zoc

[

= —% D> e rr (xH xS + >
[ S

[
. ..U _ r
subject to Za r' =0, and " =0, Vt
[

Most a, are 0 and only a small number have & ,>0;
they are the
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-
Not linearly separable g(x)=+1
_ O
Frwixt+wp) =1 - & gx)=-1 .
c G O
Soft error y ’ 2 © o
2. & x X o o
‘ X
r . X X
New primal 1s W
1 - L.
Lh:EHw\er(_ng \ x>
= 1
> o [ wix"+wo) -1+ ET- D p'E
‘ t 30
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Preprocess input x by basis functions

Z = ¢p(x)
The SVM solution

g(z) = wlz

gix) = wle(x)

W = Zoﬁrfzf — Z «trig(xh)
[

[
gx) =wip(x) => oa'rip(x)! p(x)
[

K(x' x)

g(x) = > o'rf
[

Lecture Notes for E Alpaydin 2004 Introduction to Machine Learning © The MIT Press (V1.0)



Polynomials of degree g: K(x',x) = (x"x" + 1)
Kx,y) = (x'y+1)°

2

= (x1y1 +x2)2 +1)
= 1 +2xX1V] +2X20 +2X1X2V1 )2 + X%)’f T X%Y%

b(x) = [1,V2x1,V2x2,V2x1X2,x5,x5]!

Radial-basis functions: g(x!, x) = exp [ IX! _I}X Ii]

Sigmoidal functions: 7
K(x',x) = tanh(2x'x" + 1)

(Cherkassky and Mulier, 1998)
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Use a linear model (possibly kernelized)
F(x) =w!x+wg
Use the e-sensitive error function
, 0 if [t —Ff(x")| <€
- [ { —
ee(r’, F(X)) { [¥T — f(x')] — € otherwise

min %HWHE + C%(Ei + &L
r‘—(w'x+wy) < e+ &
wix+wp) —1r! < e+ &

cLEL > 0
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