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Outlines

= Fourier Series and Fourier integral

= Fourier Transform (FT)

= Discrete Fourier Transform (DFT)

= Aliasing and Nyquest Theorem

= 2D FT and 2D DFT

= Application of 2D-DFT in imaging

= Inverse Convolution

= Discrete Cosine Transform (DCT)

Sources:

* Forsyth and Ponce, Chapter 7

= Burger and Burge “Digital Image Processing” Chapter 13, 14, 15
= Fourier transform images from Prof. John M. Brayer @ UNM

http://www.cs.unm.edu/~brayer/vision/fourier.html




A. Elgammal —

Rutgers

CS 534

Basics

Sine and Cosine functions are periodic
cos(z) = cos(z + 2m) = cos(z + 4w) =
Angular Frequency (w) and Amplitude (a)
a - cos(wz and

- = cos(z + k2m)

a - sin(wz

T the time for a complete cycle
T — 27

w

Common Frequency f: number of oscillation in a unit time

Angular Frequency (w) : number of oscillations over the distance 25

1 w
f T = E or w= 27Tf
sin(x) cos(z) . ) sm('iT) cos(3xz)
g : ‘ A
\'x \ A
. 4 AR

Basics

Phase: Shifting a cosine function along the x axis by a distance ¢
change the phase of the cosine wave. @ denotes the phase angle

cos(z) — cos(z — @)

sin(wz) = cos (wz — %)

sin(z)  cos(z) &111('31 ) cos(3z)
: A A A
0.5 /' : ‘ "\ \-,‘ op tf ! “\
\ "\ \ AR A
X, 7 x y H \ v 1 v x
" 5 3 r’ (W 3
N\ A5 Y ,-" \%}7’ \/ / Y ,
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» Adding cosines and sines with the same frequency results
in another sinusoid

A - cos(wzx) + B - sin(wz) = C - cos(wx — ¢)
C=+VA2+B? and ¢= tan_l(ﬁ)

A cos(wz) + Bsin(wz)

sin(wz)
A cos(wz) + Bsin(wz)

Fourier Series and Fourier integral

= We can represent any periodic function as sum of
pairs of sinusoidal functions- using a basic
(fundamental) frequency

9(z) = [Ax cos(kwoz) + By, sin(kwox)]
k=0

» Fourier Integral: any function can be represented
as combination of sinusoidal functions with
infinitely many frequencies

g(z) = / A, cos(wz) + By, sin(wz) dw
0
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= Fourier Integral
g(z) = / A, cos(wz) + B, sin(wz) dw
0

= How much of each frequency contributes to a
given function

w=AWw) = %/OO g(x) - cos(wz) dz

— 00

Fourier Transform

G(w) = /5[Aw) - i BW)]
- \/7 [ / (z) - cos(wz) dz — i- %/j; g(z) - sin(wz) dz}

g(z) - (7os(wz) —1i- sin(wz)] dz,

T
7)o

7L

(z) - cos(ml )—i- sm(wz)} dz

Sx

. —lu,l dz.

ﬁ\ ﬁ\
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= Fourier transform

G(w) = % /_i g(z) - [cos(wx) —1i- sin(wx)} dz

1 > :
= — ) -e " dz.
\/ﬂ/_x 9te)

» [nverse Fourier transform

g(z) = \/%_7‘_ /_: G(w) - [(:os(wm) +i- sin(wx)] dw

1 > )
= —— G(w) - e“” dw.
=/ _cw

A

AVTIY =~ %#

Frequency domain

Temporal or spatial domain

Fourier Transform

= The forward and inverse transformation are almost
similar (only the sign in the exponent is different)

= any signal is represented in the frequency space by
its frequency “spectrum”

» The Fourier spectrum is uniquely defined for a
given function. The opposite is also true.

» Fourier transform pairs

g(z) °* G(w)
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Function Transform Pair g(z) o G(w) Figure
Cosine function g(z) = cos(wox) 13.3 (a,c)
with frequency wo G(w) — % . (5(14.)—0)0) + 6(UJ+LU()))
Sine function with g(z) = sin(wox) 13.3 (b,d)
frequency wo G(w) =iy/Z - (6(w—wo) — §(w+wo))
Gaussian function | g(z)=1-e” 302 13.4 (a, b)
of width o Clw) = 6_022,12
Rectangular pulse | g(z) = II,(z) = { é f)(z]el;tvliib 134 (c,d)
of width 2b sin(bw
Gy = 2
9 -7 —‘1 1 ) 1 “ 5 7 e
(a) cosine (wo=3): g(z) =cos(3z) ©°* G(w)= /3 (6(w—3)+5(w+3))
‘ ) ’ w

(c) cosine (wo=5): g(z) = cos(bz) o G(w)= /3 (§(w—5)+(w+5))
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glx)
A n"fl PR
[4s

sine (wo=3): g(x) = sin{3r)

JI| l”ll“ll“H
Hl[l 1IN
H “U”UHU”

(d) sine (wy=35): g{x) = sin(5x)

=e Gw)=

Graw(w)

= Gw) =i/3 - (S(w+3) — S(w- 3))

Gim(w)

-7 * v
(c) rect. pulse (b=1): g(z) = I (xz) ©o* Gw) = 2\7;::)
’ 5/ 7uAVmVAV I S
(d) rect. pulse (b=2): g(z) = a2(z) o

G(Ld) — 45i;5{2:)
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= Since of FT of a real function is generally
complex, we use magnitude and phase
Glw) = R(w)+ jllw) > Glw)| = (R (@) + I (w))

S

$lw) =tan™" I(w)/ R(w)

IF@))’
Lower frequencies = narrower power spectrum ﬂer Spectrum

/\—/

Higher frequencies = wider power spectrum

Properties

= Symmetry: for real-valued functions

Gw) =G (—w)

= Linearity

c-g(x) o* - G(w)

91(x) + g2(z) °® G1(w) + G2(w)
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= Similarity

g(sz) o

9 -7 ;’ 1 I 9 -7 |) 1 9
-1 -1
(a)  Gauss (c=1): g(z) =e" T o—e Gw)=e 2
1 1
T w
9 -5 -1’ 1 s 71 9 9 -1 -5 1’ I3 s 9
a1 -1
22 w2
(b) Gauss (0=3): g(x) =3 -e 20 o-e Gw)=e "2
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Important Properties:
= FT and Convolution

» Convolving two signals 1s equivalent to multiplying their
Fourier spectra

9(x) * h(z) o= G(w) - H(w)

» Multiplying two signals is equivalent to convolving their
Fourier spectra

9(x) - h(z) o= G(w) * H(w)

= FT of a Gaussian with sd=0 is a Gaussian with sd=1/0

Fourier Transform of discrete signals
= [f we discretize f{x) using uniformly spaced samples f(0), f
(1),....,f(N-1), we can obtain FT of the sampled function

Fourier
. Transform
Signal —— Spectrum

Magnitude

= Important Property:
Periodicity F(m)=F(m+N) J J

Shift

Sampled Fourier

Signal Transform M"g"""dc
— /_I\ Spectrum
T

—>

One period

10
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Image from Computer Graphics: Principles and Practice

(©)

by Foley, van Dam, Feiner, and Hughes

Sampling and Aliasing

= Differences between continuous and discrete images

* Images are sampled version of a continuous brightness
function. successful sampling

unsuccessful sampling

1
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successful sampling

Sampling and Aliasing

= Sampling involves loss of
information

= Aliasing: high spatial
frequency components appear
as low spatial frequency
components in the sampled
signal

Input freguency: |7000 Hz  Piot | [V Inputsignal [ Grid |V Samplepoints |V

Java applet from: http:/www.dsptutor. frecuk.com/aliasing/AD102.html

AllaSIHg ‘ﬂ‘\ "\‘Hw‘w“‘ ‘“"H\ " H‘H\”’w
HH‘ INULLMLUL |

[
HU“T MH.H\‘ \M‘\‘m

» Nyquist theorem: The W Il WAV “’wwi‘ u\ | Mw m J
sampling frequency
must be at least twice
the highest frequency
present for a signal to
be reconstructed from
a sampled version.

(Nyquist frequency)
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Temporal Aliasing

DB

The wheel appears to be moving backwards at about V4
angular frequency

13
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Understanding the Sampling Process -
Impulse function

d(z) =0 for z#0 and / d(z)dz =1

1
o(sz) = o 0(x) fors#0
for = = xg

g(z) =g(x) - d(x—xz0) = {g(%) otherwise

g(x) §(z—3) g(z)
Iy

f(x)x6(z—d) = f(z—d)

I O(u,v) o
. I'(u,v) = H(u,v)

Convolving a function with an impulse at d, shifts the function to d

14
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=1 N Comb function: III; (z) = I(z)

"L

-13 -1 9 -7 5 3 -1 1 3 5 7 9 11 13
o e—T=1

i . . 1
+ Fourier transform: 1I(5-w)

w] ] ]
L e ety ot SR s B B S O RN O P B
-1

-13 -1 -9 -7 -5 -3

T=3 , Comb function: Ills(z) = ()

aREEEERREN

=13 -11 -9 -7 -5 -3 -1 01 3 5 7 9 11 13

|
-3 -1 9 -7 -5 3 -1

+ Fourier transform: 3I(z:w)

TITIT.

3 -I-
7 9 11 13

Il (x) o M(5-w)

T

15
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— HG.j)

f(x) * 6(x—d) = f(z—d)
M(z) = i o(x —1)

flx)=I(x) = E_r‘u =)

Convolving a function with an impulse at d, shifts the function to d
Convolving a function f with a comp function copies f at each
impulse

+G(w)

(a) C : :
B e e AL L R o R e 4
b

I |

(b) ’

A A I - B I I
R
aliasing

g(z) - TM(2) oo G(w) * 7Tl (Lw)

1
Wmax S §ws or Wg Z 2wmax

16
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Sampling, aliasing, and DFT

=  DFT consists of a sum of copies of the FT of the original signal shifted

by the sampling frequency:

= [f shifted copies do not intersect: reconstruction is possible.

= [fshifted copies do intersect: incorrect reconstruction, high frequencies

are lost (Aliasing)

Fourier

“Transform Magnitude
Signal —_— /‘R Spectrum
Sample Copy and
Shift

Sampled  Fourier
Signal Transform Magnitude

e Spectrum
f AALA‘

Cut out by
multiplication
with box filter

Accurately Inverse
Reconstructed Fourier

Signal Transform
-— Magnitude
Spectrum

Fourier

Transform Magnitude
Signal _— [ Spectrum
Sample Copy and
Shift

Sampled  Fourier
Signal Transform Magnitude
N P I Spectrum

Cut out by
multiplication

Inaccurately Inverse it baxtiter

Reconstructed  Fourier

Signal Transform

[ —
Magnitude
Spectrum

g(x) Signal g(z)

v

(a) Continuous nonperiodic signal.

L
v to

(c) Continuous periodic signal with
period to.

(;'(w)
'“I“I]ll'l Ill..l,,.

e

G(w) Spectrum G(w)
+

v
(b) Continuous nonperiodic spec-

trum.

w

wo

(d) Discrete nonperiodic spec-
trum with values spaced at
wo =27 [to.

Recall Fourier series for periodic functions
o0

g(z) = Z [Ag, cos(kwoz) + By, sin(kwoz)]

k=0

17
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g(z)
Iy

J.IJ_II_l_|J.IJ..I_I_IJ.LJ_.,J...I
e

(e) Discrete nonperiodic signal with
samples spaced at 5.

¥

; * >
v W

v

(f) Continuous periodic spectrum
with period w.=27/t..

gf(r) ﬂt?‘i G?(w') }‘w—’{
,,,,,, ll,,l,,h,‘,‘,,h ,,,,,,,,,, ) .;.]I]l,.,l.,_,w.
lk ] e

(g) Discrete periodic signal with
samples spaced at ¢, and period
to =tsM.

(h) Discrete periodic spectrum with
values spaced at wo = 27 /to and
period we=2m/t.=woM.

2-dimension

In two dimension

.y - . L laveny
flx,v) -ffF(u.r)e dudv
e o cos( 2 (ux 4+ vi)) + fsin( 21 (ux + vy))

* These terms are sinusoids on the x,y plane whose
orientation and frequency are defined by u,v

-

/)

I,'('u- ‘." -ff /.(..\-. ‘.-)(,_(:.1‘\'10-.'. '(I'\‘(l'"

18
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DFT in 2D

= For a 2D periodic function of size MxN, DFT is
defined as:

yyyyy

—i2m (L)

~ VAN - 9w,v)-e

= [nverse transform

M—-1N-1
1

u,v) = G m,n) - eiEW% . CiQW%
9(u,v) = —— Z:ogo (m,n)
1 M—-1N-1

= — G(m,n) - 7GR +R)
— 2.

m=0 n=0

e2r(RE+HR) — pilwmutwnv)

mu  nv .. mu  nv
= cos [2%‘ (— + —)} + 1-sin [27r (— + —)]

M N M N
Crin (u,v) S (u,0)
mu  nov
C’%g(u, v) = cos [277 (ﬁ + F)] = cos(Wmt + wpv)

mu+nv
M N

m,n

SM’N(u, v) = sin [27r ( >] = sin(wmu + wyv)

19
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v " v =T
E s
0 0
1 1y
0 0
1 1
0 0
n
u u
x 2r
! v
n E
0 0
1 s 1e
0 S 0! %
1 g —L\
0 0
u u
x x
v v
n E
0 0
1 1
0 0
1 1
0 o
x *
u % u x
v T v
n E
0 0
1 1
0 0
1 1
0 o
" Pt
u x u n

n=1

4

3

n

E

1 |-
\ B

.-

Visualizing 2D-DFT

= The FT tries to represent all images as a summation of

cosine-like images

.

.

« high frequencies in the vertical direction will cause bright dots
away from the center in the vertical direction.

— FT

<+ Images of pure cosines

Center of the image:the origin of the frequency
coordinate system
m-axis: (left to right) the horizontal component of
frequency
n-axis: (bottom-top) the vertical component of
frequency
Center dot (0,0) frequency : image average

* high frequencies in the horizontal direction will cause bright dots
away from the center in the horizontal direction.

20
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= Since images are real numbers (not complex) FT
image is symmetric around the origin.

FT: symmetry FT is shift invariant

* In general, rotation of the image results in
equivalent rotation of its FT

A\

Why it is not the case ?
» Edge effect !

» FT always treats an image as if it were part of a periodically replicated array of
identical images extending horizontally and vertically to infinity

* Solution: “windowing” the image

21
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Rotation

22
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Scaling

Periodic image patterns

23
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Oriented, elongated structures

« notice a bright band going to high
frequencies perpendicular to the
strong edges in the image

« Anytime an image has a strong-
contrast, sharp edge the gray
values must change very rapidly. It
takes lots of high frequency power
to follow such an edge so there is
usually such a line in its
magnitude spectrum.

24
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Natural Images

Print patterns

25
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Linear Filters in Frequency space

Image space: g(u,v) * h(u,v) = ¢'(u,v)
! ! T
DFT DFT DFT!
! ! T

Frequency space: G(m,n) - H(m,n) — G'(m,n)

Inverse Filters - De-convolution
= How can we remove the effect of a filter ?

Iblur = Yorig * holur

Gblur = Gorig : Hblur

26
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Inverse Filters - De-convolution
= How can we remove the effect of a filter ?

Iblur = Yorig * holur

Gblur = Gorig : Hblur

G . (m n) — Gblur(m’ n)
one ’ Hblur(m7 n)

= What happens if we swap the magnitude spectra ?
= Phase spectrum holds the spatial information (where things are),

= Phase spectrum is more important for perception than magnitude spectrum.

27



A. Elgammal —

Rutgers

CS 534

The Discrete Cosine Transform (DCT)

FT and DFT are designed for processing complex-
valued signal and always produce a complex-
valued spectrum.

For a real-valued signal, the Fourier spectrum is
symmetric

Discrete Cosine Transform (DCT): similar to DFT
but does not work with complex signals.

DCT uses cosine functions only, with various
wave numbers as the basis functions and operates
on real-valued signals

]
Iﬁ IIIIIIIIII III

[

-

.

— [ 1]
-

1

|

|

_I
'm
|

o

—
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An 8 x 8 block from the Y image of ‘Lena’
200 202 189 188 189 175 175 175 51565-12 4 1 2-8 5
200 203 198 188 189 182 178 175 -16 3 2 0 0-11-2 3
203 200 200 195 200 187 185 175 -12 6 11-1 3 0 1-2
200 200 200 200 197 187 187 187 8 3 -4 2-2 -3-5-2
200 205 200 200 195 188 187 175 02 7-54 0-1-4
200 200 200 200 200 190 187 175 0-3 -1 04 1-10
205 200 199 200 191 187 187 175 32 333 -1-13
210 200 200 200 188 185 187 186 2 5 -2 4-2 2-30
f(@,35) F(u,v)
4

Another 8 x 8 block from the Y image of ‘Lena’

70 70100 70
85100 96 79
100 85116 79
136 69 87 200

87 87 150 187
87 154 87 113
70 87 86196
79 71117 96

161 70 87200103 71 96113
161 123 147 133113113 85161
146 147 175 100 103 103 163 187
156 146 189 70113 161 163 197

YD)

-80-40 89-73 44 32 53 -3
-135-59-26 6 14 -3-13-28
47-76 66 -3-108-78 33 59
-2 10-18 0 33 11-21 1

-1

-9-22

8 32 65-36 -1

5-20 28-46 3 24-30 24
6-20 37-28 12-35 33 17
-5-23 33-30 17 -5 -4 20

F(u,v)

29



