Section 6.3
Representing Relations

Connection Matrices
Let R bearelation from

A={a,a,...,a.;}
to

B={b,b, ...,b}.

Definition: An m xn connection matrix M for Ris
defined by

M;=1if <a, b>isinR,
= 0 otherwise.

Example:

We assume the rows are |label ed with the elements of A
and the columns are labeled with the elements of B.

L et
A ={a b, c}
B={ef, g h}

R ={<ae>, <c, g>}
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Then the connection matrix M for R is

@ 0 0 0y

u
P 0 0 0y
® 0 1 00

Note: the order of the elements of A and B matters.

Theorem: Let R beabinary relationonaset A and let M
be its connection matrix. Then

* Risreflexiveiff M, =1 for all i.
e Rissymmetric iff M isasymmetric matrix: M = MT

* Risantisymetricif M; =0or M; =0foradli? j.

Combining Connection Matrices

Definition: thejoin of two matrices M, M,, denoted
M, UM, , isthe component wise boolean ‘or’ of the two

matrices.

Fact: If M, isthe connection matrix for R, and M, isthe
connection matrix for R, then the join of M, and M,
M, UM, isthe connection matrix for R E R,.
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Definition: the meet of two matrices M,, M,, denoted
M, UM, isthe componentwise boolean ‘and’ of the two

matrices.

Fact: If M, isthe connection matrix for R, and M, isthe
connection matrix for R, then the meet of M, and M,,
M; UM, isthe connection matrix for R C R,.

Obvious questions:

Given the connection matrix for two relations, how does
one find the connection matrix for

* The complement?
 The relative complement?

» The symmetric difference?

The Composition
Definition: Let
M, be the connection matrix for R, and

M, be the connection matrix for R,.
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The boolean product of two connection matrices M, and
M., denoted M; A M,, is the connection matrix for the

composition of R, withR;, R, o R,.

(My A My); = UL(My )i O(M,)y ]

Why?

In order for there to be an arc <x, z> in the composition
then there must be and arc <x, y>in R, and an arc <y, z>
in R, for somey !

The Boolean product checkes all possibley’s. If at least
one such path exists, that is sufficient.

Note: the matrices M; and M, must be conformable: the
number of columns of M; must equal the number of rows
of M.,.

If M, ismxn and M, isnxp then M; A M, is mxp.
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Example:

é0 1y
M;A M, =€0 1U
& 18
(M A M;)1, =[(My)1; U(M;)1]U[(My)1, UM,) ]
U(M,)15 U(M,) 5] U[(My),, U(M,) ]
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=[0U0] U[LU1JU[oUO]U[0U1] =1

Note:
o thereisanarcin R, fromnode1in A tonode2inB

e thereisanarcin R, fromnode2in B tonode2in
C.

* Hencethereisanarcin R, o R fromnode 1in A to
node2in C.

A useful result:

Digraphs
(see section 6.1)
Given the digraphs for R, and R,, find the digraphs for
*RER
*RGCR
‘R-R
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