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In this thesis, we deal largely with complexity theoretic aspects in planar restrictions and oblivi-
ousness. Our main motivation was to identify problems for which the planar restriction is much
easier, computationally, than the unrestricted version.

First, we study constant width polynomial-sized circuits of low (polylogarithmic) genus;
we show how such circuits characterize exactly the well-known circuit complexity clas§ ACC
(given that the unrestricted version captures the whole of)N@Ve also give a new circuit
characterization of the class NC

Shifting our focus from circuits to graphs, we look at different notions of connectivity.
We investigate the directed planar graph reachability problem, as a possibly more tractable
special case of the arbitrary graph reachability problem (which is NL-complete). We prove
that this problem logspace-reduces to its complement, and also that reachability questions on
genusl graphs reduce to that in planar graphs. We also prove that reachability in a particularly
simple class of planar graphs (namejsid graphg is no easier than the general directed planar
reachability question. We then proceed to isolate to several large classes of planar graphs for
which the reachability questions are solvable in deterministic logspace.

Counting the number of spanning trees in a graph is a useful extension of the task of deter-

mining connectivity. For arbitrary graphs, the problem of counting spanning trees is complete



for GapL. In this thesis, we focus on a related problem. We prove that whereas in log genus
graphs, counting spanning trees moduls in L, doing this in arbitrary graphs isL-complete.

We also show hov is special here: counting spanning trees modui® no easier for planar
graphs than for arbitrary graphs. Keeping in the spirit of counting problems matule also

give a highly parallel algorithm for the Permanent modfidor constant.

We then proceed to investigate algorithmic implications of the Borsuk-Ulam Theorem. We
exhibit some problems about point sets in the plane for which we give almost optimal lower
bounds, and also we show certain scenarios in which convexity of the point set can be a sim-
plifying assumption with regard to designing efficient algorithms, and some in which it might
not be.

Finally, we study a new model of computation, that of oblivious symmetric alternation.
We show how this ties up many existing proof techniques, and how we use this concept to get

improved collapses in complexity theory.
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Chapter 1

Introduction

This thesis consists mostly of considerations regarding planar structures. Toward the end of the
thesis, we consider a new application of oblivious computation in complexity theory.

Let us describe our motivation for working with planar structures. Quite a few graph theo-
retic problems extant in theoretical computer science become “easier” when considering the un-
derlying graph to be planar. One instance of this phenomenon is as follows. Kasteleyn [Kas67]
proved that finding the exact number of perfect matchings in an arbitrary planar graph can be
done in polynomial time while Valiant's [Val79] results imply that finding the number of perfect
matchings in an arbitrary graph is computationally hard under unproven but widely believed
assumptions. Yet another instance of the above phenomer@R APH ISOMORPHISM
which is still not known to be in polynomial time for arbitrary graphs but has been proved to
be of polynomial complexity when the graphs atanar [HW74].

Planarity has been a fruitful area for improving our understanding about graphs, more so
after Robertson and Seymour’s graph minors project (the reader can get a glimpse of the project
in Diestel's text [Die05]). Looked at algorithmically, planarity is the place which sees the
most interplay between topology and computation. In most of this thesis, we investigate this
connection.

First, we start with planar restrictions on circuits.

1.1 Polylogarithmic Genus circuits

Circuits are amonuniformmodel of computation. Polynomial sized circuits capture a language
classP /poly. In this thesis, we consider subclasse®g@poly. A circuit has notions of size
and depth associated with it [Mol99]. The class of languages recognized by circagastant

depth andpolynomialsize (with no restrictions on the fanin of the gates) is called A@hich



stands for Alternating Circuits). On the other hand, if we restrict the fanin of the gates to be a
constant, and allow depths of up@log n) (wheren is the input size), then we get the class
NC!. Itis easy to see that ACC NC! (and the containment is proper, as proven by Furst, Saxe
and Sipser [FSS84], also seeq$66]). If we augment the class A@ith a mod m counter,

then we get the class AGn]. The union of all classes A@in] (over allm) is referred to as
ACCY (Alternating Circuits with Counters). Again, it is easy to see that ACONC'.

In Chapter 3, we give a new characterization of the complexity class’ASi@ice some of
the definitions used in this chapter will also be used in other chapters following, we collect the
common definitions in Chapter 2.

The class AC€ is one of the most important subclasses of'NBarrington’s characteri-
zation of NC in terms of constant-width branching programs [Bar89] highlighted the impor-
tance of algebraic considerations in studying small circuit complexity classes, and initiated a
productive line of research reinforcing the connections between circuit complexity and formal
language theory [BT88, BCST92, MPT91]. In this framework, computation meersolvable
monoids gives complete problems for NGvhile computation ovesolvablemonoids yields
problems in ACE.

The class ACE€ also attracts attention, because it lies at the frontier of current lower bound
techniques. ACEis the union of the classes A@Gn] of problems computed by constant-depth
polynomial-size circuits of AND, OR, and MORgates. Ifm is prime, then AG[m] is known
to be a proper subclass of AE{Smo87, Raz87], but for composite, it remains unknown if
NEXP is contained in (nonuniform) AQm).

Recently, Hansen [Han04] proved a very surprising new characterization of AC@rms
of constant-width circuits. Barrington’s theorem [Bar89] yields as a corollary a characterization
of NC! as precisely the problems solvable by constant-width circuits of polynomial size. If
NOT gates are allowed, then these circuits can be made to be planar, but if NOT gates are
allowed only at the leaves (i.e., at the inputs), then Hansen is able to build on earlier work
[HMVO03] to show that ACC is precisely the class of languages accepted by polynomial-size
constant-widthplanar circuits. This is a beautiful and unexpected characterization, making no
blatant reference to counting mad or to the algebraic considerations that have been central

to all previous work on ACE. Extending Hansen’s result, we prove:



Theorem 1. The class of languages captured by constant width, polynomial pagtbga-

rithmic genuscircuits is exactly ACE.

As a corollary, the same is true for circuits with polylogarithmic crossing number. In con-
trast, we show that constant-width circuits of thickness two already suffice to compute all prob-
lems in NC. We can view this as a positive result, because it yields additional information
about ACC and NC. However, it is also in some sense a negative result, in that it removes the
most prominent candidates for a possible characterization 8fif@rms of constant-width

circuits. We leave the task of finding such a characterization as our main open problem.

1.2 Planar Reachability

We move on to questions about reachability in planar digraphs in Chapter 4.

First let us describe classes L(Logspace) and NL(Nondeterministic Logspace). Lis the
complexity class containing decision problems which can be solved by a deterministic Tur-
ing machine using a logarithmic amount of memory space. Intuitively, logarithmic space is
enough space to hold a constant number of pointers into the input and a logarithmic number
of boolean flags. Similarly, NLis the complexity class containing decision problems which can
be solved by a nondeterministic Turing machine using a logarithmic amount of memory space,
see [Pap94].

In Chapter 4, we investigate tlet-connectivity problem for directed planar graphs, which
is hard for L and is contained in NL but is not known to be complete.

Graph reachability problems play a central role in the study and understanding of subclasses
of P. Thes-t-connectivity problem for directed graptstCoNN) is complete for nondetermin-
istic logspace (NL); the restriction of this problem to undirected graphs, calda@CONN, has
recently been shown to be complete for logspace (L) [Rei05]; thus this problem has the same
complexity as thes-t-connectivity problem for graphs of outdegree 1 (and even for graphs of
indegree and outdegree at most 1 [Ete97]).

Grid graphsare an important restricted class of graphs for which the reachability problem
has significant connections to complexity classes. (The vertices in a grid graph are a subset

of IN x IN, and all edges are of the forfd, j) — (i + b,j) or (i,5) — (i,j + b), where



b € {1,—1}.) In most settings it is sufficient to restrict attention to grid graphs where the start
vertexs lies in the first column, and the terminal vertehies in the final column. In [BLMS98],
Barrington et al showed that the reachability problem in (directed or undirected) grid graphs of
width & captures the complexity of depthACP. Barrington also considered general grid graphs
without the width restriction, calling this the Grid Graph Reachability problem (GGR) [Bar02].
The construction of [BLMS98, Lemma 13] shows that GGR reduces to its complement via
uniform projections. (The problenssrCoNN and USTCONN also reduce to their complements
via uniform projections, as a consequence of [Imm88, Sze88, Rei05, NTS95].) Reachability
problems for grid graphs have proved easier to work with than the corresponding problems for
general graphs. For instance, the reachability problemrdirectedgrid graphs was shown to
liein Linthe 1970's [BK78], although more than a quarter-century would pass before Reingold
proved the corresponding theorem for general undirected graphs.

Barrington also defined thiayeredgrid graph reachability problem LGGR, in which no
edges are directed from right to left in the grid. (That is, there is no edge of the(fofin—
(i, — 1).) Itis important to mention that there is no efficient reduction known from instances
of GGR that contain no cycles, to LGGR.

Barrington [Bar02] showed that GGR and LGGR are hard for' NGder uniform projec-
tions, but the best upper bound that was identified by Barrington for these problems is NL.

Our focus in Chapter 4 is the problemANAR .STCONN: the restriction o6 TCONN to pla-
nar (directed) graphs. This problem is hard for L under uniform projections, as a consequence
of [Ete97], and it lies in NL. Nothing else has been published regarding its computational
complexity. Thus the class of problemscé-reducible to PANAR.STCONN can be viewed as
a complexity class lying between L and NL. We show that this class is closed under comple-
ment, by presenting glﬁlg reduction of RANAR.STCONN to its complement; we do not know
if this reduction can be accomplished by uniform projections or even by fd@uctions; in
contrast to the case f@TConNN, USTCONN, and GGR. We also show that this class contains
the s-t-connectivity problem for graphs of genus 1; the generalization for graphs of higher
genus remains open.

In addition, we show PANAR .STCONNglf,’LgGGR. (This provides an alternative proof that

PLANAR .STCONN reduces to its complement.)



Another technical contribution is to show that LGGR lies in the complexity class UL. This
must be viewed as a slight improvement, since it is shown in [ARZ99] thatNULL if there is
any problem in DSPACHE) that requires circuits of exponential size, and it is shown in [RAQQ]
that NL/poly = UL/poly (unconditionally). We actually show that LGGR lies in OlcoUL,
although (in contrast to all of the other reachability problems we consider) it remains open if
LGGR reduces to its complement. (Note also that it remains open EloUL.) Some other
examples of reachability problems in UL were presented by Lange [Lan97]; these problems are
obviously in UL (in the sense that the positive instances consist of certain graphs that contain
only one path frons to t), and the main contribution of [Lan97] is to present@anpleteness
result for a natural subclass of UL. In contrast, positive instances of LGGR can have many
paths froms to t. We know of no reductions (in either direction) between LGGR and the
problems considered in [Lan97].

Having proven that directed planar graph reachability reduces to its complement, and also
that planar digraph reachability is no harder than the special case of grid graph reachability, we
proceed to isolate a few subclasses of planar graphs for which we can indeed prove reachability
in Logspace.

Barringtonet al. showed [BLMS98] thatt-connectivity in widthk (directed or undirected)
graphs is complete for depthAC® under first-order projections. In this thesis we study grid
graphs without any width restrictions. The best upper bound known for GGR is NL, although
we prove a slightly better upper bound for so-called “layered” grid graphs (LGGR): LEGR
UL NncoUL.

Then we shift focus primarily on classes of grid graphs whose reachability problem is solv-
able in logspace. Reachability imdirectedgrid graphs (UGGR) was studied by Blum and
Kozen [BK78]; they showed that UGGR is solvable in logspace (which was superseded a
guarter-century later by the work of Reingold [Rei05]). Buss has studied UGGR in connec-
tion with tautologies arising from the game of HEX [Bus05] (namely, the tautology that every
completed game board of HEX has a winner); he credits Barrington with the observation that
UGGR is equivalent to the problem of determining if a given completed HEX board position is
awin for one player. Reachability in grid graphs of outdegree one (1GGR) is another restriction

on GGR that is clearly solvable in logspace.



One of our theorems is that UGGR and 1GGR are equivalent und@reédlictions (and
even under first-order projections). We show that these problems are hadd fpand thus
this gives a cluster of natural problems that are candidates for having complexity intermediate
betweerNC! and L, since even the general GGR problem is not known to be hard for L under
AC" reductions.

We define a moderately large class of planar DAGs, which we call SMPDs (which stands
for Single-Source Multiple-Sink Planar DAJaNe show that reachability in SMPDs is in L.
We also show how we can “tweak” our algorithm to make it work for certain classes of planar
graphs with a few cycles. Also, we prove that reachability in outerplanar digraphs can be done

inL.

1.3 Parity problems in Planar graphs

In Chapter 5, we move on from planar digraphs to modular counting of spanning trees (among
other things) inundirectedplanar graphs in Chapter 5. Counting spanning trees in graphs is
an amenable problem because of the famous Kirchoff Matrix Tree Theorem [GRO1]. From the
Matrix Tree Theorem, we have that counting the number of spanning trees in an arbitrary graph
reduces to the computation of a determinant, so is in the complexity class GapL. In this chapter
we show how we can find out the parity of the number of spanning treekim genusgraph
in L. Here, “low” genus means logarithmic genus. On the other hand, we show that finding
out the parity of the number of spanning trees inaglpitrary graph is complete fogL. Our
methods use the Laplacian matrix of the graph. We show for instance that we can compute the
rank of planar Laplacians in L (and again, this carries ovdowogenu}. We are also able to
show that finding out i2* (for constant: ) divides the number of spanning trees iloa genus
graph can be done in L. While these results haoldod 2, we ask the same questions about
other moduli: we find the sharp dichotomy, that for planar graphs, while counting spanning
trees mod 2isin L, counting them mod £k for anyk which is not a power o2 is hard for
MOD;,L.

Since we find that linear algebraic computation involving the Laplacian matrix is easy for

planar graphs, it is natural to ask similar questions in regard tadf@encymatrix. But here



we can prove that computing the rank of the adjacency matrix of eveivia planargraph is
@L-complete!

Given that the computations above dealt mostly with determinants, we ask the following
guestion: since the permanent and the determinamid 2 are the same, the complexity of
finding out the permanent of a matrixnod 2 is exactly®L. Is it true that we can find out
the permanent of a matrixmod 2% (for constantk) still in ©L? Valiant [Val79] proves that
this problem is inP. We verify our intuition and prove that this is indeed the case, though
the proof surprisingly seems to use facts adoUiP-decompositions. Our proof also supplies
another proof of the fact that computing determinantsod 2* (for constantk) is in &L. So
our technigue can be viewed asriformway of dealing with permanents or determinants over
Z5. This vindicates our belief that in themod 2 world, permanents and determinants are the
“same”.

Also composing this result with our earlier results about log genus graph Laplacians, we
find that finding out the permanent of the Laplacian of a log genus grapbd 4 is in L.

We believe the same is true for any modufiis(for constantk) but we have been unable to
show the same as yet. This raises an interesting open question: is it the case that finding the

permanent of a planar Laplacian (without any modulus) B

1.4 Algorithmic Applications of the Borsuk-Ulam Theorem

In Chapter 6, we move to slightly different topological considerations, where the situation is
more obviously geometric.

The Borsuk-Ulam theorem states thaffifs a continuous function from the unit sphere in
R™into R™, there is a point wheref(z) = f(—x); i.e., some pair of antipodal points has the
same image. The Borsuk-Ulam theorem is considered a great theorem because it has several
different equivalent versions, many different proofs, many extensions and generalizations, and
many interesting applications. Some of the discretized versions of the Borsuk-Ulam theorem
are the Ham-Sandwich Theorem, the Necklace Theorem, etc. [Mat03].

In this thesis, we look atlgorithmic implications of Borsuk-Ulam type statements. For

instance, we prove that for a planar point set:gboints, we can orthogonally equipartition



the set inO(nlogn) time. We also show an interesting special case of when the points are
in convex position, in which situation we can perform a prune-and-search procedure to bring
the running time down t®(n). This state of affairs is common to other situations, like for

instance a “cobweb” partitioning of a planar point set, etc. We also prove other lower bounds,

for instance for findin@-fans for three planar point sets.

1.5 Oblivious Symmetric Alternation

In Chapter 7, we define a class called “oblivious symmetric alternation”. The symmetric al-

ternation class5) was introduced by Russell and Sundaram [RS98] and independently, by

Canetti [Can96]. The clas$) contains languages having an interactive proof system of the

following type. The proof system consists of two computationally all-powerful provers called

the YES-PROVER and the M-PROVER, and a polynomial time verifier. The verifier interacts

with the two provers to ascertain whether or not an input stribglongs to a language. The

Y Es-PROVERanNd the Nb-PROVERMake contradictory claims: € L andx ¢ L, respectively.

Of course, only one of them is honest. To substantiate their claims, the provers give gtrings

andz as certificates. The verifier analyzes the inpand the two certificates and votes in favor

of one of the provers. The requirement is thaty iE L, the YES-PROVER has a certificate

using which he can win the vote, for any certificatef the No-PROVER Similarly, if z & L,

the No-PROVERhas a certificate using which he can win the vote, for any certificgtef the

Y ES-PROVER We call certificates satisfying the above requiremenigrefsitable certificates

We can rephrase the requirements as follows. df L, the YES-PROVERhas an irrefutable cer-

tificate and ifz ¢ L, then the Nd-PROVERhas an irrefutable certificate. The clagsconsists

of languages having a proof system of the above type. We will provide a formal definit&3n of

later. Symmetric alternation has been gaining attention recently and several nice results involv-

ing the class are known (see [Cai01, CCHOO03, Can96, FIKU05, FPS03, GZ97, RS98, SU05)).
In this chapter, we define a class call@olivious symmetric alternatigrdenotedO?, as

a subclass of} by incorporating a few additional requirements to fheproof system. We

show that some of the earli€-related results can be strengthened by usk¥gand related

classes. We study these classes and show that they enjoy some interesting properties. Our



results seem to indicate that the classes are worthy of further investigation. We start with an
informal description oD5.

Similar to S5, a Of proof system for a languagk consists of two competing all power-
ful provers, the ¥s-PROVER and the Nb-PROVER and a polynomial time verifier. For an
input = the two provers make contradictory claims: thes¥PROVER claimsz € L and the
No-PROVERClaimsz ¢ L. To substantiate their claims the provers present polynomially long
certificates and the verifier analyzes the input and the two certificates and votes in favor of one
of the provers. The requirement is that, for anyhere exists a pair of certificatég", z*) such
thaty* serves as an irrefutable certificate for thesyPROVER, for all strings inL N {0, 1}™ and
similarly, z* serves as an irrefutable certificate for the4MROVER for all strings inLN{0, 1}™.
The difference betwee#, and O} is as follows. Fix an input length. In anS% proof system,
we require that for any input of lengthn, if x € L, then the ¥es-PROVER should have an
irrefutable certificate, and if ¢ L, then the Nb-PROVERSshould have an irrefutable certificate.
Whereas, in &% proof system, the ¥s-PROVERshould have a single string’ which is an ir-
refutable certificate for all strings ih of lengthn, and similarly, the Nb-PROVERSshould have
a stringz* which is an irrefutable certificate for all strings notinof lengthn. In a nutshell,
the irrefutable certificates of in & proof system may depend on the input, whereas@f a
proof system, they depend only on the length of the input — the certificateblr®usto the
input. Borrowing terminology from the theory of non-uniform computation, wegadind z*
irrefutable adviceat lengthn for the YES-PROVER and the Nb-PROVER respectively.

The classOf can be used to strengthen some of the earlier results invoSfndhe first
such result we consider is the classical Karp-Lipton theorem. Karp and Lipton [KL80] showed
that if NP C P/poly then the polynomial time hierarchyH) collapses ta&-} N IT5. Kobler
and Watanabe [KW98] improved the collapsePd$ = ZPPY. Under the same hypothesis,
Sengupta observed thBil = S} (see [Cai01]). Cai [Cai01] showed the§ C ZPPN" and
as a consequence, the collaps&5ds an improvement over thedbler—Watanabe result. We
strengthen the collapse further. We show th&{if C P/poly thenPH = Of. By definition,
Ob C SB. Thus, the above collapse 8f to Of improves the earlier collapse &5. But,
how much is this an improvement? In other words, how “smallOfscompared t5? For

i — QP
instance, can we show th@f = S5?
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0% seems to be much weaker th#) as evidenced by the following observation. We note
that O} C P/poly. Hence, ifSL, or evenNP, is contained inD%, thenPH collapses taD%.
Thus, whileS? is a stronger class containiig*® [RS98],0% is unlikely to contain eveiNP.

We next consider the related issue of whethét is contained incoNP /poly (or equiv-
alently, coNP C NP/poly). Yap [Yap83] showed that ifoNP C NP /poly, thenPH =
¥E N II,. Kobler and Watanabe improved the collapsé@as= ZPPNP™" | This was further
strengthened aBH = SYP [CCHO03, SS04] (wher&X" contains languages having &p
proof system in which the verifier has access ta\&horacle). We improve the result further
by showing thaPH = OXP. In fact, we show that i€loNP C NP /poly thenPH = O,-PNPI2,

(In O4 - PNPI2) we allow the verifier to make only two queries toldi® oracle).

We also study the lowness propertiessg§fand O and show tha©? nicely connects some
known lowness results regardis§. It is known thatBPP is low for S5 [RS98, Can96]. This
result can be generalized usifig[P /poly], the class of languages having an interactive proof
system in which the power of the honest prover lie® jipoly. The clasdP[P /poly| contains
BPP and we observe thaP [P /poly] is low for S5. On a different note, Cai et al. [CCHOO03]
showed that the class of Turing self-reducible languages having polynomial size circuits is
low for S5. Using O%, we connect these two seemingly unrelated results. We proveéthat
contains botHP[P /poly] and the class of Turing self-reducible languages having polynomial
size circuits. Then, we argue that is low for S5. Moreover, we observe th&i, is low for
O%.

We then proceed to study one-sided version®%find define two classesO} andNO%.
In the YO?, proof system, only the ¥s-PROVER s required to present an irrefutable advice,
whereas it is sufficient for the ®¢PROVERtO present irrefutable certificates. In other words,
the irrefutable certificates of thedNPROVER may depend on the input, whereas those of the
Y ES-PROVERmMust depend only the length of the input. The clE$¥, is defined analogously
by interchanging the above requirements of thes\PROVER and NO-PROVER. Notice that
YO} andNO} are complementary classes:c YOS if and only if L € NOX.

We study the properties 6fO5 and NO} and use these classes to sharpen some of the

earlier results involvingSh. It is known thatMA and coMA are contained irs) [RS98].
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We strengthen the above result B0 C NOJ andcoMA C YO}. Building on the re-
sults of [BF99], Fortnow, Pavan and Sengupta [FPS03] showed tiatif! = PNP2) then

PH = SE. Under the same hypothesis, we improve the collapddte= YO, N NO?.
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Chapter 2

Definitions

2.1 Definitions

In this chapter, we provide the definitions relevant to the following few chapters.

We distinguish between undirected and directed graphs, and we note that we may at times
refer to a directed graph agdggraph

For most of the following, we will be dealing with planarity, so we proceed by making a

definition for aplanar graph.

Definition 1. A graph is calledplanarif it can be drawn on the plane without the graph edges

crossing each other. Such a drawing is calledeanbeddingof the planar graph.

There are various characterizations of planarity, one well-known instance being (Kura-
towski's theorem) that a graph is planar if and only if it does not hayeor K5 3 as a minor.
Since we do not need minors in this thesis, we do not define them.

In Figure 2.1, we have a planar grapgki;. In Figure 2.2, we have monplanargraph, K5
(the dotted line indicates the edge that cannot be drawn in a planar fashion along with the rest
of the edges).

Now we can ask for various parameters of a graph to test for its non-planarity. Here, we
consider some of the most important graph-theoretic notions that generalize the concept of

planarity:
e Genus
e Crossing Number

e Thickness



Figure 2.1: A planar graphs,

L7

Figure 2.2: A nonplanar grapl’s

13



14

Definition 2. Thegenusof a graph is the minimum number of handles that must be added to

the plane so as to be able to embed the graph without any edge-crossings.

For instance 5 (cf. Figure 2.2) has genus Thomassen [Tho89] proves that determining

the genus of a graph is NP-hard.

Definition 3. Thecrossing numbeof a graph is the minimum number of crossings with which

the graph can be drawn on the plane.

For the above, we assume that the drawing is such that every two intersecting edges intersect
in a single point.
Garey and Johnson [GJ79] show that determining the crossing number of a graph is a NP-

complete question.

Definition 4. Thethicknessof a graph is the smallest number of blocks needed in a partition
of the edge set, so that the vertices can be embedded in a plane so that none of the edges in any
block of the partition cross each other; intuitively this is the number of transparencies needed

to represent the graph, where each transparency is planar.

(For more complete definitions, please consult a graph theory text, such as [Gib85].)

Clearly, for planar graphs, genascrossing numbet 0, thickness= 1. For any grapl,
thicknes$G) — 1 < genu$G) < crossing numbécts).

We introduce here some terminology and definitions relating to graphs on surfaces. It will
be sufficient to give informal definitions of various notions; the interested reader can refer to
[MTO1] for more rigorous definitions.

A closed orientablesurface is one which can be obtained by adding some handles to a
sphere in3-space (the genus of the resulting surface being equal to the number of handles
added; see also the text [GT87]). For instanc®rasis an orientable surface of genus

Given a graphiG embedded on a closed orientable surface, and a cycle of the graph embed-
ded on the surface, there are two (possibly intersecting) subgraphs, called thiddéaaf the
cycle with respect to the embedding. Informally, a side of the cycle is the set of vertices of the
graph that are path-connected to some vertex on the cycle, such that this path does not cross the

cycle itself. A cycle thereby has two sides, which are calleddfteand theright sides. If the
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Figure 2.3: A surface-nonseparating cycle

Figure 2.4: A facial cycle on a torus

left and the right sides of a specific cycle have nhonempty intersection, then we call the cycle
a surface-nonseparating cycleNote for instance that a graph embedded on a sphere (i.e., a
planar graph) does not have any surface-nonseparating cycles. Also, it is easy to séa-that a
cial cycle (one that forms the boundary of a face in the embedding of the graph on the surface)
cannot be surface-nonseparating. In Figure @#is a facial cycle, hence surface separating.
The shaded region is one side(@f and the rest of the torus the other side. In Figure @;3s
surface-nonseparating whif@ is not.

We make a few more definitions that will be used in the following chapters.

Definition 5. A graph is called a directed acyclic graph, in shortDG, if it is a directed

graph that has no directed cycles.

Definition 6. We call a digrapHayeredif there is a partition of the vertex set into séfg, 1,
-+, V; (and we call thenfayersor level§ and every (directed) edge in the graph is from some

layer V; to V4.

Definition 7. Thewidth of a layered digraph with layeryp, ..., V;ismaxX|V;| : 0 < i < [}.
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Figure 2.5: A upward planar graph

Definition 8. A upward plane drawingf a directed acyclic graph is a straight line drawing in
the Euclidean plane such that all directed arcs point upwards. A DAG which has such a upward

plane drawing is calledipward.planar

See Figure 2.5 for an example.
Let us also define grid graphwhich is a special subclass of planar graph. For our purposes

the grid graphs will be directed, unless otherwise specified.

Definition 9. Agrid graphG is a graph where there is a finite lattice (or grid) and the vertices

of G are lattice points of this grid, and the (directed) edges-adre grid-edges.

See Figure 2.6 for an example of a grid graph. The underlying grid is shown as dotted

edges.
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Figure 2.6: A grid graph
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Chapter 3

Polylog Genus Circuits

3.1 Introduction

In this chapter, we give a new characterization of the complexity class’AG®r formal
definitions of the class ACE please refer to [Vol99].

Hansen builds on earlier work [HMV03] to show that AEG precisely the class of lan-
guages accepted by polynomial-size constant-widiinar circuits.

In this chapter, we prove that constant-width polynomial size circuits of polylogarithmic
genuscapture exactly the class ACQlt also follows from this that the same is true for circuits
with polylogarithmiccrossing numberOn the other hand, constant-width circuitstloitkness
two already suffice to compute all problems in N@Ve end with a section of open problems
following from the work.

We prove in the following the main theorem of this chapter :

Theorem 2. The class of languages captured by constant width, polynomial sized polyloga-

rithmic genus circuits is exactly ACC

A circuit of width w is a layered digraph of widthy where each vertex is labeled either as
an AND gate, an OR gate, an input variable or a negated input variabtex;. It is important
to note that inputs can appear on any level, and inputs can appear more than once.

We say that a circuit is planar if thenderlying graplof the circuit is planar. More generally,
a circuit has genust k if the underlying graph has genus at méstLemma 3 allows us to
restrict attention to a particular class of getsurfaces, consisting of a plane witlihandles”.
(Informally, a “handle” is a bent cylinder that is attached to the plane at each end.) The two
circles on the plane where the handle is attached are called the “handle connections”. For any

handleh, arbitrarily label one of its handle connections the “east” connectioand the other
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one the “west” connection,,. When we embed a graph into a plane withandles, we will
consider only embeddings where each vertex is embedded in the plane.

Given a graph embedded on a plane withandlesh, ..., hy, for any directed edge =
(u,v) in the graph there is a word,. over the alphabefp} U {h;, hic, hiw 1 < i < k}
recording the regions of the surface that are encountered while traversing the edgetérom
Note thatw. begins and ends withbecause all vertices are embedded in the planeaversal
of handleh; is a subword of the formh; cxh; .,p Of ph; wxhicp, Wherex € {h; ¢, hiw, hi}*.
(That is,e traverses handlg; if it enters at one end and exits at the other end.)

The following lemma can be viewed as presenting a “normal form” for gérgraphs, that

will be convenient for us to work with.

Lemma 3. Given a graphG = (V, E) with genusk, there is an embedding 6f into a plane

with £ handles such that
e Every vertex is embedded in the plane.

e I = Ep U Ey where each edge iRy traverses at least one handle, and each edge in
Ep traverses no handle (and thus without loss of generality is embedded entirely in the

plane, since one can slide any “partial traversal”’ out of the handle).
e Each handle connection lies in a face of the planar graphEp).

e For each edge € Ey and each handlé, e traversesh at most twice.

Proof. If £ > 0 then there will be a surface-nonseparating cycle [MT01, Lemma 4.2.4 and
the following discussion]. Choose one such surface-nonseparating €yéte our graphG

and cut along it ((MTO1, p. 105]) — le®; = {v1,1, v1,2, - , v1, } b€ the cycle and let;

be the graph obtained frod by cutting alongthe cycleC'. The graph&; has two copies of
each of the verticegv 1,v12,- - ,v1,, }, Which we denote by{vy 11, vi21, -~ Vi)
and{vi,1,2, v1,2.2, - , V1,2}. FOr every undirected edde, v, ;) on the right side of the
cycleC; we have the edgeu, v1 ;1) in G1, and for every undirected edge, v, ;) on the left

side of the cycle”; we have the edgéu, v1 ;2) in G1. The graphG; also has two copies of
the cycleC;, which we denote by’; ; andC; 2. That is, we have edges between;; and

v1,j+1, for eachb € {1,2} and eachl < j < r. Animportant property of cutting along the



20

cycleC; is that in the resulting grapfy;, the copieg”; ; andC' » arefacial cycles ((MTO1, p.
106,Lemma 4.2.4]). Label the face corresponding’tg with the name C ;"; since C  is
facial it cannot be surface-nonseparating and hence it will never be selected as thé;aycle
subsequent stages (although individual vertice§’opmight appear on such a cyalg). That

is, we will maintain the property that in all of the grap@is that are constructed in subsequent
stages, there will be a face labeléd,,.

It is important to observe that the orientation of the vertices is reverséd jnand C' »;
equivalently, if we were to connect a handle to the faces that have boun@asiesdC’ », then
we could embed edges connecting; ; andv, ;- through the handle without introducing any
edge crossings. We emphasize tffatcontains exactly; more edges tha&’, corresponding
to the duplication of cycle”;.

By Lemma 4.2.4 of [MTO01], the genus of the gra@h is less than that of;.

If the genus of(z; is still greater than zero, we can choose a surface-nonseparating cycle
Cy = {vg1,v22, -+ ,v2,,} IN G1 and cut it along’;, to obtain graphGs, which has smaller
genus tharGG; and which contains two facial cycles labeled ; andCy ». After £k steps we
obtain a grapitz; of genus zero, which we embed in the plane.

The graphGy;, has faces labeled;; for 1 < j < kandl < b < 2. Create a handlg; with
connections in the faces; ; andCj 5.

A single vertexv in G may correspond to many different vertices@h if copies of it
were made in the various steps of cutting along the cyClesFor eachv, we will create a
treeT), that connects all of these copies, as follows. For each pair of cg¢lesandC; » in
G}, add “temporary” edges through handle connecting the vertices;; ; andv;;2. The
“temporary” edges that are added in this way connect all of the copies of each original vertex
v with each other, but it will not in general be a tree. For each vertekthe original graph,
select one representative copyvodind create a rooted trdg consisting of “temporary” edges
that connect to each of its copies.

Now consider the grapi/ that results by taking grapfy;, and performing the following

steps:

1. Delete all edges that occur on any cyClg,.
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2. For each vertex in turn, contract the “temporary” edges 6§, and pull the copies of
v to the root ofT,, across the handles, bringing along the edges that are adjacent to the

vertices ofT,.

This graphH has the same number of verticesasAny two vertices that are adjacent in
H are adjacent ifz. No edge ofH crosses any bridge more than onéé.is embedded in a
plane with% handles.

However,H is a proper subgraph @f. The only edges ofr that are not present il are
the edges that correspond to edges of some &ygleof G, that were deleted in the first step
of our construction off. We need to embed those edges.

Consider any edgev, ) of G that is absent it ; (v, u) corresponds to some ed@€, v’)
on a cycleC;; in G.. We embed an edge fromto « by following a path through the handles
from v to the spot on the plane wherewas embedded (corresponding to a path in the spanning
treeT,), and continuing on to the spot on the plane whéreas embedded, and then through
the handles (corresponding to a path in the spanningfizg@éoward vertexu. The path from
v to v’ uses each handle at most once, and the same is true for the path’from. Thus no

edge traverses any handle more than twice. O

Lemma 3 leaves open the possibility that a single edge will traverse several handles. When
discussing circuits, however, this complication can be avoided, as the following lemma demon-

strates.

Lemma 4. Given a layered circuiC' of widthw, genusk, and sizes, there is an equivalent
layered circuitC’ of width O(w?), genusk, and sizeO(skw?) that can be embedded onto a
plane withk handles satisfying the conditions of Theorem 3 with the additional restriction that

no edge of”’ traverses more than one handle.

Proof. Consider an embedding ¢f into a plane withk handles, as guaranteed by Theorem

3. For any edge that traverses more than one handle, or that traverses some handle more than
once, insert a new vertex between any two handle traversals. Athestl new vertices are

added per edge. Since there are at mosedges between any two layers @f this adds at

mostO(kw?) new vertices. The modified graph is no longer layered. For each two adjacent
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levelsl, ! + 1 of C (that might now be separated by paths of lerigfth— 1), insert additional
“dummy” gates (i.e., OR gates with one input and one output) to create the layered €frcuit
The new graph has width at mast because at most? “dummy” gates appear on any level

of the resulting graph. O

The embedding of circuif’ guaranteed by Lemma 4 might have several handle connec-
tions attached to any given face of the planar part of the circuit. We find it convenient to modify
the graph by adding additional non-functional edges to subdivide faces, so that no face contains
more than one handle connection. This transformation might cause the width of the graph to
increase, but because the new edges are purely an augmentation to the embedding and do not

contain functional circuit edges, it will not cause problems for us.

Theorem 5. Given a layered grapli: = (V, Ep U Ey) embedded in a plane with handles
satisfying the conclusions of Lemma 4, there is a layered gé&pk (VUV', Ep UE,UEg)
whose embedding extends the embedding sdich that the graplt?” = (V U V', Ep U E})

is embedded in the plane and no facefhas more than one handle connection inside it.

Proof. Consider any face of the embedding of the planar grdpt¥r). We will partition

this face into a finite number of regions, assigning a color to each region. Let thete be
handle connections inside this fage,, ..., hq. Assign colore; to connectionh;. For each

edgee that enters (or exits) connectidn, color e with color ¢; on that portion of the edge

that lies between the boundary of the face and the point at which it touches the connection
h;. (No segment receives two colors in this way.) If there laeglge segments adjacent to a
handle connectioh;, then this gives rise to a partition of the face ihgegments anbregions
arranged around the handle connection like slices of pie. Some of these regions might contain
other handle connections; those thatr contain other handle connections receive celor

No region receives more than one color in this way; regions that do not receive a color are said
to bewhite Any vertex on the boundary of the face that is adjacent only to regions of one color
¢; receives color;; any vertex on the boundary of the face that is adjacent to regions of two or
more different colors (one of which must be white) is colored white. If there is more than one
handle connection in the face, then every handle connection is adjacent to some white region,

and every white region is adjacent to some white vertex on the boundary.
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Consider any white region that is adjacent to some handle connégtidie border of this
white region includes some arc of the handle connedtio(and it includes the entire handle
connection if only one edge segment connégtso the border of the face). The ends of this
arc are connected to edge segments that attach to some white verticds on the border of
the face (and note that = v in the degenerate case mentioned above). We can now embed a
new edge in the white region, attachingo v and creating a new face, which we now color
with color ¢;, thereby decreasing by one the number of white regions adjacent to the handle
connection.

Repeat this process, until each handle connedtiols completely surrounded by regions
colored¢;. The boundary of the region coloreglis now a planar face that contains exactly
one handle connection. The graph might now no longer be layered, but it is straightforward to

insert new vertices in the middle of the new edges, to obtain a layered graph. O

Cylindrical graphsplay an important role in our analysis, just as they do in Hansen’s work
[Han04]. Cylindrical graphs are a subclass of layered planar graphs, consisting of those graphs
that can be embedded on the surface of a cylinder, where each layer of vertices is placed on
a ring around the cylinder between its neighbor layers, and all edges lie on the surface of the
cylinder going from one layer to the next, with no crossings.

We quote the theorem from [Han04]:

Theorem 6. A layered digraph’ is layered cylindrical if and only if it is the subgraph of an

acyclic planar layered digraph with a unique source and sink.

We will need some additional information about the transformation that Hansen uses to
prove Theorem 6. Consider a marked face of the acyclic planar layered diGraipét is a
subgraph of an acyclic planar layered digraph with a unique source and sink. In Hansen’s
transformation, this face corresponds to a marked face on the embeddihgrothe cylinder.

(That is, if a face on an acyclic planar layered digraph has verficgss, - - - v, }, then there
is a face on the cylinder with the same vertices in the same order.)

When we have a genusgraphG = (V, Ep U Ex) embedded on a plane withhandles
and additionally the planar gragh, Ep) is cylindrical, then we obtain an embedding@fon

a cylinder withk handles, where each face of the planar gréighZ») corresponds to a face
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of the cylindrical embedding, and the handle connections are similarly attached to faces on the

cylinder. We summarize this discussion in the following theorem.

Theorem 7. LetG = (V, Ep U Ex) be alayered digraph embedded in a plane withandles
satisfying the conclusions of Lemma 4, where the gi@ptEp) is the subgraph of an acyclic
planar digraph with a unique source and sink. Then there is a layered géaph- (VU

V' ,EpU E}D U Er) embedded into a cylinder withhandles such that the embedding of the
subgraphG” = (V U V', Ep U E}) into the cylinder has the property that no face®f

contains more than one handle connection.

Theorem 8. Let A be a language.A is in ACC if and only if A is accepted by a family of

constant-width circuits of polynomial size and polylogarithmic genus.

Proof. One direction follows immediately from Hansen’s characterization [Han04] where the
genus is even required to be zero. For the other direction, we follow Hansen’s basic strategy
and prove the theorem by induction on the widitof the circuit family acceptingd. More

precisely, we will prove the following :

Claim 9. VwVkVI3c3d Circuits of widthw and genusog! n and sizen* can be simulated by

ACC circuits of depthd and sizen®.

The basis, whemw = 1 is trivially true.

For the inductive step, consider a circuit fam{lgZ,,} of width w + 1, sizen* and genus
log'n. LetG' = (VUV',Ep U Ep U Eg) be the graph guaranteed by Theorem 5, such that
G = (V,Ep U Ep) is the graph of the constant-width circdi,, whereG is embedded into
a plane withlog! n handles and no face of the planar grdphu V', Ep U E},) contains more
than one handle connection.

Without loss of generality, there is a vertexin layer 1 of G that is connected by a path to
some vertex in the rightmost layer of+. Let G, be the subgraph af consisting of all edges
of GG that lie on some path fromto ¢ in G, and letG,.st be the remainder off; the vertices
of G¢y1 and G partition the vertices ofy. Note thatG..s; has width at mosty because
Gy1 contains at least one vertex from every level. Also note that by Theore,6can be

embedded on a cylinder withg' n handles, because the planar partof; has a unique source



25

and sink. If we conside, st as a circuit note that there are some gates whose inputs lie in
Gy, for each such gaté that is connected to a gageof Gy, create an input node and label
it with variabley,. Similarly, for each gate of G, that receives input from a gateof G,
create an input node and label it with variabjg

For each input variable, of G, the subcircuit o7, on which gate: depends computes
a function entirely of the original input variables (because if it relied on a varigplleis would
constitute a path fromto g to i to ¢ and thush would be part of~.;). By induction hypothesis,
the value of each such gattecan be computed by ACQircuits of some fixed depth and size.

We show in Lemma 10 below that the value of each gaté gf can be computed in ACC
by circuits that take the values, as input, along with the original input values. Combining
these circuits with the ACCcircuits computing the values of the corresponding gates
Grest Yields ACC circuits that compute the values that each gatef Gy takes on in the
original circuitC,,.

Thus we can compute the correct valygghat we can provide as input to the remaining
parts of G, in order to compute the values of the output gateg€’pf The proof is now

complete, once we have established Lemma 10. O

Lemma 10. VwVkVI3c3d such that circuits of widthv and sizen”* that are embedded on a

cylinder withlog’ n handles can be simulated by A€€rcuits of depthi and sizen®.

Proof. Let G = (V, Ep U E) be the graph of a circuit of widtly and sizen* embedded on a
cylinder withlog! n handles. LeG' = (V UV, Ep U E, U Eg) be the graph embedded on
the same surface, such that no face of the cylindrical pa® aontains more than one handle
connection, as guaranteed by Theorem 7. Let the levels of the layered@régshnumbered
1,...,p(n). Let the handle attachments 6f behy, ..., h, (for s < 2log' n).

Ouir first step will be to chop the cylinder into a polylogarithmic number of segments, cor-
responding to levels where handles start and stop. For a handle attachnasgfinestart(h;)
to be the least element of the det: there is an edgéu, v) that traverses the handle attached
ath; such that. is on level;}. Similarly, defineend ;) to be the largest element of the 4gt
: there is an edgéu, v) € Ey that traverses the handle attached aduch thaw is on level;}.

Leta; < az < ... < a, be numbers such thdt;; : 1 < j < r} = {start(h;), start(h;) + 1,
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endh;),endh;) —1:1 < i < s}. Note thatr is polylogarithmic inn.

Slice the cylinder into + 1 segments, where segment 1 consists of layersa;, segment
2 consists of layers; ..., ay, ...and segment + 1 consists of layers,. ... ., a, ).

We argue below that there is a functigncomputable in AC€ where f takes as input a
triple (x,v,7) and outputs a string such that and z are bit strings of lengthw, having the
property that if thew gates at the start of segmertave the values given by the vectoand
the stringz is used to provide values to the input gates appearing in segien the gates
at the output level of segmentvill take on the values given by the vectar

Assume for the moment that we have such a funcfimomputable in ACE. Then we can
build a graph with widti2" and polylogarithmically many levels, such that there is an edge
from nodev to nodez in level j if and only if f(x, v, j) = 2. Finding paths in such graphs can
be done in AC. (For instance, we can build a DNF of polynomial size that computes paths of
lengthlog n, and in depth 4 we can compute paths of lerighit n, etc.) Thus the proof will
be complete if we can show thitis computable in ACE.

Consider a segment that starts in layeand ends in layed; 1. If a; +1 = a;4 then the
circuitry in this segment is computable in R@&nd thus certainly the desired functigrcan be
computed in ACE.

Otherwise,a; + 1 < a;4+1, SO that thejth segment has length more than one. Let us say
that handle connectioh; is activeif start(h;) < a; andendh;) > a;.1. Because of the way
the sequence of slice points, . .., a, was defined and because we are dealing with the case
wherea; + 1 < aj41, it follows thatstart(h;) < a; andendh;) > a;1; that is, no handle
connection is actually starting or ending at the start or end of this segment. It is important to
note that, althouglx has width bounded by the constamtthere might be polylogarithmically
many handles that are active in this segment, and the cyIindricaMrSartV', EpuU E},) of the
graphG’ (which has the property that at most one handle attachment is in any face) might also
have polylogarithmic width. Lek, ho, ..., hg be the handles that are active in segment

Consider any handle attachmeéntthat is active in segment Consider the face of the
cylindrical part ofG’ to which; is attached. As illustrated in Figure 3.1, there are edges from
levels beforea; and aftera;,; that enter or exit;. Although we draw our constant-width

circuits with the outputs on the right end (so that computation proceeds from left to right),
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a a,,;

Figure 3.1: Handle attachment

it will be convenient to use the compass points to refer to directions on the cylinder using the

convention that the output level is North, so that the computation proceeds from South to North.

Thus as depicted in the figure, East is to the bottom of the figure, and West is at the top. Using

this convention, we can speak of the face arolinds having an East side and a West side. The

faces that surroundly, ..., h, all start before the start of segmentaind end after segmerit

Thus we can view them as being stripes arranged along the sides of the cylinder. In this way,

each handle connectidn has an East neighbor and a West neighbor (where the East neighbor

of h; is the handle connection whose face is encountered first when moving East from the face

of h; around the cylinder). The handle that is connectel); ton one end is connected to some

other handle connectioly; on the other end. (This handle connectignneed not be an East

or West neighbor of;.) Because of the edges that conniecandh, to levels outside segment

j, itis clear that edges il'y that traverse the handle betwegrandh,;; must connect the East

side of one face with the West side of the other face; any attempt to embed an edge between the

West sides of the two faces would necessarily cross the edges that extend beyond gegment
We claim that all of the edges in segmegrare embedded onto at maektlisjoint cylinders.

This is illustrated in Figure 3.2 (withh = 2), which presents a cross-section of a cylinder (with

East to the right and West to the left). Téidandle connections,, ..., h, are arranged around
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Figure 3.2: Cross-section of a cylinder with one handle in a segment

Figure 3.3: Cross-section of a cylinder with multiple handles in a segment

the cylinder, each attached to a face of the cylindrical pattofWe can diagram this cross-
section by building a graph with vertices for the East and West sides of the faces around each
handle connectioh;. The East side of each face is connected to its West neighbor; edges from
the circuit can be embedded along this surface. The East side of each face is also connected
to the West side of the face to which its handle jumps. Note that there are no edges from the
East side of a face to the West side of the same face; no circuit edges are embedded in this
region. The graph that is constructed in this way is 2-regular, and thus it is the union of disjoint
cycles. If we create a 2-dimensional surface connecting these cycles at each end of gegment
we create a cylinder (in Figure 3.3, this process leads to exactly one cylinder). Every circuit
edge appearing in segmejlies on one of these cylinders. For each cylinder, the circuit that is
embedded on it is planar and has width at mostThus by [Han04] the function it computes

lies in ACC.
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spine | ™\

Figure 3.4: A circuit on three pages
3.2 Thickness, Crossing Number

Genus is just one of several possible generalizations of planarity. In this section we consider
thicknesgsee Definition 4 in Chapter 2), and we show that all problems ifh 82 be solved by
constant-width polynomial-size circuits of thickness two. We actually prove a stronger result
showing that a very limited type of circuit with thickness two suffices for this task.

Consider Figure 3.4, showing three half-planes joined at a common intersecting line called
thespine This is the type of surface on which we will embed our constant-width circuits, with
the restriction that the subgraph on any one half-plangisard planar(see Definition 8 in
Chapter 2). We will be referring to each of these half-planepages (Hence, equivalently,
in each page, all edges between adjacent layers can be represented by straight line segments.)
It is clear that any graph that can be embedded on three pages in this way has thickness two.
It is also clear that if only two pages are used, then the entire graph is upward planar, and by
[BLMS99] such circuits can compute only languages i’ AC

Now the question arises as to what happens when we allow more pages in our circuit.
Defining kPagesto be the class of languages captured by computatiok pages, each of

O(1) width, we prove that

Theorem 11. NC! = 3Pages

In order to present our characterization of Ni& terms of constant-width circuits on three

pages, it is useful to define a simple nonuniform model of computation:

Definition 10. Definestacksa, b, ¢) to be the class of languages accepted by machines with
three pushdown stores (with heights bounded: bly, and ¢, respectively) and a computation
register. Only binary values can be stored on the stacks. The program for the machine consists

of a sequence of instructions (one instruction for each time step), from the following:
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b2 b4

bl b3 b5

Figure 3.5: Canonical placement of bits in a stacks(3,3,2) computation

1. push the register value into a stack;

2. pop the topmost entry from a stack into the register;

3. copy the topmost entry from a stack into the register (without removing it from the stack);
4. discard the topmost entry of a stack;

5. compute th& or A of the topmost entries of two stacks and store it in the register; or

6. compute the or A of the topmost entry of a stack with an input literal and store it in the

register.

Notice that the machine is oblivious in that the stack(s) and literal corresponding to an instruc-
tion are independent of the input. The output of the machine is the final value that is stored in

the register, and we restrict the running time to be polynomial in the length of the input.

See Figure 3.5 which illustrates stacks(3,3,2). Our main simulation using this model (in
Lemma 14) involves permuting five values stored in the stacks as displayed in Figure 3.5.
Manipulating these values will be accomplished using stack heights (3,3,2).

It is easy to see that oblivious computation with 3 stacks can be simulated by computation
with 3 pages. The height of the stacks corresponds to the width of the pages with the spine
serving as the register. Notice that popping a bit corresponds to copying all the bits on the
corresponding page toward the spine while pushing is the reverse. An operation suckr as the
of the topmost bits of two stacks can be simulated by bringing the corresponding bits toward

the spine where the operation is performed. Therefore we have the following proposition:

Proposition 12. stack$O(1),0(1),0(1)) C 3Pages
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Since 3Pages consists of problems computable by polynomial length constant width cir-

cuits, we have:
Fact 13. 3Pages_ NC!.

Thus the following lemma will show that NC3Pages and stacks(3,3,2) all coincide.
Lemma 14. NC! C stacks3, 3,2).

Proof. Consider Barrington’s proof that languages in N&n be computed by permutation
branching programs over the symmetric group5oelements,S5 [Bar89]. The state of the
branching program at some stage of the computation can be represented as a sequence of five
bits (b1, b2, b3, bs, bs), whereb; = 1 if the execution of the branching program has led from the
start state to statg since the branching program in Barrington’s simulation is deterministic,
exactly one of the bitg; will be setto 1 at any stage. We represent the initial state by (1,0,0,0,0).
A permutation branching program consists of a sequence of instructiors, 6,), with the
interpretation that ifr; is equal to 0, then the representation of the state of the program after
the next step is obtained by permuting the five bits &, b3, b4, bs) according to permutation
0o, Whereas permutatiofy is used ifz; = 1. Without loss of generality, we may assume that
one of {6y, 0 } is the identity permutation (because instructiot;, 6y, 1) can be simulated
by (z;, 0p,¢)(x;, t,01). We may further assume that eaghis a transposition, since each per-
mutation can be represented as a product of transpositions. To determine if an input word is
accepted, it suffices to checkbif = 1 after the last instruction is executed.

The idea of the proof is that we put the five bits in the three stacks using he&ights
respectively in a canonical way, as illustrated in Figure 3.5. Each instruction is of the form
(z;, 7, ) where one of 7,7} is a transposition and the other.isWe focus attention on two

types of instructiongz;, 7, ):
Type 1 The transposition swaps the bits that appear on the tops of two different stacks.
Type 2 The transposition swaps the bits that appear in one stack.

Note that every instruction can be simulated by a sequence of instructions of Type 1 and Type

2. (For instance, in Figure 3.5, to swap Hitsandbs, we first use Type 2 instructions to invert
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b b b
b b b'ax
b b b'ax
b b’ b'ax e
b b bax brx ¥
b b (b'ax)v (BAx)
b b (b'ax)v (bax)
b (baxivibax)| B
b (b'ax)v (bax)| b x
b bia (b'rx) v (b~ x)
b'a X (b'ax)v(bax)| b
b'n x (b'Aax)v (baX) | bax
(baR)w (bax)| BAX)v(ba )
(bax) (b x) {b'ax) v (bax)
(bAx) (bl x) (b'AX)w (bAX)
(bAx) v (bax)
(bax) v (b x)

Figure 3.6: A transposition (if input bit = 1) and identity transformation (if = 0)
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stacks 1 and 2, then use a Type 1 instruction on stacks 1 and 2, and then again invert stacks 1

and 2.)

Lemma15. 1. A Type 1 instruction on two stacks can be accomplished by using exactly

one extra place in the other stack.

2. A Type 2 instruction on one stack can be accomplished by using exactly one more place

in each of the other two stacks.

Proof. Figure 3.6 illustrates the proof of Lemma 15.2. A Type 2 instruction decides whether
to interchange two bits, b’ or leave them alone, depending on the value of the literalhis
corresponds to replacing the sequefiteb) on one stack, with the sequende A b) Vv (zAb),
(ZAV)V (zAb)). This is implemented by computing each of the two expressions in succession
and (during the computation of the second) removing thebbits
The proof of Lemma 15.1 can be accomplished by starting with the third step in Figure 3.6.
U

Lemma 14 now follows immediately from Lemmal5, since an operation of Type 2 on the
first stack requires height 3,2, and an operation of Type 2 on the second stack requires

heightss, 2, 2, for a maximum of3, 3, 2. Any other operation requires less overhead. [

If we do not bother about the exact number of (constant width) pages in which we place
NC!, we can provide a simpler proof than the above which also generalizes suitably to show

the following results for Logspace :
Theorem 16. L = O(log n)Pageswhere in fact, each pagewidth 2s
Theorem 17. L. = 4Pageswhere each pagewidth @(logn).

Proof. This proof will show how any widtht circuit gives us an equivalent-Page circuit,
where the width of each page @(k) (thereby, we already have4Pagescircuit for NC').
Suppose we have the layered widthircuit already in the form required for proving the previ-
ous Theorem 16. To recapitulate, what we do there is : given a widtfcuit, we expand each
level of the circuit to widthek and divide the width into tw&-node portionsd and B. All the

gates inA, layeri + 1 are copy gates from the previous layeand two nodes fromt in layer
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Figure 3.7: Logspace in 4 pages

1 have circuit edges to a single gateBn(in layeri + 1). Thus, every segment between consec-
utive levels: andi + 1 of the new circuit has exactly one gate at leiveél 1 where computation
is going on, all the other gates in leviel- 1 are copy gates. Refer to the Figure 3.7 (the pages
are numbered through4).

Clearly at any step the computations in three of the pages are copies, only at the “fringe” of
the fourth page is where the relevant computation of the segment is going on. Also, each page

is of maximum widthO (k). Hence done. O

3.3 Discussion and Open Problems

Our initial goal of finding a characterization of ¥@ terms of constant width circuits remains

a challenge for future work. It is worth mentioning some approaches that seem not to work.
The results in this paper seem to rule out characterizations in terms of crossing number, genus,
or thickness. Algebraic approaches to circuit complexity tend to mimic the structure of regular
sets, and it is known that any regular set that is not complete forid€inside ACC [Bar89],

[BT88]; thus this avenue does not seem promising when searching for a characterization of
TC°. One might attempt to follow the approach of [AAD0O] by considering arithmetizations of

Boolean circuits. However, a width-two planar branching program is presented in {88|B
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for which the problem of counting the number of accepting paths is hard fdrui@er ACC
reductions; this rules out many approaches that one might try in searching for a characterization
of TC?. On the positive side, a characterization of #A@nd hence of T in terms of
counting paths in a restricted class of branching programs is presented in@}Bout this

does not seem to lead to an appealing characterization in terms of constant-width arithmetic
circuits.

We find it somewhat intriguing that the graph-theoretic notion of genus is linked (via The-
orem 8 and [BT88]) to the algebraic notion of solvability. It would be interesting to know if
there are deeper reasons for this linkage.

Do (upward) planar circuits of log width capture exactly NCCan we get a characteriza-

tion of TC? using this framework?
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Chapter 4

Reachability in Planar Graphs

4.1 Introduction

As stated in Chapter 1, in this chapter, we investigatestheonnectivity problem for directed
planar graphs.

The roadmap for this chapter is as follows.

In the first part of the chapter, we first show (logspace) closure under complement of the
reachability question in directed planar graphs in Section 4.2. We note that [HRS93] prove a
similar result but only for the easier special case wheendt are on the same face of the
planar graph. We then prove the same result for directed toroidal graphs by reducing the graph
reachability question on toroidal graphs to planar graphs.

After this, we move over to grid graphs and show that the reachability question in arbitrary
directed planar graphs logspace-reduces to reachability in arbitrary grid graphs. We also exhibit
one important subclass of grid graphs (namely, LGGR) to lie in UL.

In the second half of the chapter, we isolate a few subclasses of planar graphs for which we
can actually give L algorithms for reachability.

Jakoby, Liskiewicz and Reischuk showed that reachability in series-parallel digraphs is
solvable in logspace [JLRO1], thus solving the reachability question for an important subclass
of planar directed graphs. Series-parallel digraphs are a special case of planar directed acyclic
graphs having a single source and single sink.

Motivated by a desire to solve the reachability problem for a larger class of planar DAGS,

we introduce the following three classes of DAGS:

e Single-Source Single-Sink Planar DA@GSPDs): the class of DAGs having one vertex

of indegree zero and one vertex of outdegree zero. Reachability in SSPDs generalizes
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the problem of reachability in series-parallel digraphs studied in [JLRO1].

e Single-Source Multiple-Sink Planar DAGSMPDs): the class of DAGs having one ver-
tex of indegree zero. Reachability in such graphs is clearly equivalent to reachability in

Multiple-Source Single Sink DAGs (MSPDs) by simply reversing all of the edges.

e Multiple-Source Multiple-Sink Planar DAG8MPD). This is simply the class of all
planar DAGs.

We show that the SMPD reachability problem (and hence also that for MSPD) lies in logspace.
In addition, reachability in SSPDs, restricted to grid graphs, is reducible to UGGR. Our algo-
rithmic approach for SMPD extends to certain classes of graphs that are not acyclic. This is

discussed in more detail in Section 4.8.

4.2 Closure under complement

In this section we present the proof that the.connectivity problem for directed planar graphs

reduces to its complement. The proof consists of two reductions.

e First, we present a reduction showing that it is sufficient to consider the special case
where the vertices andt both lie on the external face of the planar graph. (This will

also be convenient in our reduction to grid-graph reachability.)

e Next, we reduce this special case to its complement. We also note that this step follows

from the results proven in [HRS93].

We note that the reduction to GGR provides an alternative proof of closure under complement;
nevertheless, we include a direct proof for independent interest.

We reduce the-t-connectivity problem for directed planar graphs witand¢ on the outer
face to the complement of thet-connectivity problem for directed planar graphs.

First, however, we define some terms more carefully. As observed in the preceding sub-
section, it is easy in logspace to enumerate all of the vertices that appear on a given face of
a planar combinatorial embedding. Note however that the edges that connect these vertices

around the face mighiot constitute a simple (undirected) cycle. However, for aoynded
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face I’ of a planar embedding, there is always a simple undirected cycle callbddinearyof
F. Observe that the edges appearing on the boundafycain also be enumerated in logspace
(because they are the only edges that are traversed in only one direction while enumerating all
of the vertices that appear on the faEg With this observation in hand, we proceed with our
discussion of the special case.

We are given a directed graghembedded in the plane with the source and sink vertices
andt on the outer face. The basic intuition is that if there is no directed path betwaeah in
G then there is a proof of this fact, consisting of a geometric cdrskcing across= with s on
one side of” andt on the other side, where all of the edges crossirge directed away from
t; thus no path can start aiand reach. We give a formal definition of such a curve (which we
call aseparating cyt and observe that there is a separating cut if and only if there is not a path
from stotin G. Then we show how to construct a directed planar gripduch that there is a

separating cut fo€ if and only if there is a directed path frogto ¢’ in H.

Definition 11. A separating cufor GG is a simple closed curvg in the plane, withs embedded
in the interior ofC, andt embedded in the exterior 6f whereC intersects no vertex @f, and

all edges of7 that intersectC are directed from the exterior to the interior 6f

Lemma 18. Given a planar directed grapt with verticess and¢ on the outer face, there is a

separating cut if and only if if there is no directed path frerto ¢ in G.

Proof. It is obvious that if there is a path fromto ¢ then there is no separating cut. We will
show that the converse holds.

We are assuming that the directed graptioes not have a path frogto ¢t. Sinces andt are
on the external face, the external face consists of two (undirected) paths fodmCall one of
these paths thepper boundaryand call the other path tHewer boundaryof the graph. (We
will considers to be embedded to the left gfso traversing the upper boundary frero ¢ is in
a clockwise direction, and traversing the lower boundary fgdgoy proceeds counterclockwise.
Note also that certain edges might appeabotithe top and bottom boundaries.) Leandv
be two adjacent vertices on the upper boundary, suchutigateachable frons via a directed
path (possiblynot using edges from the upper boundary) and none of the vertices between

andt are reachable from. (Such a pair must exist, sing¢es not reachable, angis.) See
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Figure 4.1: Graph G with u, v

Figure 4.1.

Clearly the edgey betweenu andwv is directed fromw to w. Except for the trivial case
whereeg lies on both the upper and lower boundaries, the egdgerms part of the boundary
of some bounded facE,, and is directed in a counterclockwise direction aroiigd Sinceu
andv both lie on the boundary dfyy, andu is reachable froms andv is not, there is some pair
of adjacent vertices andx on the boundary of{ such that: is not reachable from, and all
of the vertices betweew andw are reachable from. Clearly the edge; betweenw andzx is
directed fromx to w and thus is directed clockwise around the boundarkyof

We now define a separating alithat starts in the external face and crosses ayérto Fj
and leaved over edge:;. We now find ourselves either in the external face or in some other
bounded facd, wheree; is oriented counterclockwise around the boundary¥'af This is
illustrated by the dotted line in Figure 4.1.

We will establish some invariants regarding the cw@yand for this it will be necessary to
talk about theight sideand theleft sideof C. Just as a river has a right bank and a left bank, so
alsoC passes vertices to its right and left as it proceeds away from the upper boundary. Thus
andw are on the right side af andv andx are on the left side. Note that for each edgéhat
C crosses, the vertex on the right side(ois reachable frons and the vertex on the left side
is not. Also, for each bounded fadé thatC enters, the edge; is oriented counterclockwise
aroundfF;, ande; . is oriented clockwise aroundl;, and all vertices to the right @ on the
boundary ofF; are reachable from.

Using these invariants, it is clear how to define We continue curv&€ over Fy to cross
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Figure 4.2:C crossing itself from left.

over ey, where we now find ourselves either in the external face or in some boundedsface
In this way, we define:s, F3, etc., and extend across them. We claim th&t never crosses
itself, and that in a finite number of steps the cufveeaches the external face by crossing an
edge on the lower boundary. When we do, we continue through the external face awanohd
close the curve where we started above the upper boundary. Thus the proof will be complete
once we establish this claim.

In order to prove that that never crosses itself, consider thirst time C revisits some face
F;. (That is, consider any and the leasf > i such thatF; = Fj;.) Assume also that up
to this pointC has not crossed the same edge twice, nor crossed itself. We will sho@ that
can continue on without crossing itself or crossing the same edge twice. This is illustrated in
Figures 4.2 and 4.3. The previous time tatrossedF; it entered across edgg and exited
across edge;.1. Our invariants tell us that all of the vertices on the boundaryoin the
region running counterclockwise betwegrande; | are reachable from, and also that, when
curveC comes back td; = F; by crossing edge;, one of the endpoints af; is not reachable
from s. Thuse; must appear in the region runnietpckwisebetweene; ande;; (and hence
the situation illustrated in Figure 4.2 cannot arise). The edgeis not equal to:; (because
they are oriented in opposite directions) and by inductiprn# e;. Edgee;; is found by
proceeding counterclockwise aroutdd from e; and stopping when a vertex is encountered
that is not reachable from Thuse;,; will be found in the region strictly betweet} ande;,
and thusC can cross frone; to e;41 without intersecting its earlier traversal framto e; .

C might return yet again td; = F; = Fj, enteringF; along some edge;. Retaining
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Figure 4.3:C crossing itself from right.

our inductive hypothesis, the same argument as above shows,thahnot appear between
e; ande; 1 or betweere; ande; 1, and it cannot appear between ; ande; because this
would requireC to cross itself, contrary to our inductive hypothesis. Thyanust appear
in the segment of the boundary & running counterclockwise between,; ande;. The
same argument as wit#fy; shows thak,; must appear in the segment of the boundary of
F; running counterclockwise between ande;, and thusC can enterF; acrosse;, and exit
over ex1 without crossing itself. An inductive argument shows that no matter how many
timesC returns to faceF;, the edges it uses to enter and ekjtform a sequence running
counterclockwise around the boundary.

We have now established that the cuéveever crosses itself, and it never crosses the same
edge twice. Since the graph contains only a finite number of edges, it is cleé@rwhiaenter
the external face after a finite number of steps. In order to establish our claim and complete the
proof, it remains only to show that whéhdoes enter the external face, it must happen on the
lower boundary.

If C were to enter the external face along the upper boundary, then it cannot happen between
t andeg, because none of the vertices in that segment of the upper boundary are reachable from
s, whereas each edge thats adjacent to a vertex that is reachable fran©n the other hand,
if C were to enter the external face along the upper boundary beta®,, thenC could be
extended to return to its starting point, with the property that for each directed edgethat
crosseg’, the vertexv on the left side o (the exterior) is not reachable frosmbut the vertex

u on the right side (the interior) af is reachable frons. This is a contradiction, since every
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Figure 4.4: Curveé returning to the upper boundary

path froms to the interior ofC would have to pass through a vertex that is not reachable from

s. (See Figure 4.4.) This completes the proof of the claim, and hence the lemma is proved.

4.2.1 Reducing the Special Case to Its Complement

As in the preceding subsection, we are given a directed gtapmbedded in the plane with
the source and sink verticesandt on the outer face. In logspace, we can check if there is an
edge that appears on both the upper and lower boundar{eshatt is directed away fromand
towards on these boundaries. If this is the case, then clearly there is no patls t@mIf this
is not the case, then we construct the graplvith vertices{s’, ¢'}U {F' : F is a bounded face
of the planar embedding @f}. There are directed edges of the fofs, F') for all verticesF’
such thatF’ contains an edge on the upper boundary-dhat is directed away from There
are directed edges of the for(i#", ¢') for all verticesF’ such thatF’ contains an edge on the
lower boundary of~ that is directed away from There are directed edgég, F’) if there is
an edgere that is directed clockwise around the boundaryFoénd counterclockwise around
the boundary of”.

It is clear thatH is a planar graph, because (exceptdaandt’) it is a subgraph of the dual
of G.

The proof is completed by showing
e Given@, an encoding off can be constructed in logarithmic space.

e There is a path from’ to ¢’ in H if and only if there is no path fromto ¢ in G.
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In order to construct an encoding féf, it is necessary to have a scheme for assigning
names to faces af. Given any edge in GG, there can be at most two bounded faégsand
Fy of G adjacent tee. There must also be some vertesthat is on the boundary of; and
not of 5 (and vice-versa). Thus any such p&irv) can serve as a “name” fdr. We let the
lexicographically least such pair serve as the namg.dsiven any vertex of G, itis easy in
logspace to enumerate all of the names of the faces that are adjacent to

We have already observed that it is easy to enumerate the upper and lower boundaries of
G. Thus, it is easy to enumerate all of the edges adjacent &md ¢’ in H. In order to
determine if there is an eddé’, F’) in H, it is necessary to determine the orientation of each
edge around each face 6f For faces adjacent to the upper and lower boundari&s, ohis
is easy to compute in logspace. We can build an (undirected) bipartite graph with vertices of
the form (e, F, ¢c) wherec € {clockwise, counterclockwige If e appears on the boundary
of F and F”, then there are undirected edges {{,clockwise),€, F’ ,counterclockwise)) and
((e, F' ,clockwise), €, F',counterclockwise)). Since we are assuming that no edge appears on
both the upper and lower boundaries@fknowing the orientation of the edges on the upper
and lower boundaries completely determines the orientation of all other edgésTdfus, to
determine which way is oriented around fack, it suffices to apply the logspace algorithm for
undirecteds-t connectivity to determine the (unique) valuecfuch thate, F, ¢) is in the same
connected component as some trigle F’, ¢’) giving the correct information about some edge
¢’ on the upper boundary.

We have now shown that an encodingibfcan be constructed in logspace.

If there is no path frons to ¢ in G, then there is a separating cut. As shown in the proof of
Lemma 18, this cut starts above the upper boundary (in the positigharid enters a sequence
of facesFy, F1, ... entering eaclt; across an edge that is oriented counterclockwise around
F;, and departing across an edge that is oriented clockwise aBtefore finally crossing
the lower boundary. It is clear that this yields a directed pathy, ...,t" in H.

Conversely, assume that there is a directed path #otm¢’ in H. Thus there is a simple
paths’, Fy, F1, ..., F,.,t where eaclF; is distinct. We can describe a curve starting above the
upper boundary of7 and crossing intd, and from there intd; etc., eventually reaching the

lower boundary. We then continue the curve arodrahd back to its starting point above the
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upper boundary. Clearly this is a simple curve, and all edges that cross the curve are directed
from the exterior to the interior; thus it is a separating cut, demonstrating that there is no edge

fromstotinG.

4.2.2 Reduction to the special case

Let G be a directed graph. Testing @ is planar reduces to the undirected-connectivity
problem [AM04] and thus can be done in logarithmic space [Rei05]. Furthermore, if a graph is
planar then a planar combinatorial embedding (i.e., a cyclic ordering of the edges adjacent to
each vertex) can be computed in logarithmic space [AM04]. Given a combinatorial embedding,
it is easy to check if two vertices lie on the same face. (The vertices on each face adjacent to a
vertexv can be enumerated by starting at some (undirected) edge adjaeeahtbstarting a

walk from v along that edge; each time a new vertexs entered along some edgéhe walk
continues along the edge that succeeds the cyclic ordering of edges around) Thus in
logspace we can checkdfandt lie on the same face. If so, then the graplis already in the
desired form, since we can consider any face to be the “external” face in the embedding.

If s andt do not lie on the same face, then by use of the undirected connectivity algorithm
we can determine if there is an undirected path frotm¢. If there is no such path, then clearly
there is no directed path, either. Otherwise (as observed in [AM04]) we can find a simple
undirected pathP = (s,v1,v9,...,vn,t) in logspace. First, we construct a new face with
andt on it, by “cutting” along the pattP. (That is, we replace each vertexon P by vertices
v;,o andwv; . For any vertexy; on P, letw andx be the vertices appearing before and after
onP;thatis,u € {s,v;_1} andz € {t,v;+1}. Letey, ..., eq, be the edges embedded “above”
the edges connecting to v andz in the cyclic ordering around;, and lete], . .. ,eilb be the
edges embedded “below” the edges betwegandu andz. That is, if the undirected path
from s to t moves from left to right, edges, ..., e;, appear on the left side of this path, and
edges], ..., egb appear on the right side. Létbe the set of all edges adjacenfRembedded
on the left side, and IR be the set of all edges adjacentRoembedded on the right side. In
the new graph, the edges ihthat were connected tg are connected to; , and those iR
are connected to, ;. Edges between; and {v;;1,v;—1 are duplicated, with edges between

Vi and{vit1,c,vi—1.c} for ¢ € {a,b}. Similarly, edges betweenandv; (andt andwv,,) are
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Figure 4.5: Cutting along &t path

duplicated, with edges betwesrandv; , andv, ; (and edges betweenandv,, , andv,, ,
respectively). This is illustrated in Figure 4.5.)

This new grapha’ is planar, and has verticasand¢ on the same face (the only new face
created). Since we can embed any planar graph such that any specific face is the outer face, we
re-embed our grapti’ such thats and¢ are now on the outer face. From now on we assume
G’ has this embedding.

In the process of going frorf¥ to G’ we have changed the connectivity of the graphand
t might have been connectedd@hbut they might not be connected @. In particular, any di-
rected path irG from s to ¢ that uses edges froboth £ andR is not replicated irz’. We solve
this problem by pasting together copies of the gréfphas follows. The outer face @’ con-
sists of two undirected paths froeto t: s,v1 4,24, -, Um,a,t @NAS, V1 5, V2 p, - - ., U p, L.

The operation of “pasting” two copies 6F together consists of identifying the vertices,,

V2.a - - -» Um,q IN ONE COPY With the vertices, ,, v, . . . , vy p IN the other copy. (Note that this
amounts to “sewing together” two copies of the path that were “cut apart” in cre@tifrpm

G.) The graphG” consists of2n + 1 copies ofG’ pasted together in this way: the “original
copy” in the middle, and. copies pasted in sequence to the top boundary of the outer face, and
n copies pasted in sequence to the bottom boundary. See Figure 4.6.

G" has (the original copies of§y and¢ on the outer face. A simple inductive argument
shows that there is a directed path freano ¢ in G if and only there is a directed path from
(the original copy of)s to one of the copies afin G”. A pathological example showing that
many copies oy’ are needed is shown in Figure 4.7. To complete the reduction, we construct

a graphH that consists of” along with a new vertex” with directed edges from each copy
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2n + 1 copies

Figure 4.6:2n + 1 copies pasted together

Figure 4.7: A pathological case

of t to t”. The verticess andt” appear on the external face Bf, and there is a directed path
from s to ¢ in G if and only if there is a directed path froeto ¢” in H.

In the future we will have occasion to use the operation described above for various pur-
poses and we will refer to it as tloeit-and-pasteoperation.

We conclude the section with a proof that the class of problems that are logspace-reducible

to PLANAR .STCONN is closed under a more general type of reductig@ggtt).

4.2.3 Closure Properties

Different types of logspace reductions were introduced and studied by Ladner and Lynch
[LL76], who showed that logspace Turing and truth-table reducibilities coincidleﬁ}’EB
iff Aglt‘ng). They also introduced a more restrictive version of logspace-computable truth-
table reducibility, known as logspace Boolean formula reducib%_ﬁty{tt. Aglg}{ . B if there

is a logspace computable functighsuch thatf(z) = (qi1, o, ..., qr, ¢) Where eachy; is a
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qguery andy is a Boolean formula withr variablesy, ..., y,, such thatr € A if and only if
¢ evaluates to 1 when the variablgsare assigned the truth value of the statemeptc’ B”.

Additional results about this type of reducibility can be found in [BST93, BH91].

Corollary 19. A<!®*PLANAR.STCONN if and only ifASlb(}gittPLANAR .STCONN.

Proof. One direction is trivial; thus assume thﬁglb‘}gftt PLANAR.STCONN. For a given input

z, let f(z) = (1,99, ---, ¢, ¢) be the result of applying the reduction to Without loss of
generality, the formul@ has negation operations only at the leaves (since it is easy in logspace
to apply DeMorgan’s laws to rewrite a formula). Using closure under complementation, we
can even assume that there are no negation operations at all in the formula. By the results of
Section 4.2.2, we can assume that each grgjda planar graph witk andt¢ on the external

face. Given two such graphs,, G5, note that both7; and G are in RANAR.STCONN if

and only if the graph with the terminal vertex 6f connected to the start vertex 6% is in
PLANAR.STCONN, and thus it is easy to simulate an AND gate. Similarly, am @ate can

be simulated by building a new graph with start vertegonnected to the start vertices of
both G; and G4, and with edges from the terminal vertices@f and G, to a new vertex.

These constructions maintain planarity, and they also maintain the propertyahdt are on

the external face. Simulating each gate in turn involves only a constant number of additional

vertices and edges, and it is easy to see that this gives rise i aeduction. O

4.3 Higher Genus

In this section we prove that thet-connectivity problem for graphs of genus 1 reduces to the
planar case. Throughout this section, we will assume that we are given an embHdufirag
graphG onto a surface of genus 1. (Unlike the planar case, it does not appear to be known if
testing if a graph has genys> 0 can be accomplished in logspace, evengfets 1 [MVO00].)
Given such an embedding, using [AMO04], we can check in logspace if the minimal genus of
the graph is 1.

Let us first describe the basic idea behind the reduction. We know that the soidafigt-
cation spacgSti93] of the torus is the square with opposite sides identified. In these terms, the

identification spac®f a cylinder is the square witjust two opposite sides identified. On the
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cylinder torus

Figure 4.8: Identification Spaces

Figure 4.9: A toroidal graph

other hand, the identification space of a torus is a square witlpaive of opposite sides iden-
tified. In Figure 4.8, the edges marked “a” are identified, and for the torus, the edges marked
“b” are also identified.

Thus, a toroidal graph “looks” like a graph as shown in Figure 4.9.

If we recollect the cut-and-paste operation that we performed on planar graphs, in order to
get the verticeg andt on the boundary, we realise that we are essentially juxtap@sing 1

copies of a “square”: this square being the identification space of a cylinder, see Figure 4.10.

2n-1 copies of the cylinder

Figure 4.10: A cylinder tiling the plane
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Figure 4.11: Toroidal tiling of the plane

It turned out that we had to plac — 1 copies in order to preserve connectivity. For
the torus, we would hence have to construct a two-dimensional tiling as in the Figure 4.11,
keeping2n — 1 copies in each of the two directions in order to preserve connectivity. But this
two-dimensional “tiling” is precisely a planar graph!

In order to formulate the above procedure in more precise terms, we first need to show that
we can transform the given toroidal graph into its “square” representation. It is easy to realise
that for this, we need toutthe graph along aurface-nonseparatingycle.

Given a cycleC in an embedded graph, it is easy to check in logspace€, ig surface-
nonseparating or not: merely check if there is a vertex GG, such thaw is path-connected to

both sides of” (on the embedding).

Lemma 20. Let G be a graph of genug > 0, and let7" be a spanning tree @¥. Then there is

an edge: € E(G) such thatl’ U {e} contains a surface-nonseparating cycle.

Proof. The proof follows ideas from [Tho90] which introduces tl3efath condition”:

Definition 12. Let K be a family of cycles aff as follows. We say thdf satisfies theg-path

condition if it has the following property. i, y are vertices of7 and P;, P, P; are internally
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disjoint paths joiningr andy, and if two of the three cycleS; ; = R, UP; (1 <i < j < 3)

are not in/C, then also the third cycle is not ig.
We quote the following from [MTO1].

Proposition 21. (Proposition4.3.1 of [MTO01]) The family oflI-surface-nonseparating cycles

satisfies thg-path condition.

Suppose, thate, (7' U {e}) does not have a surface-nonseparating cycle. We will prove
that no cycleC in the graphG can be surface-nonseparating, by induction on the nurhber
of non-tree edges id'. This contradicts the fact that every non-planar graph has a surface-
nonseparating cycle ((IMT01, Lemma 4.2.4 and the following discussion]) and thus suffices to
prove the claim.

The basis £ = 1) follows from the above supposition.

For the inductive step frorh — 1 to k, let a cycleC' be given withk edges not irff".

Take any non-tree edge= (z,y) onC. Consider the tree patR betweenr andy. If P
never leaves the cycl€, thenC is a fundamental cycle and we are done by the assumption
for k = 1. On the other hand, we can consider a maximal segrfiesft P not in C. Let S
lie between vertices andv of C. Now, we have three paths betweemandv : the two paths
betweenu andv on C (call theseC'y, C5), and pathS. Note that boths U Cy andS U C5 have
less thank non-tree edges. Hence they are not surface-nonseparating cycles by the induction
assumption. So, by theepath condition, neither i€’ = C; U Cs.

This completes the induction, and the proof. O

We can think about the above lemma intuitively as follows : consider a spanning tree of the
graph embedded on a surface of gepu8. Continuously contract the edges of the spanning
tree, so that all the vertices of the graph merge to become a single vertex. Note that via the
above process, the transformed graph inherits its embedding on the genus surface from the
original graph. Also, in this process, all the edges of the graph not in the spanning tree chosen
become loops around the single vertex (in other words, aliuhéamentatycles in the graph
are now loops). If all of these loops were surface-separating cycles, then the graph would have

been planar. Since we assume that the graph has gery#t means that some fundamental
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cycle is a surface-nonseparating cycle.

In fact, we can make a further observation (which we will not have occasion to use) - the
number of fundamental cycles which are surface-nonseparating sathefor everyspanning
tree in the graph.

At this point we are able to describe how to reducedhteconnectivity problem for graphs
of genus 1 to the planar case.

Given a graphG of genusl and an embeddin@l of G onto the torus, construct an (undi-
rected) spanning tre€ of GG. (It follows from [NTS95, Rei05] that spanning trees can be
constructed in logspace.) For each edg# G that is not inT’, determine if the unique cycle
C. in T U {e} is surface-nonseparating, as follows.

Let C. = {vy,va, - ,v.}. Let G, be the graph obtained frof¥ by cutting alongthe
cycle C. (as described in [MTO1, p. 105]). (For the purposes of visualization, it is useful
to imagine cycles as embedded on an inner tube. Cutting along a surface-separating cycle
amounts to cutting a hole in the inner tube (resulting in two pieces). In contrast, ig
surface-nonseparating, then it is embedded either like a ribbon tied around the tube, or like a
whitewall painted on the inner tube. In the former case, cutting afgnturns the inner tube
into a bent cylinder with a copy af’. on each end; in the latter case cutting al@ngresults
in a flat ring with one copy o€’. around the inside and one around the outside. In this latter
case, the graph is again topologically equivalent to a cylinder with a copy oh each side.)
More formally, the grapltz. has two copies of each of the verticgs, vo, - - - , v, }, which we
denote by{vi 1,v21, - ,vp1}, and{vi2,v22, -+ ,vr2}. FoOr every edgéu,v;) (or (vj,u))
on the right side o, (according tdl), G. has the edgéu, v;1) ((v;1,u), respectively), and
for every edge(u, v;) ((vj,u),respectively) on the left side @f, we have the edgéu,v;2)

(or (vj2,u)) in Ge. The graphG. also has two copies of the cyofg., which we denote by
Ce,1 andC. . Thatis, we have edges betweey), andv;;; for eachb € {1,2} and each
1 < j < r,directed as irC.. An important property of cutting along the cydlg is that if C,
was surface-nonseparating, then the resulting géapis planar, and the the cycl€s. ; and
C.,2 arefacial cycles (IMTO1, p. 106,Lemma 4.2.4]). (Otherwige, will not be planar.) Thus
in logspace we can determine(t is surface-nonseparating.

By Lemma 20, we are guaranteed to find a surface-nonseparating cycle by testing each
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edgee that is not inT. The graphG. does not have the same connectivity propertie&as
s andt might have been connected @ but not inG.. In particular, any directed path in
G from s to ¢ that uses edges froimoth the right and left sides of’. is not replicated in
G.. As in Section 4.2.2, we solve this problem by pasting together copies of the gtaph
as follows. The operation of “pasting” two copies @Gf together consists of identifying the
verticesvy 1,v2,1,- -, V1 IN ONE cOpy With the vertices; 2, v2 2, ..., vy 2 iN the other copy.
(Note that this amounts to “sewing together” two copies of the path that were “cut apart” in
creatingG, from G.)

Now construct the grap&”’ consisting of2n + 1 copies ofG, pasted together in this way:
the “original copy” in the middle, and copies along each side, forming one long cylinder.
Since this cylinder has genus zero, it is easy to seeGhi planar.

As in Section 4.2.2, a simple inductive argument shows that there is a directed path from
totin G if and only there is a directed path from (the original copy ©fp one of the copies
of ¢ in G’. Thus we have presented a logspace-computable disjunctive truth-table reduction
to the planar directed-t-connectivity problem. We obtain a many-one reduction by appeal to

Corollary 19. Thus we have proved the following theorem.

Theorem 22. The s-t-connectivity problem for graphs of genus one<i€® reducible to the

planar directeds-t-connectivity problem.

4.4 Grid Graphs

In this section, we presentgl;f,,g reduction of RANAR.STCONN to GGR. For definitions of
grid graphs, see Definition 9 in Chapter 2.

Using the reduction of Section 4.2.2, we may assume that we are given a planaiGgraph
with s andt on the external face. By applying the reachability algorithm on undirected graphs,
we can merge all vertices that are joined by bidirected edges, and thus we can assume that all
edges are unidirectional; note that the graph remains planar after this transformation. We may
also assume without loss of generality tiiahas no vertex of degree (indegree + outdegree)
greater than 3, and thatandt¢ have degree at most two. (To see this, observe thaidfa

vertex of degreel > 3, then we may replace with d vertices arranged in a directed cycle,



53

with each one adjacent to one of ttiedges that were connectedutoln order to compute this
transformation it is important to note that we can compute the planar embedding in logspace.
If either of the vertices andt have degree three, then an additional vertex of degree two can
be inserted into this cycle, and re-nameadr ¢, respectively.)

We can compute an (undirected) spanning e G in logspace. The vertexis a vertex
of T, and we can consider it to be the rootBf By our assumptions o, the treeT is a
binary tree; the planar embedding@fimposes an ordering on the children of each nodg.in
As observed in [AM04], we can compute the heigltt) of each node in T' in logspace (by
counting the number of vertices that are ancestorg.dfor notational convenience, define the
height of the root to be 1, and ifv has childu thenh(u) = h(v) + 1.

At this point, we are ready to assign each vertexzab a grid point. Our grid graph will
consist of a “fine grid” and a “coarse grid”. The coarse grid consists of points placed at the
corners of large squares (of sigen + 1) x (4n + 1)) of the fine grid. (The fine grid will be
used to route non-tree edges between vertices placed on the coarse grid.) For anydefide
w(z) to be the number of leaves dfthat appear strictly to the left of, w(x) can be computed
easily in logspace by traversifdg. Each vertex is assigned to the poirit(z), w(x) + 1) in
the coarse grid; note that the roois placed at the top left cornét, 1). If nodex is at position
(i,4) in the coarse grid, then the tree edge frono its left child is embedded as a vertical path
to point(i+1, ) in the coarse grid. I also has a right chilg, then this edge is embedded as a
horizontal path to locatiofi, w(y)+ 1) followed by a vertical path to locatiofi + 1, w(y) + 1)
in the coarse grid. This is illustrated in Figure 4.12.

For every non-tree edgein the tree we can find the number(e) of non-tree edges en-
closed by the unique cycle formed by addintp the tree. (For edge = (u,v), w(e) can be
computed by finding the least common ancegtof « andv and determining for each non-tree
edge connected to a descendany fit is embedded to the right or left of the paths between
andwu andv.) For any non-tree edge= (u, v), note that: andv have degree at most two in the
treeT’, and thus there is no tree edge attached horizontally adjacenro. The embedding
determines if the path representiaghould be attached to the east or west sidesarfidv. If
the embedding goes around a leadf the treeT’, then the path is routed horizontally from

to a locationw(e) fine grid points to the east or west of the column containingnd vertically
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Figure 4.12: Embedding a graph on the grid. Edges used in the spanning tree are shown as
dashed lines; non-tree edges are solid.

down to a pointu(e) fine grid points below the level of the leaf of maximum height, and from
there horizontally to a poini(e) fine grid points east or west of the column containinghen
vertically to the level ofv, and then horizontally to attach to If the embedding does not go
around a leaf, then a simpler path can be drawn: horizontally to a pdiit fine grid points
east or west ofy, then vertically to the level of, and then horizontally to connect to It is
easy to verify that no paths collide in this way. See Figure 4.12 for an example.

Thus we have the following theorem.

Theorem 23. PLANAR .STCONN<'.GGR

Observe that this result, combined with [BLMS98, Lemma 13], provides an alternate con-

struction of aglﬁlg reduction of RANAR.STCONN to its complement.

4.5 Versions of the GGR Problem

We begin by defining and exploring a number of special cases of the GGR problem, based on a

variety of restrictions on the grid graphs and on the verticasdt.
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45.1 Classes and Reductions

We assume familiarity with the following important subclasses of nondeterministic logspace
(NL): L, NC!, TC?, and AC, see [VoI99]. When defining notions of reducibility and com-
pleteness in order to investigate the structure of such small complexity classes, some form of
AC" reducibility is usually employed. We will frequently make use of the terminology and no-
tation employed by Immerman [Imm98], which exploits the close connections bet&€€n
and first-order logic. In particulardC°-Turing reducibility (gf}co) to a setA can be defined
equivalently in terms ofAC? circuits augmented with “oracle gates” fdr, or in terms of first-
order formulae with4 as a built-in predicate symbol applied to a structure defined in first-order.
For details refer to [Imm98]. For this reason, we sometimes refegré&%o reductions a&O
reductions. The class of problenifs%CO reducible toA is sometimes denoted &© + A.
Immerman also gives good motivation for studying a restricted forngﬁ;‘?o reductions
calledfirst-order projections(gggj). These can be visualized as many-one reductions com-
puted by first-order uniform circuitsaving no gategother than NbT gates); thus each bit of

the output is either a constant or is a copy (or a negated copy) of one bit of the input.

45.2 Nine Problems

We first consider two restrictions on the global structure of a GGR problem, and two local

restrictions:

e The problem GGR-B is the set of tuplés, s, t) whereG is a directed grid grapts and

t are vertices on thboundary of GG, and there is a path fromto ¢ in G.

e The problem LGGR is the set of tupléS, s, t) whereG is alayered directed grid graph,

havingonly east and south edgesand there is a path fromto ¢.

e The problem 1GGR is the set of tuplé&, s,t) whereG is a directed grid graph of

out-degree at most land there is a path fromto ¢.

e The problem 11GGR is the set of tuplgs, s,t) whereG is a directed grid graph of

in-degree and out-degree at most &nd there is a path fromto ¢.
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Figure 4.13: Nine GGR problems.

It is obvious that 11GGR is a special case of 1GGR. LGGR is a special case of GGR-B
because given a layered graph with verticesnd ¢, we can clearly restrict our attention to
the rectangle withs at its northwest corner andat its southeast corner — if there is no such
rectangle, there can be no path freno ¢. The local and global restrictions are orthogonal,
so that the three global conditions (general, boundary, and layered) and three local conditions
(general, out-degree 1, both degrees 1) give us nine special cases of the GGR problem: GGR,
1GGR, 11GGR, GGR-B, 1GGR-B, 11GGR-B, LGGR, 1LGGR, and 11LGGR. Even the easiest
of these problems, 11LGGR, is non-trivial, as we will show in Section 4 that it is hard for the
classTC.

There are other natural ways to define a layered graph. We could forbid only one of the
four directions of edges rather than two. Or we could allow diagonal edges but force them to
go only northeast, east, or southeast, making each north-south column a layer according to the
standard definition. But it is an easy exercise to construct a first-order projection from a graph

satisfying any one of these restrictions to one satisfying any of the others.

45.3 Undirected GGR

One of the most natural local restrictions on a graplnidirectedness Long before Reingold
showed that the undirected reachability problem is in L [Rei05], Blum and Kozen [BK78]

showed that the UGGR problem, testing reachability in undirected grid graphs, is in L. Here
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we show that UGGR is equivalent tour of the nine versions of GGR we have just defined:

Theorem 24. The problems UGGR, UGGR-B, 1GGR, 1GGR-B, 11GGR, and 11GGR-B are

all equivalent under first-order projections.

Proof. We will show that 1GGRFC.UGGR<FO. UGGR-B <FO. 11GGR-B<F9 1GGR

=proj —=proj —proj —proj

appealing to Section 3 for the second reduction and observing that the last reduction is trivial.

Lemma 25. 1GGR<FO.UGGR

—=proj

Proof. The well-known general reduction from out-degree one reachability to undirected reach-
ability works without modification for grid graphs. Given an out-degree one grid gfaphd
verticess andt, create an undirected grapgh by modifying GG to delete the edge (if any) out

of t and change each directed arc to an undirected edge. Since the vertices with p&ths to
form a directed tree, the corresponding vertice/imre simplyt's connected component. So

s has a directed path toin G if and only if it has an undirected path ton H. The reduction

is clearly a first-order projection. O
Lemma 26. UGGR-nggjllGGR-B

Proof. We merely have to formalize the familiar “right-hand rule” for exploring mazes — if we
place our right hand on the wall and keep walking with our hand on the wall, we will return
to our starting place having gone completely around the connected component of wall to our
right. If both our starting place and our goal are on the boundary of the entire maze, they are
on the boundary of their connected component.

More formally, given an undirected grid gragghand verticess and¢ on its boundary, we
define a grid grapt of in-degree and out-degree at most 1 as follows. The verticdg of
will be points (a/3,b/3) wherea andb are integers — when both coordinates are integers we
identify this vertex ofH with the corresponding vertex 6f. (Note that the positive direction
is east, and the positive direction is south.) The directed edgesiofwill have the property
that there is an edge @f 1/3 unit to their right in their direction of travel, unless they are

turning a corner:
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Figure 4.14: An undirected grid graph and its in-1-out-1 graph.

e If there is an edge it7 between(u,v) and (v + 1,v), then there are directed arcs in
H from (u + 1/3,v — 1/3) to (u + 2/3,v — 1/3) and from (u + 2/3,v 4+ 1/3) to
(u+1/3,v+1/3).

o If there is an edge id7 between(u, v) and (u,v + 1), then there are directed arcs in
H from (v — 1/3,v +2/3) to (u — 1/3,v + 1/3) and from(u + 1/3,v 4+ 1/3) to
(u+1/3,v+2/3).

e If (u,v) is a vertex ofG with noedge inG to (u + 1,v), thenH has edges fronfu +

1/3,v —1/3) to (u+ 1/3,v) and from(u + 1/3,v) to (u + 1/3,v + 1/3).

o If (u,v) is a vertex ofG with no edge inG to (v — 1,v), thenH has edges fronju —
1/3,v+1/3)to(u—1/3,v) and from(u — 1/3,v) to (u — 1/3,v — 1/3).

e If (u,v) is a vertex ofG with no edge inG to (u,v + 1), thenH has edges fronfu +
1/3,v+1/3) to (u,v + 1/3) and from(u,v + 1/3) to (u — 1/3,v + 1/3).

o If (u,v) is a vertex ofG with no edge inG to (u,v — 1), thenH has edges fronu —
1/3,v —1/3) to (u,v — 1/3) and from(u,v — 1/3) to (u + 1/3,v — 1/3).

We define vertices’ andt’ in H by moving1/3 unit away from the rest off from s and
t respectively. It is clear thai has both in-degree and out-degree at most one, and that there
is a directed path from’ to ¢’ in H if and only if there is an undirected path franto ¢ in H.

Figure 4.14 shows the result of this construction on a small undirected graph. O

Thus all these versions of the problem are equivalent under first-order projections]

45.4 Five Problems

The results of the preceding section and of Section 3 reduce our nine problems to five. If we

close each under first-order reductions, we get a hierarchy of complexity classes within NL
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Figure 4.15: The five surviving GGR problems.

and (as we shall see in Section 4) abd¥@. Since each problem has a number of interesting

alternate formulations, we spend some time looking at each in turn:

GGR

The general GGR problem is in NL, of course, but we have no better upper bound. As shown in

Section 4.4, it is equivalent undergspacereductions to the general planar reachability prob-

lem. (Our argument in Section 3 that GGR and GGR-B are equivalent is in fact a simplification

of the argument there that general planar reachability reduces to its boundary special case.)
There is an easy (first-order projection) reduction from GGR-B to its complement, grid-

graph non-reachability witkh and¢ on the boundary. This is because theraagath froms

to ¢t in a grid graphG iff there is a path, from some boundary vertex on one path frota

t to a boundary vertex on the other path, in toemplement-duagirid graph. (For details see

[BLMS98].) The reachability problem for general graphs reduces to its complement by the

Immerman-Szelepcsenyi theorem [Imm88, Sze88], but this much simpler reduction provides
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some weak evidence that GGR is not complete for NL.

UGGR

We found above that UGGR, undirected grid graph reachability, has a number of equivalent
formulations including its boundary version UGGR-B. To these we may add the problem of
determining the winner in a completed game of HEX[Bus05], because a hexagonal grid can
easily be mapped by a projection reduction to the Euclidean grids we have defined here. Like
GGR-B, UGGR-B projection-reduces directly to its complement by taking a complement-dual

graph. This gives it another robustness property:
Proposition 27. A language is in the cladsO + UGGRIff it projection-reduces t&JGGR

Proof. We show that the set of languages that projection-reduce to UGGR-B, and hence (by
Section 3) to UGGR, is closed undgr‘;CO reductions. We give an inductive argument on

the depth of the circuits computing th_ie@:co reduction (where without loss of generality the
circuits for different lengths have the same structure, and all gates on the same level are of
the same type). The inductive hypothesis is that the value of eachml#ading into a top-

level gate can be represented as the answer to the question of whether or not @ giiaph
UGGR-B whereiz,, is a projection of the input grap@i. This is clearly true if the only gates

are NOT gates, which establishes the basis for the induction. If the top-level gate isian A
gate, then it suffices to connect the grahs in series. Similarly, if the top-level gate is an

OR gate, then it suffices to connect the grajghs in parallel. If the top level gate is adf

gate, then as we observed above, the complement-dual graph lets us represent the negation of a
UGGR-B problem as the ®of polynomially many UGGR-B problems (and thus again we can
connect these graphs in parallel.) If the top level gate is an oracleygtiten we can replace

each wirew (representing an edde, y) in the encoding of the grid grapti presented as input

to g) by a small sub-grid encoding the graph,, identifying the source vertex asand the

sink vertex ag;. The details are straightforward to fill in; by simple padding we may assume

that all of the graphs,, are the same size. O

In its incarnation as 11GGR, UGGR can be seen to have the follosgngtingproperty:



61

=] o

cable turning corner T
cable straight into
vertex

shift insert

Figure 4.16: The Construction of Proposition 28

Proposition 28. If G is a grid graph of in-degree and out-degree each at most one, the following
predicate projection-reduces tdGGR DIST(s, ¢, k) < the path out ok reachest in exactly

k steps.

Proof. We first note that we can determinef® + UGGR whether a given vertex, or a given
edge, is on the path fromto ¢. Then we can define a gragi, ; , where each vertex along
the path is replaced by + 1 copies, in a diagonal line from northeast to southwest, and each
edge along this path is replaced by a “cable’kof 1 parallel straight paths. The copies of
each vertex and edge are numbered so that éapyo the left and copy is to the right in the
direction of the path’s travel. Finally, on each incoming cable, we insert a shift component so
that the path forming théth copy of each edge now connects tta copy of its source to the

i + 1'st copy of its destination. (See Figure 4.16.) Note that this gidphiso has in-degree
and out-degree at most 1. Then DIST, k) is true iff there is a path i from copy0 of s to
copyk of t. We can defindd in FO + UGGR, and thus by Proposition 27 we can deffhas

a first-order projection ofs.

O

In Section 5 we will be interested in the depth-first search of a directed tree embedded in a
grid graph. If we convert the directed tree to an undirected tree and then to a graph of in-degree
and out-degree one by the constructions of this section, we produce a tour of the vertices of the
tree that exactly follows the order in which they are visited by the depth-first search. Because

we can count the length of paths in this final graph, we conclude:

Theorem 29. LetT" be a directed tree embedded in a grid graph and consider the depth-first

search ofT" that visits children of a node in the left-to-right order given by the embedding.
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Then the following properties of the search are each computableOin- UGGR start time
of a vertex, finish time of a vertex, depth of a vertex, and whether one vertex is an ancestor of

another.

LGGR

The most interesting question regarding LGGR is whether it is any easier than general GGR. It
seems plausible that searching for a path that must always make progress in a given direction
would be easier than searching for one that could double back upon itself arbitrarily. But the

evidence we have for this is rather thin.

Theorem 30. LGGR € UL.

Proof. Let G be an acyclioy x n grid graph, with vertex in column 1 and vertexin column
n. We define a weight function on the edges ofr as follows. Ife is directed vertically (that
is, from (4, j) to (¢/, §) fori’ € {i + 1,7 — 1}), thene has weight zero. Otherwisejs directed
horizontally and is of the fornfi,j) — (4,5 + 1). In this case, the weight of is i. This
weight function induces a natural weight function on paths; the weight of a path is the sum of
the weights of its edges. (It is a helpful approximation to think of the weight of a path as the
number of boxes of the grid that lie above the path.)

The minimal-weight simple path fromto any vertexv is unique. This is because if there
are two pathg”; and P, from s to v that have the same weight, there must be some column in
which P; is higher thanP, and another column in whick, is higher thanP;. SinceG is an
acyclic grid graph, this means that there is some point in between these two columns in which
the two paths intersect. The path fronto v that follows the two paths until they diverge, and
then follows the path closer to the top of the grid until they next intersect, and continues in this
way untilv is reached, will have smaller weight than eittigror P, and thus they cannot have
had minimal weight.

At this point, we are able to mimic the argument of [RAQQ].

Let C}, be the set of all vertices in coluninthat are reachable from Letc, = |Cy|. Let
3, be the sum, over atl € C}, of the minimal weight path from to v. Exactly as in [RAQ00],

there is a UL algorithm that, give(G, k, ¢, Xk, v), can determine if there is a path fronto v
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or not (We emphasize the words “or not”; if there is no path, the UL machine will determine
this fact; the algorithm presented in [RAQO] has this property.) Furthermore, this algorithm has
the property that, it is reachable froms, then the UL machine can compute the weight of the
minimal-weight path frons to v. (Informally, the machine tries each vertexn columnk in
turn, keeping a running tally of the number of vertices that have been found to be reachable,
and the total weight of the guessed paths. For each vertise machine guesses whether there
is a path froms to x; if it guesses there is a path, then it tries to guess the path, and increments
its running totals. Ifz = v, then it remembers the weight of the path that was guessed. At the
end, if the running totals do not equal and X, then the machine concludes that it did not
make good guesses and aborts. By the properties of the weight function, there will be exactly
one path that makes the correct guesses and does not abort.)

It suffices now to show that a UL machine can compute the valjyaadX;. Observe first
of all thatc, is easy to compute (by simply walking up and down column 1 fscand counting
how many vertices are reachable), aixd= 0.

Assuming that the values, and X, are available, the numberg,; andX;,; can be
computed as follows. Initialize,; andX; to zero. For each vertexin columnk + 1, for
each edge of the form — 3 to a vertexy in columnk + 1 such that there is a path in column
k+1fromytow, if x € Cy via a minimal-weight path of weight,., then compute the weight
w!, of the path ta throughz. Letw, be the minimum of all such. Increment;, by one (to
indicate thaw is reachable) and increa&k ,; by w,. (This algorithm is actually more general
than necessary; it is easy to show that the minimal-weight pattwiti always be given by the
“topmost” vertexxz € Cj for which there is an edge — y to a vertexy that can reach in
columnk + 1.)

This completes the proof. O

In Section 4.4, following the method of Reinhardt and Allender [RA0Q], we showed that
LGGR is in the class UL — it is the language of a nondeterministic logspace machine that
never has more than one accepting run on the same input. But it is known [RAOQ] that the
non-uniform versions of UL and NL are the same, and it is entirely plausible that the classes

themselves are the same.
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Another interesting question is the relationship, if any, between LGGR and reachability for
general grid graphs that happen to be acyclic. The two restrictions seem similar, but nothing is
known.

It is not clear whether LGGR is closed under complementation. The complement-dual of a
grid graph whose edges go only east and south is a grid graph that caaitgpnssiblenorth
and east edges, and some edges going south and west. There may be a way to reduce this
problem to LGGR, but we don't know of one.

LGGR is also a special case of evaluatintagered monotone planar circuit, where the
circuit has only OR gates and constangates. Limayeet al.[LMNO6] give a nice survey of

the various versions of this problem along with some new results.

1LGGR
The 1LGGR problem has a useful alternate form:

Lemma 31. 1LGGRIis equivalent to the reachability problem on directed grid graphs that

have some east edges, all possible south edges, and no north or west edges.

Proof. (of Lemma 31) We first reduce this new problem to 1LGGR. Gebbe a layered grid
graph with some east and all south edges. Without loss of generalitybletthe northwest
corner and the southeast corner. Define an out-degree one layered grid gfagshfollows.

The vertices off are the same as those@f If vertexv has an east edge out of it@ it has an

east edge out of it ilf. Otherwise it has a south edge out of itiih Clearly H has out-degree
one. Itis easy to show by induction that the path out iof H reaches or passes directly north

of every vertex reachable 1. Either this path ends at a vertex on the south boundary that has
no east edge, or it reaches the east boundary and thus goes shuBotthe path iy exists

iff the path in H does.

For the other reduction, we first assume thais a layered grid graph with out-degree
exactly one, except at the boundary. Defiikto be a copy ofG with all possible south
edges added. Defin@” to be the layered grid graph obtained fraghby reflecting about
the northwest-to-southeast diagonal, anddébe a copy ofG” with all possible south edges

added. Finally, lef be aseries connectionf H and H' — a layered grid graph, with all south
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edges present, obtained by placifAgin the northwest quarter anfd’ in the southeast quarter
of a single graph, identifying the southeast corneffofvith the northwest corner ofi’. It is
easy now to verify that there is a path from the northwest cornértothe southeast corner iff
the unique path from in G reacheg, rather than some other sink on the boundarg-of

It remains to show that 1LGGR, where each vertex has degremstone, reduces to the
special case treated above. [&be a layered grid graph with outdegree at most one. We make
a new graphd from G by making two copies; andwv, of each vertex, with v; situated to
the northeast of,. We replace each edde, v) of G by a pair of parallel edgeg:;,v;) and
(ug,v2), preserving the out-degree of onewlis a sink inG, we connect both; andw, to ws,
wherew is the vertex to the east of Then there is a path fromto ¢ in G iff there is a path

from s; to ¢1 in H, andH has out-degree exactly one except at the boundary. O

The language of problems projection-reducible to 1LGGR is closed under complement.
The complement-dual of a layered grid graph with some east edges and all south edges has all
possible north and east edges, some south edges, and no west edges. But the north edges are
of no additional use in making a path from north to south, so this is equivalent to a problem
with some south and all east edges, clearly isomorphic to the problem with all south and some
east. As with UGGR-B, we can use series and parallel connection to show that any language
first-order reducible to 1LGGR is projection-reducible to it.

As we will see in Section 4, the complexity class of problems first-order reducible to
1LGGR lies somewhere between L aN@'. These two classes exemplify one contrast be-
tween sequential computation (L) and parallel computathd@'f. The question of whether
L = NC! is the question of whether sequential computations using only log space can be
parallelized to a certain extent.

Here is a problem that looks inherently sequential, in that a polynomial number of opera-
tions appearto be necessary in sequence. ldebe ann by n boolean array and consider the

following Java code fragment:

int count = O;
for (int i=0; i < n; i++)

if (A[i,count]) count++;
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Determining whether the value a@bunt at the end of this fragment is some valkies
easily projection-reduced to 1LGGR. If ILGGRNC!, then this code can be parallelized in

some way that is not readily apparent.

11LGGR

The easiest problem in our hierarchy, 11LGGR, has an interesting alternate formulation. By
expanding each layer into up tolayers (wherer is the width of a layer), we can projection-
reduce a 11LGGR problem to one where the edges in each layer divide into two consecutive
intervals, one of south edges and one of east edges, with a source or a sink between these
two intervals. We can recast this latter problem in terms of the following data structure: a
varying numbem of items are in locations frorei to n — 1, and our operations ai@sert(i),

which places a new element in locatierand moves the higher-numbered elements up, and
delete(i), which removes the element in locatiomnd moves the higher-numbered elements
down. Determining whether a sequence of such inserts and deletes removes a particular element

with its lastdelete is complete for the class of problems first-order reducible to 11LGGR.

4.5.5 Acyclicity and Single-Source

We cannot in general tell whether a given directed grid graplyslic, because this problem is

hard for GGR-B and thus (by Section 3) for GGR. Butin Section 4.8 we will present algorithms
for two special cases of general acyclic GGR, and in these two cases we can decide whether the
graph is acyclic iFO + UGGR. These are thgingle-sourceproblem SMGGR and thgingle

source, single-sinkproblem SSGGR. (In each case we will assume that the source occurs on

the boundary of the grid graph.) Even the latter problem is non-trivial in our hierarchy:

Lemma 32. 1LGGR<YO.SSGGR

= proj

Proof. (of Lemma 32) Appealing to Lemma 31, Iétbe a layered grid graph with some east
edges and all possible south edges, with northwest cgoney and southeast cornét, b). We

form a graphH by adding one new row each north and soutl@zaéind one new column each
east and west of itH will include all possible south edges, and its east edges will be those of

G plus all those in the two new rows. These changes do not affect reachability between vertices
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Figure 4.17: Putting andt¢ on the same row.

of G, butin H (—1,—1) is the only source an¢u + 1,b + 1) is the only sink. Note that the

source is on the boundary. O

Since most of our arguments in Section 5 apply to any graphs embedded in the plane, we
will present them in general form and note where the L constructions may be carried out in

FO + UGGR in the case of grid graphs.

4.6 The Boundary Construction

In this section we show that each of the problems GGR, UGGR, and 1GGR reduces via first-
order projections to the special case wheeadt are on the external boundary. For simplicity,

we first consider GGR.

Theorem 33. GGR<FO.GGR-B

—Pproj

Proof. Let G be a grid graph. Without loss of generalityandt appear on the same horizontal
row of G; call this rowm. (If this is not true, then add some paths to effect a vertical shift of part
of the grid, as illustrated in Figure 4.17.) We may also assume without loss of generality that
there is no vertical edge out efor into ¢, and may also assume thais a source andis a sink,
and thats appears to the left of in the grid. Modify G by inserting a new row of “dummy”
vertices just above row: of G, to obtain a new grapty”’. In G’ there are no horizontal edges
in row m + 1, and all edges that enter raw + 1 vertically from above continue on below, and
vice-versa.

Now build a new graphd by cutting G’ horizontally along rown + 1 to obtain two grids
andG

bottom*

/ /
G andGbottom '

top

There is a copy of rown + 1 in each ofG{, In H, the graph

G/

bottom

appearsaboveG For each vertex in row m; to the left of s or to the right of

!
top*

t, there is a path connecting the the two copies,ajoing around the closest side boundary,
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Figure 4.19: Connecting multiple copies &f
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and directed the same way as the edge that passes throngh, as illustrated in Figure 4.18.
Also as illustrated in Figure 4.18, add new verticgégndt’ at the top right and left corners,
respectively, connected via pathsstandt. For the vertices in rown + 1 that appear between
s andt, add vertical paths that we will use to connect different copied tdgether.

Let there ben vertices inG. Create2n + 1 copies ofH, labeledH_,,, H_,, 1, ..., H_1,
Hy, Hy, ..., H,, and connected vertically withl, in the middle, where the connections are
made at the vertical paths between the copies afd¢. in the bottom row ofH; _; and the
corresponding paths in the top row &fF;. (See Figure 4.19.) A simple inductive argument
shows that there is a path fromto ¢ in G iff there is a path froms{, to one of the vertices
t;. The vertexs; is on the external face, as is each of the vertigesThe construction is
completed by creating a new vert¢kand adding paths from eachto ¢”. Call the resulting
grid graphH’. Itis easy to see that this reduction can be accomplished by means of a first-order

projection. O
Corollary 34. UGGRggngGGR-Band 1GGR§ggleGR-B

Proof. If G has outdegree one, then the grdiphalso has outdegree one.dfis undirected,
then the grapt’ will also be undirected, if we modify the construction by addimglirected

paths froms’ to s and fromt to ¢/, as well as from eact] to ¢". O

4.7 Lower Bounds

4.7.1 ATC® Lower Bound For 11LGGR
Even the easiest version of GGR we have considered has nontrivial complexity:
Theorem 35. The probleml1LGGRis complete foff C° under first-order reductions.

Proof. Our reduction is from the complete problem EXACTLY-HALF, the set of binary strings
with exactly the same number of zeroes and ones. The problem EXACTLY-HALF is well-
known to be complete foF CY. Given a stringw = wy . . . w,_; of lengthn, with n even, we
construct a grid graplr that is amn /2 + 1 by n/2 + 1 square with vertices number¢d, 0)
through(n/2,n/2). The edge out of vertek, j) is to the east (td: + 1, j)) if w;4; = 0 and
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south (to(i, j + 1)) if w;; = 1. Thus each diagonal, the vertices with- j = k for eachk,
have edges all in the same direction. On the east and south boundary, a vertex is a sink if its
edge, by this rule, would leave the graph.

It is clear that this graph is layered and has both maximum in-degree and out-degree of 1,
and thus is an instance of 11LGGR once wesset(0,0) andt = (n/2,n/2). Equally clearly,
the unique path out of will take one edge east for every zerodnand one edge south for
every one, until or unless it reaches the east or south boundary tifreacheg if and only
if the input string is in the language EXACTLY-HALF. The reduction is a simple first-order

projection. O

We can define a special case of 11LGGR thatdmpletefor TCY. Suppose that the in-
degree and out-degree of every vertexeiactly one, except for vertices on the boundary.
This condition forces all the edges from vertices on a given; = k diagonal to go in the
same direction. Thus it must be exactly the encoding of some string under our reduction from
EXACTLY-HALF to 11LGGR. Given two vertices = (i,j) andt = (i, '), we need only
find the substringv; ¢ ; . .. w1 ;1 of this string, and determine whether the number of zeroes
in this string is exactly’ — 4. This is clearly easy to do by reduction to EXACTLY-HALF and
is thus in the clas C". Since our earlier reduction always produces 11LGGR problems falling

within the special case, the special case is complet& @

4.7.2 AnNC' Lower Bound: Series-Parallel Graphs

We now show that except for the minimal problem 11LGGR, each of our versions of GGR is
hard for the clas8IC!. Our proof constructs a graph wittparticular series-parallel decompo-
sition. (By contrast, Jakobgt al. [JLRO1] deal with graphs thatdmitsuch a decompaosition.)
While the GGR problem for such pre-decomposed graphs MGh we have ndNC! upper

bound for any of the versions of GGR we have defined above.

Theorem 36. The problem 1LGGR is hard for the claN€! under first-order projections.

Proof. Our reduction is from a special case of the Boolean sentence value problem, proved to
be both inNC! and hard folNC! by Buss, Cook, Gupta, and Ramachandran in [BCGR92]. A

Boolean sentence is an infix boolean formula with constants 0 and 1 and binary operatprs
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Figure 4.20: The construction 6f,. All south edges are present.

and—, and BSVP is the set of such formulas that evaluate to 1. In Theorem 5.1 of [BCGR92],
they construct a Boolean sentence whose value is equivalent to that of an arbittegy.)
time alternating Turing machine on a given input string of lengthHere we will use the fact

that the sentence they construct is always:

e monotone (has ne operators),
¢ fully balanced (every constant occurs at the same depth), and

e alternating (\ andV operators alternate).

We describe a general inductive construction that takes a monotone Boolean sérdadce
produces a square grid graph, that contains all possible south edges, some east edges, and
no north or west edges, such that there is a path from the northwest to the southeast corner of
Gy if and only if ¢ is true. Figure 4.20 illustrates the construction.

As we observed in Section 2.3, 1LGGR can be defined in terms of reachability from the
northwest to the southeast corner of such graphs. In the special case of a monotone, fully
balanced, and alternating formula, our construction can be simulated by a first-order projection.
This will show that the 1LGGR problem is complete f§IC'' under such projections.

We map constants to 2 by 2 graphs, with no east edges for a cofistadtan east edge on

the south boundary for a constant Clearly a path from northwest to southeast existador



72

and not forGy.

If ¢ is the formulax A 3, anda and3 are already represented by square graphsndG
of sidea andb respectively, theitr, is a square graph of side+ b with G, in its northwest
corner andGz in its southwest corridor. The rest 6f, has only the required south edges,
except for a single east edge frgm— 1, a) to (a, a), the northwest corner of the copy 6.

If there are paths from the northwest to southeast cornei, @&ndG s respectively, there is a
path from the northwest corng®, 0) of G, to (a — 1,a — 1), south one step, across the east
edge to(a, a), and acrossss to (a +b— 1,a+ b —1). But the only way from columa — 1 to
columna is across this east edge, and thus the only way to getftof) to (a+b—1,a+b—1)

is to cross botlty, andG 3 from northwest to southeast corner. The path actgsthus exists

if and only if botha: and 5 are true, that is, i is true.

Similarly, suppose that = o vV § anda. and are already represented as above. We make
a square graph df, sidea + b as before, placing:, andGg as before. This time, our added
east edges form two paths, frofm — 1,a — 1) to (e + b — 1,a — 1) and from(0, a) to (a, a).

We must show that a path exists frqih 0) to (e +b — 1,a + b — 1) in G iff a path exists
eitheracrossG, or Gg. If the path exists across,,, we may take it and then go due east to
columna+ b — 1 and then south to our goal. If the path exists act@gswe can go fron{0, 0)

south to(0, a), then east tda, a) and across this path to our goal. Conversely, suppose there is
a path from(0,0) to (a + b —1,a + b — 1). Since there are only two edges from columa 1

to columna, the path must use one of them. If it uses the edge from1,a — 1) to (a,a — 1)

it must have previously crossé&e,, and if it uses the edge frofa — 1, a) to (a, a) it must then
CrossGs.

If ¢ is a monotone, fully balanced, alternating Boolean sentence of deftis construc-
tion produces a square gragh of side 24+1 To constructG; from ¢, we need only place
the east edges. For thith of the 2¢ constants inp, we add an edge frorRi + 1,2i) to
(2¢ + 1,2i + 1) iff this constant isl. Without loss of generality, assume that the lowest-level
operators inp areA’s. Then the east edges corresponding tperators go fronti2? — 1,127)
to (i27,4i27) whenevel andj are both odd. And the east paths corresponding to thigerators
go from (i2/ — 1,i2/ — 1) to ((i +1)2/ — 1,i27 — 1) and from((i — 1)27,427) to (i27,42%)

whenever: is odd andj is even. It should be clear that, can be produced from suchseby a



73

first-order projection. O

4.8 Acyclic Single-Source Graphs

Definition 13. An embedding of a planar DAG is said to bBifmodal if, for every vertex
v, all incoming edges appear consecutively in the cyclic ordering araun@ihe embedding
is said to have SSPDfaces” if each face (viewed as a subgraph) has a single source and a

single sink.
Some properties of SSPDs and SMPDs are summarized below:

Fact37. 1. There is a path from the source to every vertex in e&WPD (and thus in

everySSPD.
2. There is a path from every vertex to the sink in e\&8PD
3. Every embedding of #8#SPDis Bimodaland hasSSPDfaces. (see [Yan91]).

4. There is a logspace algorithm that, given @l)IPD G, constructs a directed spanning
tree T for G, rooted at the source. (The algorithm simply selects (arbitrarily) the first

incoming edge for each vertex; it is easy to see that this is a directed spanning tree.)

5. Preorder and postorder numberings yielding the discovery tiiscpver(r)) and fin-
ishing time Finish(x)) for each vertex: w.r.t. the spanning tre& can be computed by

a L-transducer.

It is easy to see that forward edgesiincan be deleted without affecting the reachability
predicate. (An edgér,y) is a forward edge ify is a descendant af in 7'.) Since it is easy
to delete such edges in logspace, we assume from now on that there are no forward edges. We

classify edges w.r.t. the spanning tree obtained above as follows:

Definition 14. Given an embedding of éMPDand one of its spanning trees, all edges in the

SMPDfall in one of the following classes:

e Tree Edges
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e Local Edges: non-tree edges such that the unique undirected cycle formed by adding the

edge to the tree does not enclose any vertex strictly within its boundary.
¢ Jump Edges: non-tree edges that are not local edges.

Since we may consider any face to be the external face of the embedding, we assume
without loss of generality that is on the external face. Thus no jump edges go “over the top”
of the graph, around.

We observe the following:

Observation 38. Any subgraph of a8MPDthat does not contain any jump edges, has all its

sinks on the external face.

Proof. Any sink not on the external face must be contained strictly within some undirected
cycle — but, by definition, any undirected cycle formed by local edges does not strictly contain

any vertex. ]

Definition 15. GivenG and a spanning tred&” as above, then for any vertex# s we define
theleft-most (right-most) path starting fromto be the path such that every edgez) on the
path is the last (resp. first) edge among all outgoing edges franumerated in the clockwise

order, starting from the unique edge intan 7.

4.8.1 Reachability in SSPDs

Theorem 39. SSPDreachability is inL.

Proof. We first state a lemma regarding the set of vertices reachable from a fixed vertex in a

given SSPD.

Lemma 40. Let R be the closed region bounded by the left-most and right-most paths from a

vertexx to the sinkt. The set of vertices iR is exactly the set of vertices reachable fram

Thus given vertices andv, in order to determine whether there is a directed path fuiom
to v, we just consider the left-most and right-most paths feoto ¢t and find whether either of
them intersects an arbitrary path framo . (For example, we could take the reverse of the

left-most path fromu to s in the SSPD formed by reversing all edges in the given SSPDJ)
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Proof. (of Lemma 40)

To see that each such vertgxs indeed reachable from, we note that the subgraph in this
region is itself a SSPD, and then appeal to Fact 37.

To see that no vertex other than those in regioms reachable frome, suppose to the
contrary there is such a vertgxand a directed pat® from x to y. Then sincer € R, let the
path P exit the regionB for the first time at vertexv i.e,, let (w, z) be an edge irP such that
w € Rbutz ¢ R. But since the “left-most” outgoing edge fromis part of the boundary, it
follows that all the other outgoing edges end in the vertices lying either strictly witlonon

its right boundary, contradicting the choicewf O
Corollary 41. The problenSSGGRs in FO + UGGR

Proof. Let G be a single-source, single-sink grid graph, with the source on the boundary. We
can easily construct the directed tree of Fact 37 as a first-order projectiéh and then by
Theorem 29 we can compute all the predicates necessary to define the depth-first search of
this tree inFO + UGGR. The argument of Theorem 39 refers only to reachability on paths of

out-degree one, which are computablé-@ + UGGR by Lemma 25. O

4.8.2 Recognition of SSPDs

We prove:
Theorem 42. Recognition o65SP» can be done ih.
In order to prove this, we use the following:

Lemma 43. Given a planar graphG (connected in the undirected sense) such that only its ex-
ternal face (and no other face) is a directed cycle, there has to be a source or a sink somewhere

inside the graplG.

Proof. We apply induction on the number of faces of the gréhiChecking the induction base
step, we assume that any suglwith k faces has the property.

Now let G havek + 1 faces.

Sinced is connected in the undirected sense, there has to be a ventgbon the external

face, such that there is a vertexon the external face which has a (directed) edge to/foom
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Suppose the edge is directed framo u (the case where the edge is directed frono v is
analogous). Suppose also that there are no sinks igsitteen is not a sink and hence has an
outgoing edge to a (potentially) new vertex. Likewisew, is not a sink, so has an outgoing
edge to another vertex,. Continue this process. Either we have to stop because we reach a
vertexu’ which has no outgoing edges at all (hendés a sink) or we get back to the external
face (i.e. somey; lies again on the external face). But now consider the gi@phaving as
external face the path betweenandu; as outlined above and the rest of the external face
betweenu; andv. This graphG’ has< k faces and hence the induction hypothesis applies and

we are done. O

Proof. (of Theorem 42) In the following, we are given a planar gréphlong with an embed-

ding on the plane. We perform the following tests:
1. DoesG have a single sourceand a single sink?
2. Does every face df have a single (local) source and a single (local) sink?
3. IsG bimodal at every vertex?

4. For every vertex of graphG, consider all the incoming edges. Delete all incoming
edges ab except for thdeftmostincoming edge (pick any arbitrary incoming edge at the

sink node). Call the residual graggh.s;. Is there a path fromato ¢ in Gy, ?

5. For every vertex of GG, consider all the incoming edges. Delete all incoming edges at
v except for theightmostincoming edge (with a similar proviso fo}. Call the residual

graphGi.ign:. Is there a path fromato ¢ in Gi.g5.?

If all of the tests above are answered affirmatively, we claim ¢hat indeed a SSPD.

Observe thaty;. s andG, .41, are indegred-digraphs for any.

Clearly if G is a SSPD, then by Fact 37, we know tldiapasses all the above tests (in this
caseGic s andG g are both trees).

So supposé&; passes all the above tests, and yet has a directed Cyddy Lemma 43, we
only have to consider the case where the giliks insideC' while the sources lies outsideC'

(i.e. C separates;s from t). See Figure 4.21.
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Figure 4.21:t inside cycleC, s outside

Consider all the edges from outsidethat are incoming to some vertex 6h(for instance,
edgee in Figure 4.21). Suppose the cydewere as directed as in Figure 4.21, then in the step
4 where all leftmost incoming edges are deleted, all such incoming edgégaodeleted. So,
in Gi.r; among all the edges betweéhand the outside of’, we only have the outgoing edges
from C (it is of course possible that some of the edge€’casiso get deleted in this process).

But now it is clear that there is no directed path frerno ¢ in Gi.f;, because, similarly
to Section 4.2, we now havegeometric cutonsisting of only the remaining outgoing edges
from C to the outside of” - or a simple argument - if there is a path frano ¢ now, that path
intersectsC' at some place, and it can only be directed toward€8But we deleted all of these
incoming edges in constructir@,. s;. Thus, we end up with an indegreegraph in which there
is no path froms to ¢.

Since we are not sure a priori, what direction the edge€’omight have, we have to
includebothtests 4 and 5. In one of these tests, the edges incomiagftom the outside will
get deleted and disconnecfrom s.

So, if G has a directed cycle, then there is no path frot ¢ in eitherG. ¢, or Gigh.

Thus, we have recognized SSPDs in L.

O

Corollary 44. Let GG be a single-source, single-sink directed grid graph. The problem of de-
termining whethel7 has a cycle (and hence wheth@rprovides an instance @SGGR is in

FO + UGGR

Proof. We need only examine the five steps in the proof of Theorem 42. The first and third

are simple first-order questions. The second requires traversing the boundary of a face of the
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embedding to count the local sources and sinks, which is a LGGR and hence a UGGR question.
The fourth and fifth are reachability questions in a graplnedegreeone, which are easily

converted to 1GGR questions on that graph’s reversal. O

4.8.3 Reachability and Recognition of SMPDs

Theorem 45. SMPDreachability is inL.

Proof. We defer to later the question of how to recognize if a given graph is an SMPD. Assume
for now that we are given a DAG that is an SMPD with source, and we are trying to
determine if there is a path fromto v.

We may restrict attention to the special case wisexedu are both on the external face, and
whereu appears on the rightmost path of the spanningTre€lo see this, we first note that if
we are given an arbitrary SMPG, we can build a spanning tree as discussed above, and thus
we can find a directed path fromto . Now we use the operation presented in Section 4.2.2,
where it is shown how to embed two vertices on the external face by first “cutting along” a path
between the vertices to create a new face, and then “inverting” the graph so that this new face
becomes the external face. In the special case where we ldikexgedpath froms to « and
G is a DAG, this construction has the property thatnew sources are createshdno path
fromu to v is lost Thus we have created a graph witandw« on the external face (and in fact
there are two directed paths frosto « along the external face). We create our spanning tree
T so that the edges appearing in the directed path along the right side of the external face are
all included inT’, and now we have guaranteed that thaippears on the rightmost path’bf)

It is convenient also to add a new vertexthat is the leftmost child of in the tree, along
with a jump edge from the rightmost child afto w. This clearly creates no new paths from
u to v (but it does provide a reachable jump edge to the far left of the graph, which simplifies
some of our notation).

It is easy in logspace to seeuifis a descendant of (in which case there is a path, sinte
is a directed tree) and thus we assume for now thiatnot a descendant af and thus that it
is to the left ofu in T'. Given any vertex:, 1" partitions the vertices into the set of ancestors of

x, the descendants af and the vertices to theéght andleft of . The adjectives “right” and
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“left” give partial orders on the set of vertices (where two vertices on the same pdtlaie
neither to the right nor to the left of each other). Let us call a local édgg) uselessf x is to
the right ofv and(x, y) is directed to the right, or if is to the left ofv and(z, y) is directed to
the left.

Fact 46. If there is a path fromu to v, then there is a path that uses no useless edges.

Proof. Assume that we have a path framto a useless edde;, y) and then ta, wherez is to

the right ofv. Either this path intersects the tree path fremo y, or it doesn’t. If it does, then

we can clearly construct a path framto y, and then ta, that avoidsz, y). Otherwisey is in

the closed region bounded by the tree paths fsdmz and tou, along with the path fromx to

x. Any path fromy to v must cross the boundary of this region, which would create a directed
cycle, contrary to the fact that is a DAG.

Now assume that we have a path franto v via a useless edge:, y), wherez is to the
left of v. Either this path intersects the tree path frero v or it doesn't. In the former case,
we clearly do not need the edge, y). In the latter casey is in the bounded region enclosed
by the tree paths from to x andu, along with the path fromx to . Sincey is to the left ofz
(by the definition of uselessness), any path fipto v must cross the boundary of this region,

again creating a cycle. O

In logspace we can detect and remove useless edges; we therefore assuthbabato
useless edges. Note also that no path froto v can visit any descendant of thus we can
delete all proper descendantswefso thatv is a leaf.

We need to define some basic search routines.

Definition 16. Given anSMPD GG and a vertexx, let ReachLocal@) be the set of vertices

reachable fromr using only tree edges and local edges.
Lemma 47. The predicatey € ReachLocalf) isinL.
Proof. (of Lemma 47) Consider the induced subgrdglir) on the vertices ifRReachLocal(r).

Since there are no jump edges, all the sink&-iz) lie on the external face (by appealing

to Observation 38). Construct a new gra@h(x) by adding a sink ta7’'(x) along with an
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edge from each old sink to this new sink. Cleafl{/(x) is an SSPD and we are done by an

application of Theorem 39. O

An immediate consequence, which we record for future reference, is the following:

Corollary 48. Given vertexr, the vertices irReachLocal() with the least finishing time and
maximum discovery time (relative to the original spanning tree of the graph) can be found in

L. Let's call these verticeReachLeft(xr) and ReachRight(x) respectively.

Our basic strategy is as follows. Startiaton the right side of the graph) and (on the
left side of the graph) and do local searches. The goal vertisxthus “squeezed” between
some areas where we were able to do some searching. We will make use of the procedures
LeftwardSearch andRightwardSearch to make limited use of jump edges to further restrict
the area where can try to hide. When these procedures no longer admit any progress, then
we make stronger use of jump edges that “tunnel” from one side of the graph, betver to
the other side, to take even more hiding room away frorBelow, we define these procedures
more precisely, and then we show that the algorithm works.

The proceduré.eftwardSearch starts at a given vertex and does a local search, updating
Limright to mark the right boundary of the area wherean still be hiding. Then it looks for a
jump edge that stays on the right sidevadnd advances as little as possible beybmright ,

and repeats the process until no more progress can be made.



81

LeftwardSearch(z)
while true
do

EnumeratdReachlLocalg).

Limright «— ReachLeft(z)

S —{(z,y) : (z,y) is ajump edge with
x to the right ofLimright and
y to the left ofLimright and

to the right ofv}
if S'is not empty
then pick (z,y) € S such that

y is the furthest right
(i.e., as close as possibleltonright ),
breaking ties by picking
as close to the roatas possible,
zZ—y

else return

RightwardSearch is defined symmetrically. The procedufannel looks for jump edges
in S, (jump edges that tunnel from the right side of the graph, belpt the area just right
of Limleft) or in a similarly-defined se$;. (It is easy to see that at least oneSfand S, will

always be empty, by planarity.)



Tunnel()
Sy — {(z,y) : (z,y) is a jump edge with
x to the right ofLimright and
y to the left ofv and
to the right ofLimleft .
Sy — {(z,y) : (z,y) is ajump edge with
x to the left ofLimleft and
y to the right ofv and
to the left ofLimright .}
if S, U.S;isempty,

then Direction « Nil

if S, is not empty
then Direction «— Right
Pick (z,y) in S, with
y as far left as possible
(i.e., as close as possibleltonleft,
breaking ties by picking the
vertex closer to the root)

Target «— y

if S; is not empty,
then Direction «— Left
Pick (x,y) in S; with

y as far right as possible

(i.e., as close as possibleltonright ,

breaking ties by picking the
vertex closer to the root)

Target «— y

82
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We now present an algorithm to enumerate vertices that are reachable.fiime vertexv

is reachable fromu if and only if it ever shows up in the enumeration.

begin
LeftwardSearch(u)
RightwardSearch(w)
Repeat
Tunnel
If Direction = Left then
LeftwardSearch(Target)
If Direction = Right then
RightwardSearch(Target)
until Direction = Nil

end

In order to argue that the algorithm is correct, we will establish the following invariant
condition: Each time.imright or Limleft is updated, itz is to the right ofLimright or to the
left of Limleft, then there is a path fromto z iff z has been enumerated, and any jump edge
that is ever in one of the sef§.5;, S, is reachable from.

Limright is updated only byLeftwardSearch, and it always occurs immediately after
execution ofReachLocalg) as the first step of an instantiation loéftwardSearch(z). The
first time this happens is for = «, and in this cas&imright is set toReachLeft(u). It is
easy to see that all vertices to the righiRdachLeft(u) are enumerated iReachLocal:) and
all are reachable; this establishes the basis of our inductiohifioright , and an even easier
argument establishes the basislfanleft . Also, this directly implies that the first time the set
S is considered ineftwardSearch, or RightwardSearch, all of the relevant jump edges are
reachable from:. Similarly, if Tunnel is called beford.imright or Limleft is updated again,
then we immediately have that the same is true for all jump edg&sand.S,. (and in this case,

Sy is empty).
For the inductive step, consider first the case whérgight is updated after executing an-

other round of the loop iheftwardSearch. Thus we have just enumeratBéachLocal() for
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ajump edgdz, y). By the inductive hypothesis, all of these enumerated vertices are reachable
from w, since the jump edge is reachable. Thus if the inductive step were to fail, there must
be some vertex’ to the right ofReachLeft(y), that has not been enumerated but is reachable.
By the inductive hypothesis, it must be to the righiRdachLocalf) and to the left of the old
value ofLimright . Consider the first edge on the path frano >’ that is to the left of the old
value ofLimright and to the right oReachLocalfy). This edge cannot be a local edge or tree
edge (because the predecessor is enumerated by hypothesis, and the enumeration follows such
edges). Thus it must be a jump edge. But by the way that we select jump edges, it would have
been chosen, instead @f, y). Thusz’ cannot exist.

It remains only to consider the case whéienright is updated after executingunnel.
Thus we have just enumeratBgachLocalf) for a jump edg€x, y) wherex is to the left of
v. By hypothesis; is reachable, and thus all of the enumerated vertices are reachable from
u. Thus as in the previous case, if the inductive step were to fail, there must be some vertex
2’ to the right ofReachLocalfy) and to the left of the old value dfimright that has not been
enumerated but is reachable. Consider the first edge on the path frori that is to the left
of the old value olLimright and to the right oReachLocalf). This edge cannot be a local
edge or a tree edge; thus it must be a jump edge. TBohel would not have been called if
there had been such a jump edge coming from the right, and if this jump edge were to come
from the left, then it would have been chosen, instead:of). Thusz’ cannot exist.

A similar argument holds fotimleft . It remains only to show that the jump edgesSin
S;, andS,. are reachable. By induction hypothesis, the jump edges that start to the right of the
old value ofLimright are reachable, as are any jump edges that start ReathLocalfy) for
the vertexy that was selected whdrimright was updated most recently. Lebe the jump
edge(z,y) that was selected when this update happened. If the inductive hypothesis were
to fail, there would have to be a jump edgedeparting between the old value bimright
and ReachLocalfy). If e is directed from right to left, then it encloses the region whére
would begin, which means that would not be inS, S;, or S,.. Thus we must have directed
from left to right. But thene’ would have been selected during the previous execution of

LeftwardSearch, which is contrary to the choice ef.



85

We have now established the invariant condition. To see that this implies correctness, as-
sume thaw is is reachable from but is not enumerated. Consider the first edge (z,v)
on this path fromu such thaty is not enumerated by the time that the procedure halts. By the
invariant conditiony cannot be to the right of the final value loimright or to the left of the
final value ofLimleft, whereas is to the right ofLimright or to the left ofLimleft . Clearly,
e cannot be a local edge or tree edge, and thus it is a jump edge. However, if such a jump
edge had existed, then the procedure would not have stopped at the given valinegffand

Limright . O
Theorem 49. Recognition o6SMPDs can be done ih.
Proof. We perform the following tests:

1. We first check if the given grapfy is planar, and if so, find a planar embeddingdf
[AMO4].

2. Check if the digraplds has a single source. If not, return “false”.

Henceforth we can assume th@thas a single source. We first transform the given

embedding so thatlies on the external face. We now need to cheak tas a cycle.

3. We construct a subgrapt of GG as follows: for every vertex that is not the source, retain
a single, arbitrarily chosen, incoming edge to the vertex and delete all other edges. Check

if H is a directed tree. If not, return “false”.

Suppose is a directed tree H clearly inherits its embedding fro@@. We assume that
we are given a dfs numbering &f. We refer to the non-tree edgesa@h(with respect to
the treeH) ascross edgeslin this embedding of, the cross edges can be classified into

two types:
e Type | edges are those going right-to-left (that is, a cross ddge) is Type | if
Finish(a) > Finish(b)).

e Type Il edges are those going left-to-right (that is, cross edges whereFinish(a)
< Finish(b)).
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4. Now, we check ifGG with the underlying spanning trel¥ has any back edge. If so, we
have clearly found a cycle, G is not a SMPD. Otherwise, delete all forward edges

from H.

Create two graph&’ andG”: in G’ remove all edges frond: of Type I, (but retaining

all edges of Type Il), and 6", remove all edges of Type Il. We observe that either of

G’ andG” are SMPDs (because any cycle in the tree has to use edges of both types -
also we are not creating any more sources, but removing all edges of a specific Type can
potentially create more sinks). Thus, we can solve reachability questigis(or G”)

in L.

5. Choose a cross edge, b). If (a,b) is a Type | edge, then quety’ to find if there is a
path fromb to a. If there is such a path, return “false”. Likewise,(if,b) is a Type Il
edge, then querg” to find if there is a path from to a. Again, if there is such a path,

return “false”.

It is easy to see that if7 is a SMPD, then it passes all of the above tests. This is becaurse
such a case will neither have a back edge nor any cycle. We thus need to prové-tpasges

all the tests above, itis a SMPD. For this purpose, we introduce the following terminology

Definition 17. A (directed) cycle isninimal if the set of cross edges contained in it is minimal
w.r.t. inclusion.

A directed chord in a cycle all of whose edges are tree edges, will be catted ahord
It is easy to see the following:

Lemma 50. A cycle is not minimal if it has a tree chord.
We use the above lemma to prove:

Lemma 51. Any minimal cycle either contains exactly one edge of Type | or contains exactly

one edge of Type II.

Proof. (of Lemma 51) Consider a minimal cydein G. Clearly, C must contain at least one

edge each of both Types | and II.
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Figure 4.22: Tree-paths to edges arodnd

Consider any vertex on C. The tree-path from the souregremembering that lies on
the outer face) t@ cannot interseaof’: if it did, then that would be a tree chord, contradicting

the minimality ofC' by Lemma 50.

So we can assume that for all verticeson C, the tree-path t@ does not intersect the
interior of C'.
Since cycleC' has edges of both Type | and Type I, let us consider two ed@gesb; )
of Type II, and(a2, b2) of Type I. Given the constraint that the tree-paths cannot intersect the
interior of C, together with the constraints that the tree-pathtds to the left of the tree-path
to b; (because edge, by) is of Type 1) and the tree-path @ is to the right of the tree-path
to by (because edgés, bo) is of Type 1), the situation is as in Figure 4.22. The dotted paths
from s to the vertices o’ are the tree-paths.
But now we see that, under the constraint of planarity, any €dgg lying on C' between
b1 andas has to be such that the tree-path:iies to the left of the tree-path th So any cross
edge lying betweeh; anda, has to be of Type Il. Likewise for any cross edge lying between
by anda;.
The symmetric case where the edgg, b, ) is of Type | and(as, b2) of Type Il is handled
similarly.

Thus we have proven that any minimal cycle can contain exactly one edge of Type | or

exactly one edge of Type II. O
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Hence if there is a cycle itv, then there is a minimal cycle that contains exactly one edge

of Type | or Type Il by Lemma 51, and we discover such a minimal cycle in Test5. [

4.9 Planar digraphs with a few cycles

In the above, we have considered the reachability and recognition questions for different classes
of DAGs. We may now ask: is the acyclicity essential for being able to perform the above tasks
in L? We show in the following that we can solve reachability questions, even when the graph
has a few cycles, in L.

Consider the clas§, of graphs that are planar, have a single source and a single sink, and
no facial cycles (no faces that form directed cycles). Note that the recognition problem for

graphs of the clasg, is easily in L. We prove:

Theorem 52. Reachability questions in graphs from the clggscan be solved ith..

Observe that any SSPD belongs to the cldgs Also note that a grapli € G, is not

necessarily bimodal.

Proof. Given a planar grapld: with a unique source and sink¢, and no facial cycles, by
appealing to Lemma 43, we know that any possible cycle has to contain at least a source or
a sink inside. Now a potential cyclé cannot contain botk andt inside, because then the
outside of the cycl€ violates Lemma 43. So the only possibility is tiiaseparates from ¢,

i.e. without loss of generality, we can assume thigs insideC' ands outside.

Now we proceed to reduce reachability questions o a reachability question in a SMPD.

We can find a path (not necessarily a directed path) fsamt in L. Now we apply the
cut-and-paste method from Section 4.2.2, by cutting along the path betwaett. As in
Section 4.2.2, after cutting along the path freno ¢ and inverting the graph inside out to get a
graphG’, we paste: copies ofG’ along the path froms to ¢ to get a grapiz” which preserves
the connectivity ofG and hass andt on the outer face. However, in this process, because the
path froms to ¢ is not a directed path, we have introduced some more sources and sinks on the
outer face. Now we can add a single source vertex and connect it to all the souttewiget

a graphG”’. One can verify tha&”’ is a SMPD (since it still satisfies the propertiegGobut
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Figure 4.23: A planar graph from clags

now s andt are on the external face, and thus there can be no directed cycles (that is, any cycle
in the original graph is destroyed when we cut along the undirected path). Hence reachability

in G (and thus i) can be solved in L. O

Note that the recognition problem for the clagsis trivially in L.

We can extend the class of SSPDs in yet another direction as follows : let us define a class
G, of planar graphs, which have a singlmbal source and a singlglobal sink, and there are
no facial cycles. Clearly, every SSPD belongs to the ofasdut a graph’z in G; may have
lots of cycles. See Figure 4.23. Note that since (for a gi@ph G;) we posit that there is a
single global source/sink, we can infer that there is no other source/stk in

We prove

Theorem 53. Reachability questions in graphs from the clggscan be solved ith..
and the companion

Theorem 54. Graphs from the clas§; can be recognized ih.

Proof. (of Thms. 54 and 53) First of all, note that the condition about the (unique) source
and sink beingglobal can be replaced by a seemingly weaker condition about there being a
(directed) path from the source to the sink.

One direction is syntactic : if there is a global sourgeand a global sink, there is a
directed path frons to ¢. For the other direction, suppose there is a directed Pdilom s to

t, andv be an arbitrary vertex. Let us prove that there is always a path leadinguftomard
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Figure 4.24: Directed path betweemndt ensures globality

t (the reasoning for there being a path freno v is analogous). Consider a path leading out

of v. As we augment this path each time by following an outgoing edge, we may either stop
because at the current vertex there is no outgoing edge which indicates the current vertex is
t, or we may continue indefinitely because we have found a a@ycl@his cycleC must (by
Lemma 43) enclose one efor ¢t. But the pathP from s to t must intersect the cycl€ in some

vertex. Hence there is a path framo t. See Figure 4.24.

So all we need to do in order to recognise graphs from the ¢lass to find if there is a
directed path frons to t.

The recognition algorithm is similar to that for SSPDs.

Given an input digrapld: we perform the preliminary checks as to whether it has a unique
source/sink and whether it is the case that it has no facial cycles. Having passed these checks,
we remove all the incoming edges (but one) in an arbitrary fashion at every verfexooget
a new graph@’.

We had seen that if we start with being a SSPD, we get an arborescence rootedogt
the above process. The reason for that being, a gtdphith indegreel at all vertices except
for a special vertex (the vertesj having indegre® is a tree ifG is acyclic.

Since here we allow graplts with cycles, in the above proceé8 consists of components
exactly one of which is a tree component (the one contaig)rand the rest being cycles with
trees attached to them.

Call the various componentsy, C1, - - - , C, where(y is the tree component containing
the sources. We will construct a new (di)graplif on & vertices, each vertex representing a
component’;, and with a directed edge frof; to C; if there is an edge from some vertex
belonging toC; to some vertex; belonging toC;. Note that the grapli/ might not be acyclic.

But observing that any compone@t in G’ must enclose one of or ¢ in the embedding, we
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Figure 4.25: An example of the gragh

find that the components; “enclose” each other, so that graph has an extremely simple
form. The vertices”; are laid out on a line (and it inherits the embedding on this line from the
embedding of7), and there may be “back” edges only between a vertex and its predecessor,
but there can never be more than one such “back” edge from a vertex. In the example outlined
in Figure 4.25,C is the component containing and Cj, the one containing (and in this
situation,t is not reachable from).

H is a very simple form obuterplanargraph and it is easy to find out a path freno ¢ (if
one exists) in L.

Thus we have recognized graphs from the clasi L.

For the reachability question, we perform the cut-and-paste operation as in the proof of
Theorem 52. Given a graghl € G; with sources, sinkt, we find a (directed) path fromto
t as in the recognition algorithm above, and then we cut along this path to get a new®raph
We then paste copies ofG’ along the path frons to ¢ to get a grapiz” which preserves the
connectivity ofG. As for the proof of Theorem 52, we have destroyed every cycle in giaph
by the process, so that” is acyclic, and hence a SSPD. Hence we can resolve reachability

guestions inG” (and hence ir7) in L. O

Note that in the above theorems, if we had allowed a single global source (and arbitrary
number of sinks), we would not have been able to preserve the simplicity of the gfaph
(which would now become an arbitrary planar digraph).

We also observe that while for cla§g, the recognition algorithm was simple, and we could
reduce reachability questions only to SMPDs, if we make the constraints on the class more
stringent thereby getting;, while the reachability question now reduces to that for SSPDs, the
recognition algorithm is not as simple.

On the other hand, taking the lead from the form of grapim the proof above, we proceed

to prove:
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Figure 4.26: Al-page embedding

Theorem 55. Reachability questions in outerplanar digraphs can be solvdd in

Note that outerplanar digraphs, even DAGs, moéeseries-parallel digraphs as considered
by [JLRO1]. The result above is trivial for outerplanar DAGs, since all the sources and sinks lie
on the same face, and we can reduce this case to a SMPD.

In the language of book embeddings (see [Yan86] for instance), outerplanar graphs are
exactly the ones that havepage embeddings: in short, all the vertices are laid out on the spine

of the book, and all the edges are on a single page.

Proof. Suppose we have kpage embedding of outerplanar graghgiven to us (here, the
vertices are all on the spine as in Figure 4.26).

Here, the grapld is not acyclic. The instance to the reachability questiofGisu, v) and
we are to find ifv is reachable fromy. We can assume thatis the topmost vertex on the spine
of the embedding.

We keep two markerBm,,,, limgown.-

Call the edges on the spimedinary edges and the edges not on the spimep edges. The
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algorithm is as follows:

1. Initialize the markers a§m.,;, = u, lim gy, = 00.

2. Go down fromlim,, as far as one can using only ordinary edges. Go up fiom,.,»,
as far as one can using only ordinary edges. Call the region betwaed(im,, and

limgown @andoo on the spine thexploredregion E.

3. Consider all jump edges between the explored re@i@nd the unexplored region. The
unexplored region is thereby an “interval” on the spine of the embedding. Consider the
jump edgeg, j» (if any) that land on vertices closest to the target vertex the spine,

from either side (from above or below).

4. Letj; = (a,b) be the jump edge landing on a vertex closest to the tardetm below
(if any). Updatelimg,,,, = b. Similarly, letj, = (¢, d) be the jump edge landing on a

vertex closest to the targetfrom above (if any). Updat&m,,, = d.
5. Goto step 2.

6. If v is discovered at some step then return “true”. If at some step neithiémgf, nor

limgown CaN be changed any more and we haven't discoveeesyet, then return “false”.

In order to prove that the above procedure is correct, we need to shovis itached by
our algorithm, then is indeed reachable from This follows by an easy induction divn,,,,
limgouwn. Specifically, we have to convince ourselves that verti¢es,,,, lim 0., are always
reachable fromu. For this, we use thé-page embedding of the graph.

On the other hand, it is not reached by the algorithm, that means, that the algorithm
stopped at a stage when it could change neither,, nor limg,,, any more. Clearly, in a
run of the algorithm, on the spin&n,,, always stays above (or is equal tow), and likewise,
limgown @lways stays below (or equalsy). Hence, when the algorithm stops there is no jump
edge from the explored region to the interval on the spine betdieer), andlim 4, (and
alsolimy, limgq,, cannot be extended any further using ordinary edges). But this means

not reachable from. O
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Given Theorem 52, we can ask if we can similarly prove a corresponding result for SMPDs,
i.e. suppose we have a clags of graphs that are planar, have a single source (and possibly
multiple sinks), and no facial cycles. Note that a source is a vertex which has zero indegree, a
sink is a vertex with zero outdegree. As counterpoint to the result in Theorem 52, we can prove

the following:

Theorem 56. Reachability questions in graphs from the cl@ssare logspace equivalent to

Planar Digraph Reachability.

Proof. The proof is trivial, once we realise that given any planar digi@ptve can insert a new
vertexvp in every facial cycleF', and direct edges from every vertex on the fatw the new
vertexvr (so that the vertex is asinkin the new graph). Thereby, the graghis converted
into a new graph:’ which belongs to the clag$, above, and such that reachability questions
in G' can be answered by answering reachability questiods.iflso G’ can be derived from

Gin L. O

Likewise, if we define a clasgs of planar graphs which have a single source, a single sink

but arbitrary cycles, we can prove :

Theorem 57. Reachability questions in graphs from the cl@ksare logspace equivalent to

Planar Digraph Reachability.

Proof. Trivial via the same approach : given a planar digréghwe expand out every sink
(except one special sink) into a facial cydlg thereby getting a new digraghf. The graph’

belongs to the clagg;, and can be derived froid in L. O

4.10 Conclusions and Open Problems

Any problem defines the complexity class of those problems reducible to it. There is a gen-
eral phenomenon whereby interesting problems, such as general reachability, define interesting
classes, such as NL. The GGR problem and its subproblems as outlined here define a hierarchy
of new classes, whose relations to each other and to the standard classes Betverd NL

are shown in Figure 4.27.
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Are these problems and classes interesting? We argue, particularly in Section 4.5.4, that
many of them have interesting alternate formulations, sometimes not appearing to involve
graphs at all. The computational actions of searching on a grid, of searching in a maze, of
following a laid-out path on a grid, and so forth strike us as fundamental ones, well worth
studying.

This leads to several new questions: can any of the above upper and lower bounds be
improved? Do there exist any additional containment relations among the new classes? In
particular, is the SMGGR problem reducible to UGGR? The proof of Theorem 45, like the
proofs for SSPD’s, seems to mostly involve following a laid-out path on a grid, but we do not
yet see how to formulate it solely in terms of this. The question also remains as to whether we
can detect cycles in a general single-source gragfCnt UGGR — the algorithm presented
here relies on SMPD reachability but this may not be necessary.

Our logspace algorithm for SMPD reachability expands the class of graphs for which
Jakobyet al. ([JLRO1]) provided logspace reachability algorithms — but our results are not
completely extensions of theirs. They proved tbatintingthe number of paths between two
vertices of a series-parallel digraph can be done in logspace. We have no new upper or lower
bounds for the counting problem in the classes of graphs that we study. Another shortcoming
of our reachability algorithms is that they provide no clue about how to fsttbaestpath, and
we have no lower bounds showing that finding a shortest path is harder than the reachability
problem.

It is entirely plausible that reachability in planar graphs, like planarity testing itself, isin L.
Our work here fits into a general program of expanding the classes of planar graphs for which
we have logspace reachability tests. A natural intermediate goal on the way to general planar
graphs isacyclic planar graphs, which would be called MMPD in our notation. We note that
reachability in an acyclic graph with constantly many sources is in L by an easy extension of
our methods. Also, while we can easily show that reachability questions in SSPDs reduce to

the complement, we are not able to show the same for SMPDs.
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Chapter 5

Parity Problems in Planar Graphs

5.1 Introduction

In this chapter, we deal with modular counting of the number of spanning trees in graphs
(among other things). Counting spanning trees in graphs is an amenable problem because of
the famous Kirchoff Matrix Tree Theorem [GRO1]. From the Matrix Tree Theorem, we have
that counting the number of spanning trees in an arbitrary graph reduces to the computation
of a determinant, so is in the complexity class GapL. In the following we show how we can
find out the parity of the number of spanning trees il genusgraph in L. On the other

hand we show that finding out the parity of the number of spanfurestsin a planar graph is
@L-complete.

We also show that finding out the rank of thdjacency matriof a planar graph overz,
is complete foreL. This stands in sharp contrast to the fact that finding out the rank of the
Laplacian matrixof a planar graph overs is in L.

Finally, we deal with the computation of permanents of matricesd 2" for constantk.

Let us now define the various concepts referred to in the paragraphs above.

Most of the definitions in this chapter appear in [GR0O1]. We will have occasion to cite some
of the results proven in [GRO1]. For completeness, we quote some of the definitions used in
the following.

We denote thegeometri¢ dual of a planar grapli- as G*. We denote the number of
spanning trees in a graph by 7(G). The adjacency matrix of the graph d$G), and the
Laplacian matrix of a graphG (denoted ad.(G)) is defined as the matrik(G) = D(G) —

A(G), whereD(G) is a diagonal matrix consisting of the degree of verteaf the graphG in

its i7*" entry. For instance, the Laplacian matrix of the complete graph on three vefigés,
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-1 -1 2

NOTE : We will allow multiple edges in the graphs we consider in this chapter, so for
instance, the Laplacian matrix may have off-diagonal entries which are hot

Another matricial way of approaching the Laplacian is wieidence matrices The inci-
dence matrix of a grapt¥ with n vertices andn edges is am x m 0 — 1 matrix B such that
B;; = 1if and only if vertex: is incident on edgg. The incidence matrix of a directed graph

G with n vertices andn directed edges is am x m matrix D such that
e D;; = 1if vertexi is theheadof the directed edgg
e D;; = —1if vertexi is thetalil of the directed edgg
e D;; = 0 otherwise

Given an undirected grapi, orient every edge of7 arbitrarily, to getG. Now consider
the incidence matrix of this oriented graph Then it is easy to see tha{G) = D - Dt. This
proves for instance that the Laplacian of a graph is always positive semidefinite.

The Laplacian of a graph has several other remarkable properties, for instance the Kirchoff

Matrix Tree Theorem:

Theorem 58. Given the Laplacian matriX.(G) of a graphG, the number of spanning trees in

G equals the determinant ahyminor of L(G).

One way of viewing such a result is (since spanning trees also measure connectivity of a
graph in some way) that the Laplacian conveys essential information about the connectivity
of a graph. This connection between the Laplacian and the connectivity of a graph has been
exploited by quite a few papers in entirely different directions, by looking at eigenvalues of
the Laplacian, cf. [AM84], also see the recent set of lecture notes by Linial and Wigderson on
expanders [LWO02]. In the following, we are only concerned about the determinantal properties

of the Laplacian.
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For most of the following, we will deal with connected grapgHs This is justified because
of the following consideration. Given a graghwith > 1 components, the adjacency (or the
Laplacian) matrices decompose asdirect sum(cf. [Lan65]) of the adjacency (or Laplacian)

matrices of the different components.

Definition 18. Let us consider a special kind of walk in a planar grafgh View each vertex
of G as a small disk, and each edge as a thin strip. Since each edge is a thin strip, it has two
distinct sides and we can visualize travelling along the side of an edge. Select a starting point
on the graph where the side of a strip meets the boundary of a disk. Let us form triples)
wherew is a vertex,e is an edge, and is a side of the edge. We call sucl{:ae, s) triple a
flag. From there, walk along the side of the edge crossing to the opposite side of the edge when
you reach the point on the edge halfway between its endpoints. On reaching the neighboring
vertex, walk around the boundary of the disk representing the vertex, leaving the vertex along
the side of the edge lying in treameface as the side of the edge you have just arrived on.
Extend the walk by using the same rules of negotiating edges and vertiedsright walk is
the alternating sequence of vertices and edges encountered during such a walk, together with
the starting flag.

A closed left-right walk is a left-right walk that starts and ends at the same flagef&
right cycle is an equivalence class of closed left-right walks under rotation and reversal. Thus,
in a left-right cycle, the cyclic order of the vertices and edges is important and which sides of
the edges are used is important, but the direction and the starting vertex are not.

Letc(G) denote the number of left-right cycles in a gragh

See Figure 5.1 for an illustration. One fact worth noting is that the underlying sequence
of the vertices and edges in a left-right walk is a walk in the usual sense, but distinct left-right
walks may have the same underlying walk if they start at flags on opposite sides of the same
edge. Also, itis easy to see that the number of left-right cycles is independent of the embedding
of the planar grapl-.

For the above, we do not require the graghso be connected. The left-right cycles in
a graphG with more than one component is just the collection of left-right cycles of each

component of?7.



100

O O O
O O O
O O O

Figure 5.1: A left-right cycle

Figure 5.2: Left-right cycle for an isolated vertex

We will also have occasion to deal with grapfiswvhich consist of vertices anab edges.
For isolated vertices in a graphiz, we define a singl&eft-right cycleas a small circle enclosing
the vertex v. See Figure 5.2.

Having defined left-right cycles fgulanar graphs, we see that we can extend the definition
to anygraph embedded on a surface.

Throughout this chapter, when we consider equations suélras 0 over Z,, for L being
the Laplacian of a grapty, we will view a solution vector: as a0 — 1 weightingor labeling
of the vertices of7.

From Theorem 17.3.5 and Lemma 14.15.3 of [GR01], it follows that:

Theorem 59. Given a planar graph@, the number of left-right cycles i is exactly equal to
the co-rank of the Laplaciah of G (over Zs). In fact, each left-right cycl€’ corresponds to

an element if0, 1}V (@)l which is abasiselement of the kernel of the Laplacian as follows:
e Considering a specific left-right cycte, we have to give labels to every verterf G.

e Given(C as a closed curve in the plane, whialinds around the vertices af7, find the
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winding numbeirof C' with respect to a vertex. The parity of this winding number is the

label we give to vertex.

By the comment above, we thereby get a veetar{0, 1}/V (%) and this is a basis element of

the kernel ofL.

Note, that we havaotdefined the winding number of a closed curve in the plane with regard
to a point. We rely on the reader’s intuitive feel about winding numbers at this point, since we
are going to give another descriptionoffter we have definedrossing skew parallel edges
in Definition 19. At this point, the reader can proceed with the knowledge that given a planar
G, we can find a basis for the kernel of its Laplacian via the left-right cycles.

In particular, this gives:

Corollary 60. ([GRO1]) Given a planar grapltz, the number of spanning trees is odd iff there

is exactly one left-right cycle itv.
We also record the following:

Corollary 61. Given a planar graphG, if matrix B is a minor of the Laplaciar.(G) of G,

then the co-rank oB is exactly equal to the number of left-right cyclesiminusl.

Proof. Letn = |V(G)].

We use the fact that the all-ones vector is always in the kernel of the Laplaciaii et
b1,be,--- , b, be a basis for the kernel df(G) (by Theorem 59y equals the number of left-
right cycles inG). Also leth; = 1. Suppose the minaB of L(G) is derived fromL(G) by
removal of the'” row and;j** column. We want to find out how many of thes (for 1 <1 < r)
survive in the kernel oB.

Consider any, for I > 1. The elemenb; can be viewed as specifying a subset of rows
of L(G) (since we are working ovef,). Consider theé*” entry ofb,. If it is 0, then consider
the vectorb;’ of lengthn — 1 which is the same as but with its i*" entrydropped If itis 1,
considerc; = by — b;. This is also in the kernel af (G), and again hag” entry0. Now define
b, as the vector of length — 1 as being the same as but with thei*” entry dropped. So,
everyl > 1 gives a vectob;’ in the kernel ofBB. It is easy to see that this setof- 1 vectors is

linearly independent. This proves that the co-raniBas at least equal to — 1.
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In order to prove the other direction, we need to show that the co-raBkighat most- — 1.
This is easy to see, sindgG) always has one more equation among its rows (corresponding
to the all-ones vector).

O

Note that the Theorems 59 and 60 apply onlykanar graphs (whereas we extended our
definition of left-right cycles to graphs embedded on arbitrary surfaces). Naturally, the question
stands as to how the left-right cycles on higher genus surfaces compare with the Laplacian rank.
This is the hiatus we fill in Lemma 73 and Claim 74.

For now, let us record the following:

Theorem 62. Finding out the parity of the number of spanning trees in a planar gr@ph in

L. The rank of a Laplacian minor @ can also be found ih.

Proof. The LOGSPACE algorithm proceeds as follows: imagine placing nodes in the faces
of the given planar grapty¥. Each side of an edge (given that an edge borders two faces) gets
two nodes, and thé nodes corresponding to an edge are pairwise joined asrmsaas shown
in part A of Figure 5.3. Now if edges;, e; are consecutive on a fade, then connections
between the constructed nodes are made as in Figure 5.3 (it is clear that we are simulating the
left-right walks defined above via this process).

An instance is shown in part B of Figure 5.3.

Given this construction of the new graph, counting the left-right cycles reduces to counting
the number of connected components in the graph, which by [Rei05] is in L.

By Corollary 61 this also implies that we can find out the rank of a Laplacian minor of a

planar graph in L. O

Note however that although the new graph consists just of cycles, and is therefore planar, it
does noinherit a planar embedding from the planar embedding of the input graph

We also record the following

Corollary 63. Given a graphG embedded on a surfacg we can count the number of left-right

cycles ofG in L.
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Figure 5.3: Logspace algorithm for checking parityrdh planar graphs

The LOGSPACE algorithm reduces counting the number of left-right cycles to counting
the number of connected components in an undirected graph (as in the proof of Theorem 62)
which can be done in L by [Rei05].

We also note:

Corollary 64. We can compute a basis for the kernel of a planar Laplacian matrix in

We will also need the following:

Definition 19. Given a planar graplG, let P be a left-right cycle inG. If P uses an edge,
then it uses it at most twice. The set of edges that are used exactly once is cattedstbeP.
It can be seen that the core of a left-right cyétdas always an Eulerian, bipartite subgraph of
G.

We also consider a partition of the edges of a planar grépmto three types. An edge is
called acrossingedge if some left-right cycle @f uses it only once. Any edgehat is not a
crossing edge is used twice by some left-right cyeldf P uses it twice in the same direction,

we say that is aparallel edge, and otherwise it isskewedge.

See Figure 5.4 - the reader is invited to verify using the left-right cycles that in the figure,

edgeq is a crossing edgeé,a parallel edge anda skew edge. Yet another instance to fix ideas
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C

Figure 5.4: Crossing, skew and parallel edges

can be: every edge in a tree is of skew type.

We will also need Lemma 17.3.2 from [GRO1]:

Lemma 65. LetY be a connected planar graph and [Btbe the set of all the left-right cycles
of Y. Each crossing edge a&f occurs in an even number of member$obut no proper subset

of P covers every edge an even number of times.

Given a graphz and an edge in G, G\e denotes the grap& with the edgec deleted
G /e denotes the grap&¥ with the edge: contracted
Lemma 17.3.4 from [GRO1] states:

Lemma 66. If G is a planar graph ana is an edge of7, then

e If eis a parallel edge, then(G\e) = ¢(G) = ¢(G/e) — 1

e If cis askew edge, thefiG/e) = ¢(G) = ¢(G\e) — 1

e If eis acrossing edge, thefiG\e) = ¢(G/e) = ¢(G) — 1

It follows from the proof of this lemma, that when we remove a parallel edge or contract
a skew edge in a planar graph the crossing edges are preserved (i.e. an edge which was of
crossing type before still remains a crossing edge). The same does not hold true for parallel
or skew edges though (i.e. a skew edge may become parallel and vice versa in the contrac-
tion/deletion process).

Having defined crossing, skew, parallel edges, we can restate our algorithm for finding the

basis of the kernel of (G) as stated in Theorem 59 as follows:

ALGORITHM :
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e Input: a planar grapli’ with its left-right cycles.
e Output: a basis for the kernel éf(G).

e We will work with each connected component@f For aG with > 1 components,
the kernel of the Laplacian is thdirect sumof the kernels of the Laplacians of each

component, SO we can assurdas connected.
e Consider a left-right cycl€’ of G. Choose a vertex in V(G) and label itl.

e Consider any other vertex of G and a pathP from « to v. Since we assumé& has
a single component, there exists a path frarto v. Otherwise, count the number of

crossingedges onP. If this number is odd, the label 0, otherwise label it a$.
e This labeling of the vertices is a basis element of the kernél(6f).

We also use the following terminology from [GRO1].bAcyclein a graphG is a subgraph
H which is both a cut and an Eulerian subgraph. Attimes it is expedient to represent a bicycle
by its characteristic vector i2lZl whereE is the edge-set of grapf. The results described
above imply that for planar graphs, the crossing edges in any specific left-right cycle is a bi-
cycle: in fact, these bicycles span the so-called bicycle-space of the graphddhotes the
cut-spaceof G, and F' the flow-spacethen the bicycle-space (s N F'. The space orthogonal

to the bicycle-space is the spaCet F'. We also need the following:

Lemma 67. (Lemma 14.15.3 of [GRO1]) Given a (connected) planar gréhtthe dimension

of the bicycle-space i — 1 wherek is the co-rank of the Laplacian.

However, the bicycles thus arising from all of thdeft-right cycles of a planar grap&
(wherek is the co-rank of the Laplacian) are not independent - there being exactly one relation
between them (the sum of all of the bicycles corresponding to the left-right cyclesZever

0). This explains thé — 1 in the lemma above.

5.2 Divisibility properties of 7(G): small powers of2

In this section, we first prove a result about divisibility properties @) for small powers of

2. We also give a version of Theorem 59 for higher genus which implies the result for finding
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out parity of the number of spanning treesGrof O(log n) genus in L.

We prove the following theorem:

Theorem 68. Finding out whether the number of spanning trees in an (embedded) planar

graph is divisible byt can be done irt..

We describe the algorithm for Theorem 68 as follows:

ALGORITHM:

1. Construct the left-right cycles ad. If G' has exactlyl left-right cycle, returnrNO. If G

has at leas3 left-right cycles, returiY ES.

2. If not, thenG has exactl\2 left-right cycles, and we construct the (uniqueye H of G.

H is a set of edges, which we also denoteRyH ).
3. OutputYES if and only if 4 divides|E(H)|.

It is clear given the facts about left-right cycles that this is a L algorithm.

Now we prove the correctness of the algorithmGlhas exactlyl left-right cycle, then by
Corollary 60, we have thak has an odd number of spanning trees, so we oufjiit Also
note that ifG has at least three left-right cycles, then by the following easy lemma, we already

know thatr(G) is divisible by4.

Lemma 69. If G has at leastk left-right cycles, ther?*~! dividest (G).

Proof. Let us look at the Laplacian @, keeping in mind that the co-rank éf(G) (over Z5)
is exactly the number of left-right cycles.

In fact, the result above holds in the following form for the minor of any matrix which has
the property (which clearly the Laplacian possesses) that albthe(or columns) of the matrix
sum up to the zero vector: if such a matfi% has co-rank: over Z,, then2¢~! divides the
determinant of any minor aof/.

So we state our argument for such a mafrixand its(1,1) minor M’. Letry, 7o, ..., 7,
be the rows ofM/ (so that>l;r; = 0). Since the co-rank af/ is k, there arek — 1 other such
equations between the’s (and these equations are linearly independent ag¢r For each

such equatior®, eliminate the row;. This is always possible: if the equatiéndoes not have
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r1 appear in it, then do nothing. If it does, then subtractéfrom X;r; to get another equation
(which now replaceg in our system of equations) which does not inclugenoting that this
does not make the set bfequations linearly dependent.

Now, note that apart fromx;r; = 0, every other (of thé: — 1 equations) is an equation
in M’ (having removed the first column entry of each row). Therefdié,is a matrix with
co-rank(k — 1) over Z,.

We now have to prove the following

Claim 70. Given a matrixA over Z, if the co-rank ofA is m, then2™ divides the determinant

of A.

Proof. The basic idea is the following: we will consider each equation among the rows in
and replace one row by the sum of all the rows in the equation. This would give us a row which
consists entirely of even entries and therefore contributes a fac2dodhe determinant. When
we are dealing with multiple equations, the question that arises is: can we always keep getting
a new factor o2 for each new equation chosen, viz. can we always ensure that there is a new
row which we can replace by the new equation? Gaussian elimination tells us the answer is
YES.

Let&y, &, ..., &y be the set ofn linearly independent equations ovér encoding the sets
of rows in A summing up to the zero vector. Afis anl x [ matrix, consider a new: x [ matrix
B where the columns oB are indexed by the rows of, and theit” row of B is the( — 1
(characteristic) vector of equatid). Since the rows of this new matri® (which are ourm
equations) are linearly independent, matBhas full row-rank. Perform Gaussian elimination

(over Z5) to bring it to the following form:

(1 #)

Call this matrixB’ (herel is them x m identity matrix). B’ can be viewed as a set of equations,
each row ofB’ being the characteristic vector of an equation in the rowd.of
We replace our original set of equatiofis &, . . . , &, by the set ohewequations given by

B’. Now, we can pick a unique row of (the reader might like to think of this as constructing a
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System of Distinct Representatifesour set of equations looked upon as sets of rows) for each
equation in our set of equations and replace that row by the corresponding equation. Altogether,
we have that in the (transformed matrif) we now haven rows in which all entries are even.

This clearly shows th&®™ divides the determinant of. O
This proves our Lemma 69. O

Note that an analogous result also holds for any prime #gld

Returning to the proof of correctness of QuLGORITHM, we are left only with the case
whereG has exactlywo left-right cycles. By Lemma 65, we see tiGthas a unique core. Call
the subgraph formed by this unique cdife (In fact we can observe thét having a unique
core is equivalent to its having exactly two left-right cycles.)

We claim:

4|7(G) < 4||E(H))| (5.1)

Once we have proved this equivalence, we will have completed the proof of Theorem 68.
As warmup, we note that the corés of any planarG are Eulerian, bipartite planar sub-
graphs. Also Eppstein [Epp96] proves that any Eulerian bipartite giapas7(G) = 0 mod

2. We also note

Lemma 71. Any Eulerian, bipartite graph has an even number of edges.

Proof. Consider one side of the bipartition. Since every vertex has even degree, the total num-
ber of edges (which is the sum of the degrees of the vertices of the chosen bipartition) is also

even. ]

So, for an Eulerian, bipartite gragh, 7(G) = |E(G)| mod2 (both sides aré@ mod2). We
want to extend this (mod) for the specific Eulerian bipartite graphs (the unique cores) that we

have.

First we prove a lemma that establishes one direction of Equation 5.1

Lemma 72. For any Eulerian, bipartite grapltz, if | E(G)| = 0 mod4, thent(G) = 0 mod4.

Proof. We use the Laplaciafn(G) of the graphGG. Supposé/ is one side of the bipartition of
G. Let the vertex labeledlin L(G) be such that ¢ U, while the vertex labele@in L(G) is in
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U. Consider thé1, 1) principal minorM (hencelM is symmetric). By the Kirchoff matrix tree
theoremdet(M) = 7(G). Modify the (n — 1) x (n — 1) matrix M as follows: replace the*!
row of M (which corresponds to vertexe U of (G) by the sum of the rows corresponding to
vertices inU. After that, replace th&’ column of this modified\/ by the sum of the columns
corresponding to vertices ifti. Call the final matrix)\/’. The matrix)’ is symmetric, and has

the following properties, which are easily checked:
e The(1,1) entry of M’ is precisely| E(G)].
e The rest of the first row o/’ consists of valuegeg(v) if v € U, —deg(v), if v € U.
o det(M') =det(M) = 7(G).

Because? is Eulerian, all entries therefore of the first row, and the first columi6ére even.
Now, expanding by the first row, we find that every entry but possibly(th&) entry of M’
contributes a multiple of to the total determinant af/’. So, if[E(G)| = 0 mod4, then even

the (1, 1) entry of M’ contributes a multiple of. In other wordsy (G) = 0 mod4. O

Proof. (of Theorem 68) Now in order to prove correctness of our algorithm we have to show
the converse implication of Equation 5.1 for the case where the gralpais exactly one core.
STEP 1 of this direction is to get our hands on a suitable Eulerian bipaHitelerived from

the coreH of G.

For this, we apply Lemma 66 repeatedlyo The process described below is only for the
purpose of the proof, and does not add to the complexity of our logspace algorithm. Suppose
G has a parallel edge We consideiG\e. This by Lemma 66 has exactly the same value of
¢(-) as of G (which is 2, by the processing of the algorithm). What happensé/fe in this
situation? By the same lemméG/e) becomes equal t8, so hast|7(G/e) (by Lemma 69).

By the recurrence
7(G) = 7(G/e) + 7(G\e)

we find that in this case;(G) = 7(G\e) mod4. Similarly for the case for whea is a skew
edge,7(G) = 7(G/e) mod4. Thus starting withG we keep deleting or contracting the parallel

or skew edges, accordingly consideriGe or G/e. Thus this process gives us a grafh
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which has no more parallel or skew edges, so the only edges |&ft arecrossingedges. We
haven't removed any of the crossing edges in the original géaphence|E(H')| = |E(H)|,
and also we have thd’ has exactly2 curves, and no parallel/skew edges, so the coréd’aé
the whole edge-set @i’ which implies thatH’ is Eulerian and bipartite. Also note that in the
processy (G) = 7(H') mod4.

Now we are ready to finish the argument for Equation 5.1, by considéfing TEP 2 in
our argument is to prove(H') = |E(H')| mod4.

The argument will follow the same format as for Lemma 72. Consider again the Laplacian
L(H'), and letU be one side of the bipartition of the (bipartite) grafih. Let verticesl, 2
as listed in the Laplacian be such tHatZz U, 2 € U, and areadjacentin H’'. As before,
consider the matrix\/’ created as in Lemma 72. Expanding as before by the first row, apart
from the(1, 1) entry of M’, every other entry of the first row contributes a multipletdab the
total determinant of\/’. Supposelet(M’) = 7(H') = 0 mod4, and yet|E(H')| # 0 mod
4. We know from the aforementioned that thie 1) entry of M’ is equal to|E(H’)|, and by
Lemma 71, this is even. So in order thatt(1/’) be 0 mod 4, it is necessary that th@, 1)
principal minor ofM’ be divisible by2. This principal minor is gotten in the following manner:
from the matrixL(H') delete the first two rows and the first two columns. Call this miNor
for brevity. SincelV has determinarti over Z,, some (nonzerd) — 1 vectory satisfiesVy = 0
over Z,. We want to prove that this is not possible. The reader may convince herseW tisat
the principal minor of the Laplacian of a grapph’ obtained fromH’ by contractingthe edge
between vertices and2. Clearly, sinceH” is obtained fromH’ by contraction of an edge,
it is planar. Now, sinced’ is bipartite and Eulerian, it has only crossing edges. Siitds
derived fromH’ by contraction of a crossing edge (and ai$é&/’) = 2), by Lemma 66, the
value ofc(H") is equal tol. In other words,H” has an odd number of spanning trees, that is
det(IN) = 1 over Z,. Therefore the vectay cannot exist.

Therefore the assumption thatloes not dividd E(H')| was wrong.

This completes the proof of Equation 5.1. O
Now we prove the higher genus version of Theorem 59:

Lemma 73. One can compute a basis for the kernellobver Z,, whereL is the Laplacian
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matrix of a graphGG of genusk embedded on its genus surface. The computation can be done

in spaceO(logn + k).

The proof of this lemma follows just as for the planar case. In light of the foregoing, we are
faced with a natural question: how do the number of left-right cycles on a su$feadate to the
co-rank of the Laplacian? For this, we set the problem in its nahafitat that ofhomology
For this purpose we refer the reader to [Hen79], [Hat02], [Ful95]. For our purposes we will be
needing homology mod 2 (as against integral homology).

A few words about homology mod 2 on a surfaceS are in order. We will not define
most of the terms in the following, but rather refer the reader to Chapters 3, 5 of [Hen79]. As is
usual in homologychains cycles boundary operatorandboundariesare defined omgratings
(which are essentially grids) on the surfage For instance, d-chain is a collection of edges
of the grating. The idea is to make the seflathains into agroup by defining a commutative
addition on them using symmetric difference (this is whereod 2 comes in). The set of
1-cycles (which we do not define here) is a subset ofldehains, in fact asubgroup This
group of1-cycles is calledd (S), the first homology group af. Not only is H1(S) a group,
but also a vector space, ovBs so at times we will use terms likeasisetc.

It might seem that gratings are of cardinal importance here, but in fact it turns out (The
Invariance Theorem, Section 5.25 of [Hen79]) thatmatter how we break up the surface into
complexes the homology groups remain the sdmether words, the homology groups are an
invariant of the surface.

We will need to use only the first homology group in the following. Dhelement of this
group corresponds to any cycle on the surface whiatorgractible SinceH;(S) is a group,
we can als@dd2 cycles on the surface. It turns out tiaf(S) of the torus (which is5; x S1) is
Z3. A way to think about this is the following: there are essentially two noncontractible cycles
on the torus. Consequently there are two ways to go around the torus so that the resulting cycle
is noncontractible. If some specific cycle goes around the torus in both of these directions, then
we associate the vectdt, 1) with it. The basis of the group consists of the two vectdrs))
and(0, 1), the basic noncontractible cycles. In Figure 5.5, we seethandC- are the basic

noncontractible cycles;; being the(1, 0) element(C, the (0, 1) element.
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Figure 5.5:2 ways on a torus

<J

Cs

Figure 5.6: A(1, 1) noncontractible cycle on the torus

In Figure 5.6, we see that; corresponds to thél, 1) element inH(S).
Similarly, H,(S) for a genusk orientable surface i€,*. See [Hen79], [Ful95].
Now when can two elements of the homology gradgu up to0? We see that’; + Cs

(viewed as elements df;(S)) donot In Figure 5.7, we see that; + C; do sum up td.

Proof. Just as in the planar case, we can describe left-right cycles on the sSriaicgenus

k, but now it is not any more true that every such left-right cycle divides the sufaoo
two parts. In light of terminology used for genéssurfaces, some of these left-right cycles
might correspond tmoncontractiblecycles. The ones which do dividg into two parts (i.e.
the contractiblecycles) correspond to thieelement in the first homology group 6f H;(S).

Let us make the following

Definition 20. Given a graphG embedded on surfacg of genusk, let the number of left-
right cycles ofG' bem. For each such left-right cycl€’, compute the element: € H;(S)
corresponding ta”. The element¢ is a vector inZ%’“ = Hy(S). Denote the matrix ok¢o’s

by M(G). If there is no confusion as to the graph we are talking about, we will abbreviate this
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Figure 5.7:2 cycles summing up to

to M.

We are interested in the combinations of rows\dfthat add up td) € Z2*. We have the

following
Claim 74. For a graphG,
dim ker L(G) = dim ker M(G) = m — rank M(G).

For instance, wheryr is planar, the matrix\ is the all-zeros matrix, so rankt is 0, and

the above result reduces to Theorem 59.

Proof. (of Claim) The proof of the claim is easy, once we understand Wwitgtles(see Sec-
tion 5.1) are on higher genus surfacgs

We will need Lemma 14.15.3 from [GRO1]:

Lemma 75. Let G be a connected graph, andG) be its Laplacian. Then the dimension of

the bicycle space @ is dim ker L(G) —1.
This ensures that we just need bother with the bicycle space of the graph.

dim ker L > dim ker M:

Since a bicycle is a subgraph of the graph which is both a cut and Eulerian, it follows that a
bicycle in a graph on a surfagartitions the surface into two parts (the parts corresponding to
the two sides of the cut). Consider the collectiBrof left-right cycles of the embedded graph

G, and call thenCy, Cy, - - - , C,,. EachC; (1 < i < m) has an element i/, (S) associated
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with it. If the sum of some of th&;’s (viewed as elements df;(S)) is 0, it follows that

the subgraph formed by therossingedges in the corresponding;’s on the surfaceS is an
Eulerian cut inG, that is, a bicycle. Since the entire collection of left-right cycles use each
edge of the graph exactly twice, it follows that the sum of all@he (as elements off;(S)) is

0. This sum corresponds to the empty subgrap&' ofhe empty subgraph is indeed a bicycle
in G, but is the0 element of the bicycle space. Can any other subsét’sfsum up to give the

empty subgraph? We need a lemma akin to Lemma 17.3.2 of [GRO1]:

Lemma 76. (Genus version of Lemma 17.3.2 of [GRO01]) zebe a connected graph embed-
ded onS and letP be the set of all left-right cycles ¢f. Each edge ofr occurs (a parallel or
a skew edge of a left-right cyclg, is said to occur twice ir;) in an even number of members

of P, but no proper subset @? covers every edge an even number of times.

Proof. We can go through the proof of Lemma 17.3.2 in [GRO1] which applies to connected

planar graphs and see that the same observations hold for any connected embeddedigraph.

We know from the above that elementskier M correspond to bicycles. If two different
sums ofC};’s correspond to the same bicycle, say: 4C; andX ;e gCj, thenX;c sC; + X pCj
corresponds to the empty bicycle, so by the Lemma above, hasXyhe,,C,,. So every
basis element dter M other than the one correspondinge<;<,,C,, corresponds to basis

elements of the bicycle space @f Hence, using Lemma 75
dimker L — 1 > dimker M — 1
or that,dim ker L > dim ker M.

dim ker L < dim ker M:
Just as in the proof above, the proof of this direction also follows the corresponding proof

for planar graphs as in [GR01]. We will need a modification to Lemma 66 which talks about

homology.

Lemma 77. Let G be a graph embedded on a surfageand lete be an edge ofs. Then
e If eis aparallel edge, thedim ker M(G\e) = dim ker M(G) = dim ker M(G/e)—1.

e If eis a skew edge, thetim ker M(G/e) = dimker M(G) = dimker M(G\e) — 1.
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e If eisacrossing edge, thetim ker M(G/e) = dim ker M(G\e) = dimker M(G)—1.

Proof. The proof of this exactly follows the proof of Lemma 66 quoted from [GRO1]. For
instance, Lemma 66 states that if we delete a parallel edgeG, the number of left-right
cycles remain the same. The only left-right cy€lghat changes in the transformation@fto

G\e is the one that contained But one can easily see that the homology of the cycle does not

change, i.eh¢ does not change. The other parts are similar. O

Now in order to prove the direction
dim ker L < dim ker M

we use induction omrlim ker M (remembering thatlimker L — 1 is the dimension of the
bicycle space, Lemma 75).

Base case: Iflim ker M = 1, then we want to prove that there are no nonempty bicycles.
Suppos€~ has a nonempty bicyclB. ThenB is both an Eulerian subgraph as well as an edge
cutset whose shores we denote/lbgnd R. SinceB is even, it divides the surface into regions
that can be colored black and white so that every eddge ras a black side and a white side,
and every other edge df has two sides of the same colour. Consider a left-right cycle starting
from a vertex inL on the black side of an edge . After it uses this edge, it is on the white
side of the edge at a vertex iR. Every time the walk returns té it uses an edge i, and
therefore returns to the black side of that edge. Therefore the edd@kar@used at most once
by this walk. Note that this gives us a left-right cycle

For every edge irB which is not used at all, let us perform the above procedure to get a
collection?’ of left-right cycles. Then every edge &fis used exactly once by this collection.
SinceB is a bicycle, in homology, it corresponds to thelement. That meanSqccp/C = 0.

But sincedim ker M = 1, this can only mean th&®’ is the collection ofall left-right cycles,
‘P. But that would mearB is the empty bicycle in contradiction to our choice®f

Now, letG be an embedded graph widlim ker M = ¢ > 1. The dimension of the bicycle
space is at least— 1 by Lemma 75. i is a crossing edge @f, thenG\ e hasdim ker M (G\e)
= c¢— 1 and, by the induction hypothesis, has a bicycle space of dimensi@n Since deleting

an edge in a graph cannot reduce the dimension of the bicycle space by more than one, the
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bicycle space of7 is at mostc — 1 and the result follows. Hence we have proven this direction

and the proof of Claim 74 is complete. O

Since M is am x 2k matrix, fork = O(logn), we can compute the rank d#t by brute
force: just cycle through all possible subsets of columns to find which subsets sur.up to

We can thereby also compute a basisliar L in L (for £ = O(log n)) by brute force. O

5.3 Divisibility properties of 7(G): non-powers of2

Here, we show how is special when it comes to divisibility propertiesi) even for planar
G. ltis not hard to show that computind G) mod2 for arbitrary G is @L-complete. On the

other hand, we have the following:

Theorem 78. For primep > 2, finding out ifp|7(G) for a planar graphG is complete for
Mod,L.

The general idea for proving this is the following: the reader may want to skip this section
to read the section on adjacency matrices first (Section 5.4) in order to get the general flavor of
the proof. It would perhaps have made more sense to write this section out after Sec. 5.4 but
since we are dealing with divisibility properties ofG), we found it expedient to place it here.

If we assume for the moment that we know that computation of (ranks of) Laplacian matri-
ces modulag is hard forMod, L, then we want to reduce arbitrary graph Laplacians to planar
graph Laplacians (all modulg).

The chain of reductions is
RANKAdjacency < RANKLaplacian < RANKPlanarLaplacian

where all theRANKSs are being considered ove,. The idea hence is: given an arbitrary
graph Laplaciarl(G), transformit into a graph Laplacian with every vertex degfee mod
p. In this transformation, we would want to “preserve” the rank; i.e. given the rank of the
new Laplacian, we should be able to retrieve the rank of the original graph Laplacian, and vice
versa.

But now that the transformed graph (call tHif has all degree® mod p, its Laplacian

matrix isessentiallyits adjacency matrix too!
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Now we replacethe crossovers in this grapH to get a planar graplif’ which has the

following properties:

e H' preserves co-rank dff. That is if z is a vector such thafz = 0 (over Z,), then
there corresponds a vectgof suitable length such thdf’y = 0. Vice versa, for every

y, there corresponds anso that the transformatigoreserves co-ranks
e every vertex ind’ has degre® modp.

So, the (planar) grapH’ again has its adjacency matrix (essentially) the same as its Lapla-
cian (overzy).
Hence, this would prove that finding the rank of planar Laplacian matrices #yés hard

for Mod,, L.

RANKAdjacency < RANKLaplacian:
NoteSINGULARITY andRANK 4 gjacency fOr matrices overZ,, are complete foMod, L,
see [BDHM91].

We begin with a

Lemma 79. SINGULARITY mod p reduces to computation of rank of arbitrary graph

Laplacians (overz),).

Proof. Consider an arbitrary matrid. We convert that into haplacianmatrix L by describing

a minor of L first (call this minorL’):

0 0 0 0 0 A
0 0 0 O 0
0 0 0 A 0 O
0 0 A" 0 0 O
o - 0 0 0 O
A0 0 0 0 0

where there arp A’s andp A'’s on the diagonal 4’ being the transpose of).
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Let L be now obtained from the above matiix by adding one row and one column, so
that sum of entries in every row and columnOisClearly, L is the Laplacian matrix of some
graphG. Since we have copies ofA andp copies ofA?, the (1,1) entry of L is 0 mod p,
which means that for the gragh, every vertex degree ismodp (all the other diagonal entries
of L are zero sincel has0 on its diagonal). Note that it has full rank (i.e. co-rank), then
L has co-rank. If dim ker A > 1, then thendim ker L' > p, sodim ker L > (p — 1). So if

we could determine the rank @f we could find out ifA is singular or not (oveg,,). O

We now have an easy claim:

Claim 80. Given a graphG with Laplacian matrixL, 7(G) is not divisible byp if and only if

the co-rank ofL is 1.

Proof. If the co-rank ofL is > 2, then clearly every minor has co-rank at leasb has deter-
minant divisible byp via the proof outlined for Claim 70. If the co-rank éfis 1, then there
exists a minor with full rank. Since any minor of the Laplacian has the same value for the
determinant, this implies every minor has full rank (ov&) and hencer(G) is not divisible

by p. O

RANK L aplacian < RANKpianarLaplacian -

Now we transform a nonplanar graghwith every vertex degre@ mod p into a planar
graphH with every vertex degre@ mod p while preserving the co-rank. Since the vertex
degrees concerned are @ll mod p, the Laplacians are the same as the adjacency matrices.

Let A, B be the adjacency matrices 6f H respectively. Since in the following we are
working overZ,, we will not mentionZ, for brevity’'s sake unless otherwise necessary.

The construction consists of tvgtages
1. Stagel: Make all the intersections in the graph simple.
2. Stage2: Replacing simple intersections with planar gadgets.

STAGE 1

The gadget we construct preserves the property that every vertex has tegoele, and

is shown in Figure 5.8.
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G
p-2
—a b e —a b
a
b -a
p-1

where two edges in original graph are allowed to cross

Figure 5.8: Gadget fastage 1

Some remarks about the diagram are in order. we allow the edge intersections (of the
original graph) to take place only at tlheld lines in Figure 5.8. Since an edge of the original
graphG might have at most intersections with other edges (wherés the number of vertices
of the graph), we have to extend each edgé&-onto a path of lengti2n — 1 with n — 1
“subgadgets” as enclosed in between the dotted lines in Figure 5.8. Solutiondx = 0
translate to “weights” on each vertex, so that the sum of the weights on all the neighbors of any
vertex is0.

The squiggly double arrows in Figure 5.8 with— 2 or p — 1 written above refer to the
multiplicity of the corresponding edges of the grafih

Having done this, it is clear that the objective of Stage fulfilled: all intersections in the
resulting graph are simple.

Suppose the graph resulting from the above (in which every intersection is simplé) is
with adjacency matrix3’. Since we are trying to preserve the co-rank of the adjacency matrix

in this transformation, we will assume that we are given a vertex labeling by valueszZpver
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(i.e. aZy,-valuedweightingon the vertices) which encodes a solutioto Az = 0, and make
such a solution correspond to a solutiogl of B’y’ = 0 (and vice versa). Given “weights” on
each vertex as above, solutiondo Ax = 0 translate to weightings where for any vertex the
sum of the weights on all the neighbors of that verte is

Now itis clear from the figure that there is a unique way of extending a solutiomlz = 0
to produce a solution t&’y’ = 0. On the other hand, the process is invertible, so that for every
y’ there corresponds an The easiest way to see that the successive values are as marked in

the figure is via induction. We leave out the details of this easy induction.

STAGE 2

Now, we replace each simple intersectionfh by a gadget as shown in Figure 5.9. Call
this final graphH, and its adjacency matrix.

Again, we note that the initial values at the endpoints of an edge (and the neighbors of
the endpoints) corresponding to a solutigrfor B’y’ = 0 uniquely extend to a solution for
By = 0. The easiest way to see this is by induction, as before.

Altogether, at the end of the two stages, we have transforthéato a planar graph H
which has the same co-rank @ and has every vertex degreéenod p. Hence Theorem 78 is
proven.

We also observe that the graphs produced by the transformation are bipartite if the original

graphs are.

5.4 Rank of the adjacency matrix

In this section, we consider the problem of determining the rank of the adjacency matrix (over
Z5). It follows from [BDHM91] that determining the rank of an arbitrary adjacency matrix over
Z5 is dL-complete. Our main results are some instances where the computation is actually in
L, whereas we show that thiel hardness remains for even arbitrgoanar graphs.

From the results in the previous sections, we can prove that

Theorem 81. Finding the rank of the adjacency matrix of an Eulerian planar grépban be

doneinL.
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Figure 5.9: Gadget fd8tage 2
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Proof. Follows from Theorem 59, since for Eulerian graphs, the adjacency matrix fbyes

the same as the Laplacian. O

As another instance of when computing the rank of the adjacency matrix is “easy”, for trees
it can be seen [FHJT96] that finding out the rank of the adjacency matrixfverin L. We

can extend these results to prove

Theorem 82. The rank of the adjacency matrix of an outerplanar graph (a¥grcan be found

inL.

Proof. We can strengthen the statement of the theorem: if all the odd degree vertices in a planar
graph are on the same face, then we can compute the rank of the adjacency matrix of the graph
in L. Given planar grapliz such that all the odd degree vertice<drare on the same fadg,
we can introduce a new vertexinside F' and join all the odd degree verticesGhto v. Call
this new grapha’. ClearlyG’ is planar and has the property that the adjacency matrix isf
the (1, 1) principal minor of the Laplacian o’ (over Z,). By Theorem 62, we can compute
the rank of this minor ovefs in L.

Note that we can strengthen (by virtue of Lemma 73 ) the result even further: if all the odd
degree vertices of a planar graph lie on at n@8iog n) faces, we can compute the rank of its

adjacency matrix overs in L. O
We now show that the problem is hard for arbitrary planar graphs:

Theorem 83. Finding the rank of the adjacency matrix (ovék) of a planar graphG is

complete forpL.
In the following, we mean “rank overs” by “rank” unless otherwise specified.

Proof. We prove the theorem by reduction from the problem of finding the rank farlzitrary
graphG. We describe a gadget to replace the cross-overs in any embeddiig@hs to derive
a planar graplt=’ such that in the process, the co-rank {if) over Z,) is preserved.

We perform the reduction in two stages. The first stage ensures that the only allowed cross-

overs between edges of the graph are as in Figure 5.10. In this and the following figures, the
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/

Figure 5.10: Allowed Cross-overs

Figure 5.11: Gadget for Stage

labels on the vertices correspond to the values assigned to them by a selutiofic = 0
(here, we are viewing a solutianas a weighting on the vertices G¥.

For Stagd,, we subdivide each edge sufficiently many times so that the only cross-overs be-
tween the edges are of the type above. Figure 5.11 shows that this can be done while preserving
the rank.

After this stage, we replace each cross-over in this intermediate graph by the gadget shown
in Fig 5.12, to get alanar graphG’. In the figure,z denotes the sum of the values placed on
the neighbors of the vertex labeledetc.

We note that for any solutiom for Az = 0 for the original graph’, there corresponds
a solutionz’ for A’xz’ = 0 for the derived graplt:’, and this process is invertible (i.e. for a
solutionz’ for G’ there exists a solution of G). Hence the stagesand2 preserve the co-rank
of the adjacency matrix. Thus, finding the rank of the adjacency matrix of a planar graph is

@L-hard. It clearly is inbL by [BDHM91, HRVO0O], so this problem issL-complete. O

Another way to think about the gadgets in the above proof is as follows. First of all, we can
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Figure 5.12: Gadget for Stage

make the following

Observation 84. Given any graphG, the number of perfect matchings in the graph is of the

same parity as the determinant of its adjacency matri).

Proof. We use the fact that the adjacency matrix of an undirected graph is symmetric. Let the
ij*" entry of the adjacency matriA be denoted byt .

Consider a typical term in the expression for the determinant of the adjacency mateix:
A1, - G254 *  * Ongo,, Whereo € S, is a permutation of1,2,--- ,n}. Here, we are forgetting
the sign of the permutatiom since we are working ovefs.

Decompose the choseninto cycles: if one of its constituent cycles is of length2, then
we derive a companion’ which is of the same length and also contributes to the determinant
mod 2. Thiso’ is just the inverse of: we essentially want to get to the tep = a1 -
as,2 -+ Gy, . LIS €asy to see that this term corresponds’tbeing the inverse of. Because
matrix A is symmetrict,. has the same value gs. Since we are computing the determinant
mod 2, termst, andt,, pair up and vanish. We claim that the only terms remaining are the
ones in which every constituent cycledris a2-cycle.

This can be made clearer by a diagram as in Figure 5.13. It might make more sense to
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1 2 1 2
4 3 4 3
(1234) (1432)

S~

(12)

Figure 5.13: Ad-cycle and &-cycle

view a permutation as directedcycle cover of the ground sétl,2,--- ,n}. Given a cycle
(a1,a2,--- ,a) in permutationo, we draw edges directed from to a;;1 (with wrapping
around modulo the length of the cycle). We see that donsists entirely oR-cycles, then
the new (directed) graph we get from reversing thientationsof the edges is the same: in
short, thes’s consisting just oR-cycles are the fixed points of the action of taking inverse (of
a permutation).

But theo’s where every constituent cycle iecycle correspond exactly to perfect match-
ings inG.

O

Given this observation, for preserving the determinant of the adjacency matrix nixdiulo
is sufficient to preserve the parity of the matchings in the gadgets.

Note that Stagé in the above preserves the number of matchings in the original graph.

Let us look more closely at the gadget for St&gdn Figure 5.12, if the edge originally
labeledax (and not edgey) is in a perfect matching of the original graph, then we have a
matching in the new graph as shown in Figure 5.14.

Likewise, if the edge labeletly (and notax) were in a perfect matching of the original
graph, we would have a corresponding matching in the new graph. Similarly for the case where
bothax andby were in a perfect matching of the original graph. The reader is invited to check

these cases.

On the other hand if neither the edgenor by were in a perfect matching, then the situation
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Figure 5.14: Gadget for Stag@e matchinga andx

is as in Figure 5.15.

We see that in this case, there ammatchings of the new graph. On the whole, we can say
that in the transformation of the old to the new graph, ety of the number of matchings
has been preserved.

Note that because of Figure 5.15, the examinberof matchings hasot been preserved.
This would be expected for otherwise we would get a polynomial time algorithm for counting
the number of matchings in an arbitrary graph (see [Val79]). It is remarkable thplaiaar
graphs, counting the number of matchingg polynomial time.

This gives us, via Observation 84 another proof that the nonsingularity of the determinant

(over Z5) is preserved in the Stagésnd?2.

Corollary 85. Finding the rank of the adjacency matrix (ov&s) of a bipartite planar graph

G is complete forpL.

Proof. First we need to convert the question of finding the rank in an arbitrary graph to the
bipartite case. But given an arbitrary graph adjacency madrixhis can easily be done by

considering the graph corresponding to the adjacency matnxhere A’ is
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Figure 5.15: When neither afr nor by are used in a matching

(o)

Clearly, A is nonsingular if and only ifA” is. Also, A’ corresponds to a bipartite graph.

3

f*

Note that in the proof of Theorem 83 above, Stdgextended an edge of lengthinto
anodd-lengthpath, Figure 5.11. On the other hand, given a bipartite planar embedd{#g of
we can assume that the vertices labaled; in part (A) of Figure 5.12 belong to the same

bipartition, so that again, parity of paths is preserved in Figure 5.12. O

Corollary 86. Nonsingularity of the adjacency matrix (ov&s) of acubicplanar graphG is

complete forpL.

Proof. The outline for the proof is schemed in Figure 5.16. We can either work with the
adjacency matrix of the given gragh, (and use Observation 84) or modify the adjacency
matrix so that it corresponds to a bipartitg as in the proof of Corollary 85.

We reduce nonsingularity of(Gy) to the cubic planar case.

First, modify the graphG, to get a new grapldéz which is cubic (not necessarily planar),
but we do this preserving the parity of the number of matchings in the graphsoaby pre-
serving the rank of the adjacency matrices. The observation above implies that nonsingularity

is preserved. We will return to this step in detail a little later.



Graph G,

matchings mod 2, a la [DK92]

Cubic graph G

Stage 1, DET mod 2

Graph G’

Stage 2, DET mod 2

G” is planar, degree 2 or 3
Graph G" degree 2 vertices only
come from Stage 1

restore cubicity, matchings mod 2

Graph G cubic, planar
1

Figure 5.16: Schema for proof of Corollary 86
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Figure 5.17: Modified Stagk gadget for cubic planar graphs

Once we get a cubic (nonplanar) gra@hwe observe that the combination of the two stages
in the procedure outlined in the proof of Theorem 83 outpytkaaar graphG” such that every
vertex has degree or 3. Also, nonsingularity of the adjacency matrix is preserved in the
process.

More precisely, Stage preserves the cubic property of the graph. It is Stagehich
creates vertices of degree

So we modify the gadget for Stageso that the final grap&¥; is cubic, planar and preserves
nonsingularity of the adjacency matrix of the original graph.

The modified gadget is illustrated in Figure 5.17. Suppose the input to the gadifeaisl
the output is;. Note that the number of matchingsah is of the same parity as the number
of matchings inG”.

Going back to the principal point about converting an arbitrary gr@gimto a cubic graph
G, Dahlhaus and Karpinski [DK92] show how the existence question for perfect matchings in
arbitrary graphs is no harder than the same question for cubic graphs. We modify their gadgets
while alsopreserving the paritpf the number of matchings.

We recapitulate their proof in short, and point out the necessary modifications to their gad-

gets.

Lemma 87. (Lemma 1 of [DK92]) The existence problem for a perfect matching restricted to

2-connected graphs iBCY-equivalent to the existence problem for a general perfect matching.
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Figure 5.18: Modified gadget

In fact the reduction preserves the parity of the number of matchings.

Proof. We replace their gadget by the one shown in Figure 5.18.

We add subgraph& with two leaving edges;, e; both adjacent to exactly one vertexor
vo respectively, of the old graph. Note that the edggeande; are not in any perfect matching
(if they were, then they would leave an odd component It is also easy to see that it cannot
be the case that one ef or e, is in a perfect matching: if say; were in a perfect matching,
thenu; would have to be matched witly leaving an odd component consisting of vertiogs
us andug. We say also that; andwvs are joined byH.

Now all verticesv; # v- in G are joined byH. Then the resulting grap@’ is 2-connected.
Also inside H, there are exactlyhree possibilities of perfect matching. Therefoe has a
perfect matching if and only i’ has a perfect matching. Since insiéie there are exactly
3 perfect matchings for each perfect matching of the rest of the graph, this transformation

preserves the parity of the number of matchings. O

The next step in their chain of reductions, Theoreneduces th&-connected case to the
case of2-connected graphs of maximal degrge We observe that this preserves the exact
number of matchings, so the same gadget works for our purpose too.

Finally their LemmaB restated reads

Lemma 88. We can transform-connected graphs of maximal degfe® cubic graphs so that

the parity of the number of matchings is preserved in the transformation.

Proof. Consider any graptr of maximal degre@ which is2-connected. Consider two copies

G1 andG,, of G. For each vertex of GG of degree2, letu; andusy be the corresponding vertices
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Graph H’

Figure 5.19: Gadget for Lemma 88

in G; andGs.

Joinu; anduy by the following graphH (see Figure 5.19).

(Note that this same gadget was used to restore cubicity in grédph

Call the resulting grapty’. ClearlyG’ is cubic; the edg¢ belongs to every perfect match-
ing and therefore neither nor e, belong to any perfect matching 6f. We can easily see that
G’ has a perfect matching iff does. Also the number of matchings in the gréph= G1 UG,
is exactly the square of the number of matchings&-ifso parity is preserved). Note that the
gadget we introduce has the property tHathas precisely perfect matchings. So the number

of perfect matchings i is of the same parity as if¥. O

O
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From the above we can derive the following

Corollary 89. (of Corollary 86) Finding out the dimension of the solution spacelior= x

(over Zy) whereL is the Laplacian of glanargraph is complete foeL.

Proof. The equationLz = z can be re-written a6l — I)x = 0, and all we need to observe is
that for cubic graphs, the matri{. — I) is the same as the adjacency matrix (ofg). Hence,

Corollary 86 implies the result. O

What do solutions of.z = x stand for? Chebotarev and Shamis [CS06] prove that the

determinant oL (G) + I equals the total number of rooted spanning forests. Thereby we have

Theorem 90. Finding out the parity of the number of rooted spanning forests in a planar graph

is complete forpL.

As until now, we have dealt with equations of the foun: = 0 where A is the adja-
cency matrix of a graplir. We can instead ask whether we can find dimensions (or bases) of
eigenspacesf A. For instance, can we find (in L) the dimension of the solution space of the
equationAz = z? OverZ, this can be also looked at as the equatign+ I)x = 0. The
dimension of the solution space of this equation is callechtiréty dimensiorin [ACS98]. In

this connection, one should mention the cute result of Sutner’s (cf. [ACS98])

Theorem 91. (Sutner's Theorem) For any graph, there always exists a solution to the equa-

tion (A + Iz = 1 over Z,, wherel is the all-ones vector.
As we can expect by now,

Theorem 92. Finding out the parity dimension of a planar graghis &L-complete.
As counterpoint, we first note

Theorem 93. If all the vertex degrees of a planar graph aveld then the dimension of the

solution space of the equatiofi: = x can be found ir..

Proof. Az = x implies(A — I')z = 0, so this case follows by easy reduction to the Laplacian,

as for Theorem 81. O
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Figure 5.20: New gadget for Stage

y
X' a
a+b+x+y

y b+y a+x atb+y ‘ a+b+x
X
b+x+y at+x+y
O———“““‘TX

b a
y b+y %‘*
X

Figure 5.21: New gadget for Stage

Proof. (of Theorem 92) We only need to modify the gadgets in the proof for Theorem 83
suitably.

For Stagel, the new gadget is shown in Figure 5.20. Subdivide every edgéniaew
vertices, where: is the number of vertices in the graph(so that a path of length is now a
path of length6n + 1).

For Stage2, the new gadget is shown in Figure 5.21. Note that this gadgetrisbipartite
unlike the gadget in Figure 5.12.

Having transformed the given graph to a planar graph as by above, we note that solutions
to Az = x in the original graph translate to solutions & = x for the derived planar graph,

and this translation is invertible.

5.5 The Permanent modulo powers of

Given a matrixA4, it is clear thatperm(A) is of the same parity aget(A). For definitions of

the permanents and determinants of matrices, see for instance,. Valiant proves in his seminal
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paper [Val79], that finding out the value of ttRERMANENT of a matrix modulo2® (for
constantk) is in P. But the method he uses is akin to Gaussian elimination, and is inherently
sequential.

Here, we prove

Theorem 94. Finding out thePERMANENT of a matrix modul®® (for constantk) is com-

plete foraL.

Proof. Hardness forsL follows from the fact that foik = 1, it corresponds to singularity of
the DETERMINANT (over Z5).

Hence we have to prove containmentii.

The structure of the proof will be as follows: we first show how the questjparm(A)
can be resolved imL. We use this, along with facts about/P-decompositions (cf. [Ebe91])
to show how we can find ogterm(A) mod 4 in @L. After we have accomplished this, we
can easily see how to find optrm(A) mod 2* (for constantk) in GL.

In the immediate following we prove that finding outlifperm(A) can be done irbL.

Given an x n matrix A, we first check ifdet(A) is even. Having passed the check that
det(A) is even, we proceed to find a solutiene {0,1}" for Az = 0 (over Z3), and this
can be done impL. Let 2! = (21,22, -+ ,x,). This means that the sum of the rows 4f
corresponding to the;’s which arel is 0 mod2. Without loss of generality we can assume
z1 = 1. If r; denote the®” row of A4, then replace thé** row of A by the sum of row&; z; - ;
to get a new matrix’. The first row ofA’ consists only of even entries.

Let A; denote the matrixd with the 15¢ row replaced by thé'" row of A (for instance,
Ay = A).

But now we can write

perm(A’) = ¥;perm(A4;)

See Figure 5.22. Note that each matrx (for ¢ > 1) has two rows equal, and hence

perm(4;) is even.

For eachi > 1 and for eacty, build matrix B;; as follows: from matrix4;, delete thel

andi*" rows (these rows actually being equal), and deleteithand j** columns. Find out
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Figure 5.22: Permanent divisibility BF

perm(B;;) mod 2. Then we can use linearity of the permanent function to figure out the
value ofperm(A4;) mod 4.

Matrix A’ is of slightly different form: it has a row which consists wholly of even entries.
But given a matrix of this form, we can easily reduce it to the form of a matrix with two equal
rows (like that for theA;’s above) without altering the permanent as follows. Suppose the row

labeledr in the original matrix consists wholly of even entries as in

r

B

(whereB is the matrix formed by the rest of the rows).

Now consider the new matrix, where we have placed an extra column the first two entries
of which arel and the rest are all's. The single row inA” we denoted as is now replaced
by 2 equal rowg(1 r/2). So the new matrix is a square matrix with dimension one greater than

the dimension of4’.

[l

1

N3

0 B
It is easy to check that this matrix has the same permanent as the first. So we can apply the
argument forA;’s to this new matrix and get its valuemod 4.
Note that the above algorithm for divisibility of the permanentdbgctually gives us the
modulus wherperm(A) is even. Therefore, we have to devise an algorithm only for the case
whenperm(A) is odd - we reduce this case to the case of the Permanent being even.

We prove
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Lemma 95. We can find out the exact value@frm(A) mod 4in @L.

Proof. Since we have dealt with the situation thapifrm(A) is even, we can find out its value
mod 4, here we need to deal with the situation whpeem(A) is not even.

So, supposgerm(A) is odd. We want to get hold of a suitabdefactor of A (call this
cofactor 4; ;) such thatperm(A4; ;) is odd too. Clearly, ifperm(A) is odd, then some minor
A, ; of A also has odd determinant (hence odd permanent).

We observe first that gived, we can always find a matrik' (depending on, 5) such that
perm(C) = perm(A) + perm(A4; ;)

This is easy to do: just increase th’ej)th entry of matrixA4 by 1 to get matrixC. Expand-
ing the matrixC' by its i*" row and using the fact that the permanent function is linear, we get
thatperm(C) is equal to the permanents of two matrices, one of which has the #&muv
as that ofA (and is equal tod), and the other matrix has i#§* row consisting wholly of)’s
except for thej*” entry which is al. Expanding the second matrix by it row, we find that
its permanent is exactlyerm(A4; ;). This proves the equation above.

Given the above, we give a sequential algorithm to find @ttin(A) mod 4, and then
we comment on how to parallelize it suitably. Suppose we start with the matvisth odd
Permanent. We can find (by checking all minors of dimengior- 1)) a minor 4; ; such
thatperm(A4; ;) is also odd. By the above, we can find a mattbsuch thatperm(C') equals
the sum of the odd permanents;rm(A) andperm(A4; ;). Sinceperm(C') is even, we can
find out its value modulal. Thereby we can find out whethgerm(A) = +perm(A4; ;) or
= —perm(4; ;) mod 4. Now we can continue withi; ; in order to get a new matrix,
(formed by removingwo rows andtwo columns fromA) such thatperm(A; ;) 4+ perm(As)
is even. We continue this process till we reach a matrix of constant dimensions, for which we
can evaluate the permanent directly. Thus, we have a sequential process for finding out the
Permanent of a matrix modulb

Let us now turn to an efficient parallelization of the above sequential algorithm. Firstly
note that a matrix haslaU-decomposition (oveZs; cf. [Ebe91]) if and only if all itsprincipal
minors are odd. In the above sequential process, we note that if we started with a matrix which

has al.U-decomposition, then it is easy (in logspace) to find out its permanent méduitus
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is because given a matrid’ (which has odd permanent) in the procedure, we will not have to
do any work in order to find a minor of’ which also has odd permanent - the principal minor
of A’ would already do the job!

Thereby we know that for matrices withldJ-decomposition ovef,, we can convert our
sequential algorithm into @L algorithm.

It is well known (see for eg. [Ebe91]) that for any invertible (over an arbitrary field) matrix
A, there exists a permutation matixsuch thatd P has al.U-decomposition. So our problem
essentially is to find such & (over Z5) in $L.

For this, we closely follow the reduction given in [Ebe91] from the above problem to the
Determinant. We show thereby that ovér, the reduction can be implementeddih.. Eberly
[Ebe91] reduces the problem of finding a suitable permutation mattix rank computations
thus: suppose a matri® is nonsingular ovet’, (i.e. hasdet = 1 mod 2), let A; be the
n x i matrix formed from the first columns ofA, and letS; C {1,2,--- ,n} be the set of
the lexicographically first maximal independent subset of the rows; dbr 1 < i < n (i.e S;
consists of thendicesof the rows ofA; which constitute the lexicographically first maximal
independent subset).

For this purpose, let the rows of A4; beri,ri,--- ,ri. Consider the matriced* which
have rows-i, r%,--- ,ri (for instance, A} consists of just the single row, A” = A;). Find
out the ranks of these matrices (ov&y) for 1 < k < n. These can be found in parallel dpL.

Given these ranks, the lexicographically first maximal independent subset of the rows is

obtained as follows:
1. The base casdnclude rowr? in the independent subset if and only if rgrk) = 1;

. . . . 1 i—1
2. Include rowr? in the independent subset if and only if radk) =rank(A;™") + 1
(clearly, since in the matriced®, we are increasing by a row at a time, the difference of

two adjacent ranks can be at makt

It is easy to see that this set g§ constitutes théexicographically firstmaximal indepen-
dent subset of the rows of;.

Thereby, we finds; for eachl < i < nin ®L.
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Now |S;] = iforl < i < mandS; C S;11 for1 < i < n (since eachS; is the
lexicographicallyfirst maximal independent subset of the rows4gj.

Setj; to be the unique element 6f, and setj; to be the unique element &f\S;_; for
2 < i < n. Then the desired permutation (matriR)is such that theé'" row of PT A is thej;*"
row of A, and can be easily computed in L.

This completes the proof that findingrm(A4) mod 4 isin @L. O

Once we have this, it is easy to see how we can findpeuin(A) mod 8 (say) in®L:
we would first check ifA has an even permanent, if it does, then we find the decomposition
as in the algorithm outlined above for finding outdiberm(A), finding out all the values of
the submatrices modulé (this gives us the value gferm(A) mod 8). If A has an odd
permanent, we reduce it to the even case as above, by finding a suitdbke in theLUP-
decomposition: note however that we do not need to findlth& factors), and solving the
implicit system of equationsmod 8. This procedure clearly generalizes to any pogfefor

constantk. ]

(of Theorem 94)

Note that the same method as above gives us another prodktija) mod 2% isin L.
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Chapter 6

Algorithmic Implications of the Borsuk-Ulam Theorem

6.1 Introduction

The Borsuk-Ulam theorem states thafifs a continuous function from the unit sphereffi
into R", there is a pointc where f(z) = f(—=x); i.e., some pair of antipodal points has the
same image. The recent book of Magel [Mat03] is devoted to explaining this theorem, its
background, and some of its many consequences in algebraic topology, algebraic geometry,
and combinatorics. Borsuk-Ulam is considered a great theorem because it has several different
equivalent versions, many different proofs, many extensions and generalizations, and many
interesting applications.

A familiar consequence is the ham-sandwich theorem (givBnite continuous measures
on R¢, there exist a hyperplane that simultaneously bisects them), along with some of its ex-
tensions and generalizations to partitioning continuous measures [Alo&3P3B [BMO01],
[BMO2], [Ber05]. In many cases we can derive combinatorial statements that give discrete
versions of these results. This, in turn, raises algorithmic issues about the computational com-
plexity of finding the asserted combinatorial object. For example Lo et. al. [LMS94] gave a
direct combinatorial proof of the discrete ham-sandwich theorem and described algorithms to
compute ham-sandwich cuts for point sets. Various generalizations and extensions were consid-
ered in [AA89], [Alo88], [Alo87], [AWS6], [Avi85], [BKS99], [Ber05], [BDH"04], [BLO5],
[IUY00], [KK99], [LS03], [Sak02], and [YDEP89)].

A recent interesting example extends a result aidBYy and Matogék [BM01], who com-
bined Borsuk-Ulam with equivariant topology to show that three finite continuous measures on
R? can be equipartitioned byZfan the region spanned by two half-lines incident at a point.

Bereg [Ber05] strengthened this statement, proved a discrete version for measures concentrated
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on a given set of points, and described a beautiful algorithm to find such a partitioning. In Sec-
tion 6.2 we show his algorithm to be nearly optimal via a lower bound for this task.

In Section 6.3 we study equitable partitions of a set of pointRirby a pair of lines.

For most of this chapter, we will consider pointsgeneralposition unless otherwise spec-
ified. This means that there does not exist any nontrivial condition of linearity between the
points: for instance, no three points in the given point set lie on a line, etc. The convex hull of
n pointszy, 9, - - -, x, (denoted by con\s)) in the plane is the set of all points of the form
E?i’ft]« -z, where eacht; is a real number between 0 and 1, and the sum of ali feas 1.

We definen points in the plane to be itonvex positiorif they are in general position, and each

of then points is avertexof the convex hull of the: points. See [PS85] for more details.

6.2 Equipartitioning Three Measures by a2-Fan

A two-fanin the plane is a poinP (called the center or the apex) and two rays,and ps

incident with P. This structure partition&? into two connected regions.a&iny and Matosék

[BMO1] had proved that given three finite measures on the plane, there is always an equitable
partition by a two fan; i.e., there exists a two fan whose two regions have exactly half of each
measure. Bereg [Ber05] later considered a discrete version and proved that there are many two
fans with equitable partitions of a given input point set. Specifically, giered points,2b

blue points, an@g green points in general position &, andanyline ¢, there exists a point

P € ¢ and a two fan centered &t for which there are red,b blue, andyg green points in both

of the regions induced by the fan. He described)dn(log n)?) algorithm to find such a two

fan,n = r + b 4+ g being one half the number of points in the problem. Here we show the

algorithm to be nearly optimal, by proving

Lemma 96. Let S be a given set of points iR?, an of them redpn of them blue, andn of
them green. For a given poiR, 2(n logn) steps are required by any algebraic decision tree

that can decide if there is an equitable two-fan fwith center atP.

Figure 6.1 illustrates how-fans look like.
Before moving on to the proof of the above, we make a few comments about the general

structure of our lower bound proofs. Ben-Or [BO83] showed how to derive lower bounds for
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Figure 6.1: An example-fan

algebraic decision trees by counting the numbepath connected componentSuppose we

have a problem A om inputs (each input is real-valued, say). Suppose now we look at all
instances (or inputs) of A for which the answeliES. This forms a subset (call this subset Y)

of R™. Ben-Or’s theorem says that the height of the algebraic decision tree is lower bounded by
the logarithm of the number of path connected components in Y. Here, instead of concentrating
on theYES instances, we may also focus on th® instances. For our lower bound proofs, we

do this latter, viz. count the number of path connected components k@haputs.

Proof. Let T" be an algebraic decision tree that can decide for &'seith O(n) data points,
and a pointP, whether there is an equitable 2-fan forcentered aP. We will show that the
subsetX of inputs wherel” returns aNO answer has at least path connected components.
We takeP = (0,0) and data points); = (r; cos(6;),;sin(6;)), r; # 0. For each such
point we only need its argumefit € (0, 27), since this alone determines whether the point
is in some 2-fan centered &. Inputs will consist ofN = 16n — 8 points, described by the
components ot = (zg,...,znv_1) € RV, Pointsz; are blue ifj = 0 or 7 mod 8, red if
j=1,4,50r6 modg, and green ifi = 2 or 3 mod8. Thus each input describes a setvith
8n — 4 red points4n — 2 blue points, andn — 2 green points.

The canonical input is the poiat = (Ao, ...,0n_1) € RV, where

)+ 1
ei:g+(2+ >2w, i=0... N. 6.1)
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. =red
= =blue

4 =green

block 1

block n

Figure 6.2: The canonical input for Lemma 96

See Figure 6.2.

Thesel6n — 8 points are divided int@n — 1 blocks of8 points each. The blocks have
a LEFT part and a RIGHT part. Blockhas left partl; = [0s;—s, 0s;—7, 0si—¢, 0si—5, O3i—4]
and right partR; = [0s;—3,0si—2,0s,—1] for which, replacing the entries by their colors, is
Li=[brggr]andR; = [rrb].

Let \; be aray separatinfs,,_1 and L1, andp;, a ray separating,, andR,,. This two-fan
hasn — 1 blocks and the left half of block. Also it containsin — 2 red points (half)2n — 1
blue points (half) an@n green points (one more than half). The next (clockwise) two-fan that
equitably partitions the red and the blue pointadqa ray separating.; and R,) andp, (a ray
separatingR,, and L, 1) but now there are — 2 green points (one less than half).

In fact ALL two-fans that split both red and blue points evenly are either deficient by one
green or in excess by one green. Specifically, for eaeh 1,...,n, we have the two-fans
with rays A2j_1 andps;_1 containing block§L; R; - -+ Rjin—2 Lj1n—2] (2n green points);
also for eachj = 1,...,n, we have the two-fans with rays,; and p,; containing blocks
[RjLjt1 -+ Ljtn—1 Rjin—1] (2n — 2 green points). Thus, with input, 7" must return a NO
answer to the equitable two-fan query.

We consider only a restricted sétof inputs to7". A point z = (z9,...,2ny-1) € I if
zj = 0; for j # 2 mod 16, and otherwise;; € (0,27); only the first green point in the odd

numbered blocks is free. For a permutatios- (71,...,m,) of (1,...,n), definez, € I by

216j-14 = 167,143
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2, describes the sam¥ points asz* except that the first green points of the odd-blocksof
appear in permuted order i}. Recall thatX is the set of inputs where the algebraic decision
treeT returns aNO answer. Clearly:, € X for every permutation. We also claim that if
m andp are distinct permutations, then andz, are in different path connected components
of 1. We move along a continuous pathin I from 2z to z, (holding z; fixed, j # 2 mod
16). As we do, some green point leaves its half-block, ayand moves to an adjacent half-
block, R;_; or Ry. Letj be the block where this first occurs prand letz(¢t) € p denote
the corresponding point i®Y. The input described by this point is no longerinhbecause
either[Ry_n—2 Lg—pn—1 -+ Lg—1 Ri—1] Or [Rg Lgsq + -+ Lgin—1 Rr+n—1] @re now equitable
partitions of all three colors. Therefot€ N I hasn! path connected components, and the

lemma now follows by Ben-Or’s theorem [Ede87], [BO83]. O

The claimed lower bound for finding an equital?2ldan is somewhat misleading: it may
be possible ir(nlogn) time to determine a poin®, and two lines incident af) for which
one of the four 2-fans is equitable. Lemma 96 just says that given@nlylog n steps are
needed to know if there is an equitalddan with apex@, and to find one if YES. Thus any
search algorithm (like Bereg’s) that tests candidate apex pBintsist have complexity at least

nlogn.

6.3 Equitable Partitioning by Orthogonal Lines

Given n points in general position i?, Willard [Wil82] asked for a pair of non-parallel
lines ¢, and/, that equitably partition the points; i.e., in each of the four open quadrants they
define, there are at most/4 points. An efficient algorithm for this was implied by results

in Cole, Sharir, and Yap [CSY84], and an optind&in) algorithm follows immediately using
Megiddo’s separated, discrete ham-sandwich cut [Meg85]. In fact we can even insist that the
lines are orthogonal: this is implied by a result ciBiy and Matosék [BMO02]) that uses
Borsuk-Ulam along with equivariant topology. Here we give an easy, direct combinatorial proof
that there is an orthogonal four-partitioning, and we describe the computational complexity of

finding one. Specifically we prove
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Theorem 97. Given a setS of n points in general position iR?, there exist orthogonal lines

¢, and /s that equipartitionsS, and they may by found i@ (n logn) RAM steps.

Proof. A halving line for.S has at mostS|/2 points in its open halfspaces. For the existence,
w.l.0.g. we may assume thatis odd, sayr» = 4; + 1 and start with/; as a vertical halving
line incident with the pointP € S with medianz—coordinate, ands as a horizontal halving
line incident with the point) € S of mediany—coordinate. Also suppose the open upper
left quadrant has the most points, sgywhich we assume is- j or this partition is already
equitable. We will rotat¢; and/, counter clockwise through /2 radiands, always keeping
them orthogonal, and keepirfg a halving line: i.e./; rotates abouf until it first meets a
point - sayP; € S. Next we rotate abouP; until ; meets meets another poiti, etc. Except
for the moments whe#t is incident with two pointsp; and P, 1, it is always a halving line
for S. During this process, a passes points af, we will move it (always maintaining its
orthogonality to/;) so at most half the points &f are in either ofits open halfspaces. At
the end of the rotation the upper-left quadrant has become the original lower left, and now has
< j points (becausé, is halving). Since its cardinality changes #y at each “event” in the
rotation, there is a position where it has exagtiyoints.

The complexity statement follows from the following two results.

Lemma 98. Given a setS of ©(n) points in general position ik? and a pointQ € R?, at
least2(n log n) steps are required by any algebraic decision tree that can decide if there is an

equitable partitioning ofS' by orthogonal lines incident witfy.

Proof. The argument is a construction sharing several features with that of Lemma 96, so we
will be terse. We také) to be the origin. LefV = 32k + 9 and takeN points on the unit circle
with arguments given by

_ 2mj

9] W,j:].,,N,

since N is odd, no two are antipodal. The points®fwvill be thosefd; wherej = 1,2,3,4,5
mod8, son = |S| = 20k + 5. (It may help to think oftk + 1 groups of equally-spaced points,
8 points per group, plus one extra point. Each open quadrant has/4 groups. Points of

occupy the first 5 places in a group; the lastre empty.)
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If two orthogonal lines througl® = (0,0) equipartition.S there can be at mos$tt: + 1

points in any open quadrant. L&tand/, be orthogonal lines through. It is easy to see that

1. as they are rotated abo@ (maintaining orthogonality), ifheitheris incident with a
point of S, then exactly two quadrants each containt 2 points ofS, and the other two

contain a total ofil0%k + 1 points;

2. in addition, as eithef; (or ¢3) rotates across;, ..., 0;,7, there is a position where the

four open quadrants contaik + 2, 5k + 2, 5k + 1, and5k pts.

Thus, at the canonical input

* 20k+5
2= (61,...,605,09,...,013,...,030%4+1...,030%4+5) € R ,

the decision tree must answer NO. On the other handi@&wen and consider the restricted set
of inputsI wherez; € (0,2), andz; = §; for i # 5 mod(L6). For eachr = (my,...,m2), @

permutation of(1, ..., 2k), definez, € I by

216j-11 = V167, -11;

2, andz, are in different connected components because on a continuous(pgih / from
2. 10 2z,, one of the middle points in an even numbered group is first to enter an adjacent group,
and at the input described by that), there is an allignment df; and/; that is incident with

a point of.S, and where each open quadrant has at bst 1 points ofS, a YES input. [
]

As with Lemma 96, it may be possible {nlogn) time to determine orthogonal lines
{1, £ that equipartition the given data points. The Lemma just says that given 6hiy log n
steps are needed to know if there exist orthogonal lines incideptvéttich do the job, so any

search-based algorithm that tests candidate points must have complexity atlteast

Lemma 99. Given a setS with n points in general position ik, in O(nlogn) RAM steps

we can find orthogonal lineg and/, that equitably partition the points.
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Proof. Dualizing the existence proof in Theorem 1, there is a péint= (—a,y1), a > 0,
that is dual to/;, and a pointP, = (1/a,y2), dual toly (¢2 L ¢1), so that (i) at most half
of the lines in£ (dual to then points inS) are above (belowp, (ii) at most half are above
(below) P,, and (iii) |[n/4] are aboveboth P, and P,. We will search forP;, starting with
a point@ = (—c,d) on the median level, and > 0 chosen so thaf) is to the left of the
vertex of A(L) with min x-coordinate. The cost f@p is O(n log n) and we test it irO(n) time
by computing®’ = (—1/¢,d’) on the median level, and countiig(Q), the number of lines
aboveboth @ and@’, stopping withP, = Q if N(Q) = [n/4].

We could now use slope selection to perform a binary search on the verticd€ pfand
afterlog () search steps, each evaluatiVg-), we determineP; at a cost ofO(n(log n)?).
On the other hand in linear time we could determine vertical linest; andxz = ¢, with the
property thatP; is in the strip they determine, but there are at mestvertices ofA(£) that are
also within the strips > 0 small. To do this we evaluat¥ at a point onr = ¢; and the median
level and also at a point an = ¢, and the median level, and accépt, ¢2) if NV is bigger than
n/4 at one point and smaller at the other. Now it is easy to prune a constant fraction of the
lines of £ which cannot determin®; and then recursing within the strip @i, the unpruned
lines, we obtainP; in time O(nlog n): the strip in the next recursive step is determined in time
O(n), because we evaluafé(-) with respect to the original lines, and there &@ogn) steps
before only a constant number of lines remain fosm) brute force conclusion.

O

In the special case where thepoints of S are in convex position, their radial order is the
same from every point interior to cof®). This fact simplifies the problem enough to allow us

to find an orthogonal equipartitioning in linear time.

Lemma 100. An equitable orthogonal partitioning for points in convex position can be found

intimeO(n).

Proof. We may consider the collection of pointS, to be on the unit circle. From an arbitrary
point @ with |@Q| = 1, draw a halving line through@. Next find another halving lin€ for
S orthogonal to, and count the number of points in the four resulting quadrants. The counts

have to bex, n/2 — a, a, n/2 — a. Now, choose a quadrant which has more thgt points
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Figure 6.4: Orthogonal partitioning

and select the middle point in it. Now we want to draw another pair of orthogonal lines through
this point - we halve the set through this point (the bold line in Figure 6.3), and then we draw
another halving line perpendicular to this direction.

We again measure how good this new patrtitioning is : if its not an equipartitioning, we
can mark out setgl and B (and their antipodal setd,, B; of the same corresponding sizes)
such that setsl and B have at leash/8 points each. Depending on the present partitioning
and the previous one, we can decide which way to conduct our binary search (in Figure 6.4 the
direction of search is indicated by the arrow).

But now we observe, that the séf in the figure (of size at least/8) will not ever enter
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into calculations any more (that is, for the solution orthogonal partitioning, it belongs wholly
to one quadrant).
So, from now on, we don'’t need to count the pointsdafseparately. If the arrow were in
the other direction, we could have discountedfrom future computations. In either case, we
can prune out /8 of the points.
One more iteration would go thus : delete the pointgipfrom consideration and look for
a “halving” line which partitions the points inte/2 andn/2 — |A;|. Also look for a similar
line in the perpendicular direction, and continue.
So, we see, that at each step we can prune away a constant fraction of the 11(8'%1)5 (
Also each step takes linear time (two halvings of point sets and a selection). Altogether, this

takes linear time hence. O
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Chapter 7

Oblivious Symmetric Alternation

7.1 Introduction

First we give definitions o8} and show how we derive the definition of our oblivious symmetric
alternation clas§); from it. We also define the related clas3&8% andNO%.

Then we describe a few syntactic properties of the cla€ggsy O} and NO% and show
how O is (potentially) much weaker thaf. We start with the preliminary observations as to
howNO?Y is similar toNP (andYO% to coNP).

In Section 7.4, we connect some of the earlier lowness resut$ e§ingO%. We find that
we can give an exact characterization of the low set3’pf

We then proceed to us@) for the main objective of this chapter, viz. to improve many of
the existing collapses.

We illustrate the relationships amony, YO%, NOL and other classes in Figure 7.1.

Finally, we useD%, NO% andYO% to build an hierarchy of classes similar to the polynomial
time hierarchy. In this new hierarchy, which we call tiigivious symmetric alternation hierar-
chy (OSH), O, NOY and YO, play the role of?, NP andcoNP, respectively. As it turns out,
the oblivious symmetric alternation hierarchyehaves similarly t&H and we discuss other
features of this hierarchy in Sec. 7.6. For instance, it is true(i8&i is finite if and only ifPH

is finite.
7.2 Definitions

We start with the formal definition df5. For the sake of brevity, we straightaway define the

relativized version.

Definition 21 ([Can96, RS98]).LetC be a complexity class. A languadeis said to be in the
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Figure 7.1:S and other classes

classS,-C, if there exists a 3-argument predicdtec C such that for alln, for all z € {0,1}",

re€ L = I"Yyv"z [V(z,y,2z) =1] and

xg L = "Ny [V(z,y,2) = 0],
wherem is polynomial inn. For anxz € L (resp. xz ¢ L), anyy (resp. z) satisfying the first
(resp. second) requirement above is calledragfutable certificatef theY ES-PROVER (resp.

the NO-PROVER).
We next defin€?%, YO, andNO%. Again, we straightaway present the relativized versions.

Definition 22. LetC be a complexity class. A languadeis said to be in the clas®, - C, if
there exists a 3-argument predicdie € C such that, for alln, there exist stringg* and z*,
with |y*| = |2*| = m, satisfying the following requirements, whereis polynomial inn. For
allz € {0,1}",

r€L = Yz [V(z,y",2) =1] and

¢ L = Yy [V(z,y,2%) =0].
We cally* and z* irrefutable adviceat lengthn, for the Y ES-PROVER and NO-PROVER, re-

spectively.
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Definition 23. LetC be a complexity class. A languadeis said to be in the clas§ O - C,
if there exists a 3-argument predicaté € C such that, for alln, there exist a string:*,
with |z*| = m, satisfying the following requirements, whereis polynomial inn. For all
x € {0,1}",
x€el = I"YW"z [V(x,y,z) =1] and
g L = Y™y [V(z,y,2*) =0].
We callz* irrefutable adviceat lengthn for the No-PROVERand for anz € L, any stringy

satisfying the first requirement is called arefutable certificatef theY Es-PROVERfor .

We defineY O, - C similarly: in this case the ¥s-PROVERhas arirrefutable advicestring,
and the N-PROVERhas anirrefutable certificate

We denote byst, OF, YO, andNO?%, the classeSs - P, Oz - P, YO, - P andNO; - P,
respectively. For any oracld, S4', 04, YOZ', NO4', denote the classes - P4, O, - P4,
YO, - P4 andNO, - P4, respectively. Similarly, for a clasy s¢. 0¢, YOQC andNog denote
the classess - PC, Oy - PC, YO, - pC andNO, - PC, respectively.

7.3 Oblivious Symmetric Alternation and Other Classes

In this section, we compar®’, NO, and YO} with other standard complexity classes. We

start with the following easy (syntactic) observations:

Proposition 101. The following (relativizing) inclusions hold for the classe$, NO%, YO%:
(i) O CNOEN YOS

(ii) coNOY =YO!

(i) NP C NOj C Sh

(iv) coNP C YO} C S%

So we know thereby thad) C S} - how much weaker i©)) as compared t65? We
observe below thad’ c P/poly. On the other hand} containsNP andNP unlikely to have
polynomial size circuits (for that would collap®d1). This gives credence to the belief thiaj

might indeed be quite weaker th&#).
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Theorem 102. O} C P/poly. In general, for any oraclet, O3' ¢ P4 /poly. Similarly, NO}
C NP/poly, YO} C coNP /poly, and these inclusions relativize 83 ¢ NP4 /poly, YO

C coNPA /poly.

Proof. Let L € Of via a verifierVV. We show that. € P/poly, by constructing an advice
taking machinel/. Fix a lengthn. Lety* andz* be the irrefutable advice at length We fix
the advice at length to be(y*, z*). Given an input: € {0, 1}" and the(y*, z*) as advice M
outputs the value of (x, y*, z*). Itis easy to see that/ correctly simulated. at lengthn.
Proofs for the relativized version and for the corresponding resultS @}, YO?, are simi-

lar. O

We can ask other warm-up questions about these new classes, for instaneeNEBan
NOB? This is unlikely, because from above we know tN&%, c NP /poly, so such a con-
tainment would imply thatoNP < NP /poly, which is known to imply a collapse of the
polynomial time hieararchyPH = SY* [CCHO03, SS04]. We obtain a better collapse under
the hypothesisoNP is contained irNO%.

Theorem 103. If coNP C NOY, thenPH = NO) N YO5.

We now compare Arthur-Merlin classes with the classes, thereby improving some of

the syntactic inclusions in Proposition 101.

Theorem 104. MA C NO%, coMA C YO,

Proof. We show thaMA C NOZ%. Goldreich and Zuckerman [GZ97] use strong amplification
properties oBPP to prove thaMA C SB. We modify their system using a trick like Adleman’s
[AdI78] in order to prove our claim.

Let . € MA. By virtue of [GZ97], we can considef as being accepted byMA proof
system with one sided error. So, there existsary predicated € P, and polynomial®, ¢

such that

e If 2 € L, then there exists € {0,1}9(7) so that for every- € {0, 1}7(2), A(z,w,r) =

1.

o If z ¢ L, then for everyw € {0, 1}2(2)
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Prob.(A(z,w,r) =1) < % . 9—a(|z])

We can also obtain a one sided error proof system of the above type also using Lautemann’s
technique (see e.qg., [DKO01]).

We use a naive amplification to reduce the error probability (for the.cgsd) as follows.
o If z ¢ L, then for everyw € {0, 1}2(2)
Prob.(A(z,w,r) =1) < % . 9—(a(z])+|z|)

Let the length of- in the above be; (|z|).

Forz ¢ L, consider the setd, = {r : 3w A(z,w,r) = 1}. By the above, the size of
each setd, is bounded by?:(I#D=lzl Since at mosg!/*! z’s may not be inL, there exists a
string o which does not belong to amy,, (wherex ¢ L).

Now we define a relatiof (for the classNO%) so thatR(z,y, z) = 1if |y| = |z| = p1(|z|)

and at least one of the following conditions hold:
o y = wor(zD=a(le) and A(z, w, z) = 1
o z = wor(eD—ale) and A(z, w,y) = 1

Shorthandingn = p; (|Jz|) andn = ¢(|z|), we have that for: € L, there existav € {0,1}",
such that for all- € {0,1}", A(z,w,r) = 1. Thus there existg = w0™~", such that for all

z€{0,1}", R(z,y,2z) = 1. Ifz ¢ L,
|Ay| = {r: 3w st Az, w,r) = 1} < 27 (2m—n—lel — 1) = gm—lzl _gn

Summing over all possibld,’s, we see hence that there isac {0,1}™ — {0, 1}"0™",
such that for every € {0,1}", A(z,w,ro) = 0. Given thisry, we have to prove that for all
z, R(x,ro,z) = 0. This holds becausB(x,rp, z) = 1 implies eitherry ends in0™~" which
cannot hold by choice ofy or thatz = w0™™" and A(x,w,ry) = 1 which does not hold
either.

Note that in the abov&?-system, the -PROVER can always give the same strimg.

Hence this is actually ¥O%-system, andA C NOb. O
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We can prove Theorem 106 using a similar proof. Using Lautemann’s technique or the
strong amplification properties &PP, we can show tha-sided-errofP[P /poly] is equiva-
lent to 1-sided errod P[P /poly]. We then follow the above proof.

While the intuition gained so far about the cla5is that it is a relatively small class, we
are not able to show containment@©f inside the clas& M. On the other hand, we are able to

prove an upper bound ohM better than the previously known upper bound1§f

Theorem 105. AM C O, - NP C II}.

7.4 Lowness ofSh and O

In this section, we connect some earlier lowness resul§ osingO%. We also give a precise
characterization of low sets 6¥.

Russell and Sundaram [RS98] and Canetti [Can96] showed#i&tis low for S5. We
can prove thafP[P/poly] is low for S5, whereIP[P /poly] consists of languages having an
interactive proof system in which the power of the honest prover li€yjoly. SinceBPP C
IP[P/poly], this latter lowness result implies the former. On a different note, Cai et al. showed
that any Turing self-reducible languageRripoly is low for S5 [CCHOO03]. We connect these
two seemingly unrelated lowness results usiig We show thaiP[P /poly] C O} and that
any Turing self-reducible language Ry poly belongs toO%. Then, we prove thab? is low

for SE.
Theorem 106. IP[P /poly] C OF.

Proof. We can prove this result using a proof similar to that for Theorem 104. Using Laute-
mann’s technigue or the strong amplification propertie83bf?, we can show thak-sided-
error IP[P /poly] is equivalent tal-sided errodP[P /poly]. We then follow exactly the proof

for Theorem 104. O

Theorem 107. If a languageA is Turing self-reducible andl € P/poly thenA € O5.

Cai et al. [CCHOO3] prove a theorem similar to Theorem 107: theldetiow for S5. Our

lowness result is proved via an argument similar to theirs.
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We next show tha()g is low for Sg. So, the goal is to show that for any oraclec O%,
S5t C Sb. The idea is as follows. The provers of 8 proof system would provide irrefutable
advice strings ofd along with the certificates of the origingl' proof system. The verifier is

suitably modified to handle queries to the oracle, using the above irrefutable advice.
Theorem 108. O% is low for S¥, i.e.,SQOg =Sb.

Proof. We show thaSSg C Sh; the reverse direction is trivial. Let € S, whereA € O5.
Let V4 be aO} verifier for A andVs € P4 be aS} verifier for L. Letx € {0,1}" be the
input. The verifierVg asks queries of length up to to the oracled, wherem is polynomial
in n. We first make an observation regarding thg proof system forA. Lety; andz; be
irrefutable advice at lengthfor the YES-PROVER and NO-PROVER, respectively. For anyn,
denote byY}’ the concatenation off, v5, . .., y;,. We defineZ;, similarly. It is easy to modify
the verifierV4 so that he can handle concatenated certificates. Thus,gR@®ROVER can use
Y, as irrefutable advice for all stringsin A, satisfying|g| < {0,1}™. A similar claim holds
for the No-PROVER

We now construct afi; proof system for.. Letz € {0, 1}" be the input. Let the certificate
of the YES-PROVERbDe S = (s,Y, Z) and the M-PROVERS certificate beS” = (s/,Y’, Z').
Givenz, S and S’, our verifierV works as follows. V' simulatesVs(z, s, s’). SupposeéVg
makes a query to the oracled, where|q| < m. The verifierV/4 wants to determine if € A.
We use(Y, Z) and(Y”, Z') for this purpose. The above pairs can be seen as H®ePROVERS
and the Nd-PROVERS claims on whetheg € A. We computeins = V(q,Y, Z) andans’ =
V(g,Y', Z'). Intuitively, the bitsans andans’ represent the claims of theeé-PROVER and
the No-PROVERTrespectively, as to whether or npe A. If ans = ans’, then the two provers
agree on whethej € A and so, we continue simulatifigs usingans as the answer to the
queryq. Supposeins # ans’. We consider two casesns = 1 andans = 0. If ans = 1,
we computel/ (¢, Y, Z') and vote according to the outcome and halt (i.eV4fq, Y, Z') = 1
vote in favor of the ¥s-PROVER and vote in favor of the N-PROVER otherwise). Similarly,
if ans = 0, we computé/s(¢q,Y”, Z) and vote according to the outcome.

It is easy to argue the correctness of the proof system. Suppesé. Then,(s, Y, Z} )

y Lmo

is an irrefutable certificate for the B-PROVER, wheres is the irrefutable certificate of the
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Y Es-PROVERUNder theSs' proof system for.. The case of ¢ L is handled similarly. [

In Theorem 108, we gave a partial characterization of low se$§ .ofh the case 00%, we
are able to do a better job. In the following theorem, we show®Hais low for O%. It is easy
to see that ifd is low for O thenA € OF. As a consequence, we can precisely specify the low

sets ofO%: Low (0%) = Of.
Theorem 109. O% is low for O%, i.e.,OQOg = 0.
Also, similar lowness results hold fofO%, YOZ:

Theorem 110. (i) Of is low for NOZL. In general, for any oracled, NOS;‘ = NOZ. (i) O} is

A
low for YOZ. In general, for any oraclet, Y02O2 =YO4.

7.5 Strengthening Collapses Usin@®-

In this section, we show that some earlier results invol\Sggand related classes can be im-
proved by using)} and its relativized versions.

The first result we consider is the classical Karp-Lipton theorem, which deals with the issue
of NP having polynomial size circuits. Karp and Lipton [KL80] showed tha# C P /poly
thenPH = XL N 1I5. Under the same hypothesispKlér and Watanabe [KW98] improved
the collapse aBH = ZPP™Y. Sengupta observed that an alternative proof of the Karp—Lipton
theorem due to Hopcroft [Hop81], in fact, gives a collaps@Hf= St (see Cai [Cai01]). Since
S? C ZPPNP py Cai's result [Cai01], the above result improves the earlieblisi-Watanabe
result. We further strengthen the collapsétd = O%. Cai et al. [CCHOO03] proved a lowness
result for S5 (similar to Theorem 107), and used it as a tool to derive a number of collapse
consequences, including the above Hopcroft-Sengupta result. We note that this alternative
proof of Hopcroft-Sengupta result, in fact, collap$s to O%, though they do not explicitly

considerOf. Our proof thaPH collapses td?} is explicit and simpler.
Theorem 111.If NP C P/poly thenPH = O%.

It is curious to note that the above implication is in fact an equivalence.
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Proof. SupposeéNP C P/poly. It implies thatSAT € P /poly. So, there exists a polynomial
time advice taking machin&/ that decide$SAT. Wlog, we assume that for amy there exists
an advice stringidv,, given whichM correctly decides satisfiability of any formula of length
upton. Using a standard technique (via self-reducibility SXT), we can assume that the
machineM errs on only one side. Namely, if a formulais not satisfiable, thei/ rejectsy,
for anyadvices.

We show thatz}, C OF. This would implyPH = O%, sinceO} C S5 C 8 N 115.

Let L € 3. Consider an input length. For anyz € {0,1}",
z €L < Fy[p,, & SAT],

wheret is polynomial inn. Moreover, givene andy, ¢, , can be computed in polynomial time
and for anyy, |y, | is bounded byV,, whereN; is polynomial inn.

We show thatl, € O% by constructing a suitable verifier. Lete {0,1}" be the input. The
Y ES-PROVERand No-PROVERG(ive certificates; andss respectively. The certificates; and
so are meant to be the advice strings at some lengthand N, respectively. We have already
specifiedV2 and we will fix N; below. Intuitively, the provers are claiming that = advy,
andss = advy,. (Of course, they could be cheating.) Givens; ands,, the verifier works as
follows. The idea is that the verifiéf would uses; to check the satisfiability op,. ,,, for any
giveny and uses; to determine if there existszasuch thatp, , is unsatisfiable.

We now formally describe the computationdf Consider the followingNP queryQ:
F'y[M (¢s,y, S2) = REJECT].

Using a standard Cook reduction, we can reduce the aN®vquestion to a question of sat-
isfiability. We construct (in polynomial time) a formula, such that is true if and onlyg,
is satisfiable. We see thap, | is bounded by somé&/; , whereN; is polynomial inn. The
verifier V evaluatesM (3., s1). V votes in favor of the ¥s-PROVER if M (p,,s1) = ACCY,
and votes in favor of the &-PROVER otherwise.

We claim that the stringadvy, andadvy, can serve as irrefutable advice at lengtifor
the YES-PROVERaNd the Nb-PROVER, respectively. The claim is proved below. Consider any

x € {0,1}". Suppose: € L. Letss be any certificate given by thedNPROVER Sincex € L,
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for somey € {0,1}¢, ¢z, IS NOt satisfiable. As the machidé errs on only one side, we have
M (pz,y,52) = REJECT. S0, ¢, is satisfiable. Sincedvy, is a correct advice at lengtNy,
M (%, advy,) = ACC. So, the verifier would vote in favor of theBs-PROVER On the
other hand, suppose ¢ L. Let sy be any certificate given by theB6-PROVER Asx ¢ L,
for all y € {0,1}*, ¢, , is satisfiable. Sinceduvy, is a correct advice at length,, we see
that M (¢, advy,) = ACCP, for anyy € {0,1}¢. It follows that@, is not satisfiable. As the
machine)! errs on only one sideV/ (., s1) = REJECT and hence, the verifier would vote in
favor of the No-PROVER

O

As a corollary to the above, we have the following improvement of [Kan82]. Hre(n*)

refers to languages which have deterministic circuits of sfzéor some fixed constarit.
Corollary 112. NP©? ¢ Size(n*) andNEXP®2 ¢ P /poly

The previous best known result was ti#t ¢ Size(n*) (see Cai [Cai01] attributed to
Sengupta). Also, Impagliazzo and Kabanets [KI03] prove conditionally XigXPR" ¢
P /poly. On the other hand, [BFT98] prove thsitA .., ¢ P/poly. which already implies our
result forNEXPO2 not being inP /poly (sinceMA.,, C NEXPO3),

Theorem 111 studies the consequencéBf being contained i /poly. We now con-
sider a weaker hypothesis, namél§p C coNP/poly (equivalently,coNP C NP /poly).
Yap [Yap83] showed that ifoNP C NP/poly, thenPH = X% N II5. Kobler and Watan-
abe [KW98], under the same hypothesis, improved the above collap3H as ZPPNPT
Cai et al. [CCHOO03] and Selman and Sengupta [SS04] obtained a further improvement and
showed thaPH = SY*. We bring down the collapse further @,*". In fact, we show that the
verifier needs to make only two queries to B oracle. That is, we obtain a collapserifl =
O, - PNPI (The assumptioroNP C NP /poly implies thats; ¢ PNP /poly. The above
mentioned earlier results worked with this latter containment. By this approach, one can obtain
a collapse t@X*. In our proof, we directly work with the assumptioaNP C NP /poly and

manage to construct a verifier that asks only e queries.)

Theorem 113. If coNP C NP/poly thenPH = O, - PNP[2],
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Proof. By our hypothesis, there exists a nondeterministic polynomial time advice taking ma-
chine M that decidesSAT. Letadvy be a correct advice string at lengt. Let |advy| =
¢(N), £(-) is a polynomial. Wlog, we assume thatv works correctly not only for formulas
of length IV, but for formulas of length uptd/. Thus, for anyN, for any formulay of length at
MOStN, ¢ € SAT, if and only if M (¢, advyx') = ACCP. We shall show that} C O, - PNPEL,
This impliesPH = O, - PN, sinceO)? C ¥4 N 115,

Let L be a languagé. in 3%. Our goal is to show that € O, - PNPRL. Letz € {0,1}" be
the input andcs; andss be the certificates provided by thee¥-PROVER and the Nb-PROVER
respectively. Intutively, the verifier exepegtsands, to be correct advice strings that work for
formulas of length upto som&; and someVs, respectively. Of course, either prover could be
cheating. The numbers; and N> will be fixed later.

SinceL € ¥, we have that
x €L <= MY z[py .. € SAT],

wherem is polynomial inn andy, , . is a formula whose length is bounded by somg
whereN; is also polynomial im. The verifier would use; ands; to evalaute the right hand
side of the above implication.

Consider a string € {0, 1}". We would like to evaluate the predicate
V"2 pry,. € SAT]".
For this purpose, we use the machiviewith s, as advice and consider the following predicate:
V" 2[M gy, S2) = REJECT].

Notice that the above is @NP predicate. Using Cook’s reduction, we can construct (in

polynomial time) a formula,. , such that
Ouy € SAT = V"2[M(pgy.z, S2) = REJECT].

Here, |¢, 4| < Ni, for someN; polynomial inn. The verifier would use; to check the
unsatisfiability ofp,, .
We are now ready to describe the verifier’s algorithm. The verifier first checksaifid s,

are “good”, where the notion of goodness described below. Given some advicessfvingiay
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make two types of errors: (i) it may accept satisfiable formulas; (ii) it may reject unsatisfiable
formulas. A strings is good, if M does not make the first type of error, wheis given as
advice. Formally, we say that a strirgs goodat length NV, if for any formulay of length at
mostN,

¢ € SAT = M(y,s) = REJECT.

The strings is bad, if it is not good. Notice that'is bad” is anNP predicate. { is bad, if there
exists a satisfiable formula such thatV/ (i, s) = ACCP).
The verifier first checks if; is good at lengthV; ands, is good lengthV,. The verifier’s

first query to theNP oracle is the following.
(Q1)  siisbad atlengthV; or s, is bad at lengthVs,.
Suppose the oracle answers “Yes'@e. Then, we ask the second query:
(Q2)  “Is sy is bad at lengthv, ?”

If the answer is “Yes”, we vote in favor of thedNPROVERand halt. If the answer is “No”, we
vote in favor of the ¥s-PROVERand halt.
Suppose the oracle answers “No” to the quéry Then, we are assured that bathand

so good at appropriate lengths. We ask the followi¥ig query:
@) I™yY[M(Pay,s1) = ACC).

If the oracle answers “Yes” tQ5, we vote in favor of the ¥s-PROVER If the answer is “No”,
we vote in favor of the [-PROVER
It is clear that the verifier asks only two queries to B oracle. We proceed to show
the correctness of the proof system. We claim that, at lengihlvy, andadvy, can serve
as irrefutable advice for the &-PROVER and NO-PROVER, respectively. Letz € {0,1}"
be the input. First notice thatdvy, andadvy, are good at lengtiv,; and Na, respectively.
Thus, the honest prover will win the vote, if the other prover provides a bad string as certificate.
So, it suffices to consider the case whether both certificates are good. Suppode Let
so be the certificate provided by thedN\PROVER Sincex € L, there exists somg, such
that for anyz, ¢, . . is satisfiable. Hence, for any M (¢, -, s2) = REJECT (becauses; is

assumed to be good). Therefogg, , is unsatisfiable. Sal/ (@, ,, advy,) = ACCP. Thus,
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the oracle answer to the que), would be “Yes” and hence, the verifier would vote in favor
of the YES-PROVER On the other hand, suppose¢Z L. Let s; be the certificate given by
the YES-PROVER Consider anyy € {0,1}™. There exists & such thaty, , . € SAT.
Hence, for the above, we haveM (¢, ., advy,) = ACCV. So, ¢, is satisfiable. Hence,
M (¢z,y,51) = REJECT (becauses; is assumed to be good). It follows that for gjlwe have
M(@.,,s1) = REJECT. Therefore, the oracle answer to the quéyy would be “No” and
hence, the verifier would vote in favor of thedNPROVER

O

Apropos the theorem above, we observe that we can remove the adaptivity2ajuleies

in the above collapse if we consideN&®?, oracle machine instead of(a-oracle machine:

NP[2] YO, - pNPL2].

Proposition 114. If coNP C NP /poly thenPH = NOs - P|| |

Using Theorem 107, we can extend Theorem 111 and Theorem 113 to higher levels of the

polynomial time hierarchy.

D
Theorem 115. (i) Fix k > 0. If %2, | C P¥poly, thenPH = 0,*.

(i) Fix k > 1. If I? C SPpoly, thenPH = 0}*.

The above theorems strengthen earlier results. Under the same assumptions, the previously

best known collapse consequence was Biat= SQZ i [CCHOO03].

7.6 Oblivious Symmetric Alternation Hierarchy

In this section, we us®?%, NOY andYO?} to construct an hierarchy of classes akin to the poly-
nomial time hierarchy. We call this hierarchy, thblivious symmetric alternation hierarchy
and denote iIOSH. Here,05, NOS andY O} play a role analogous to that Bf NP andcoNP,

respectively. We start with the definition of various level$&fH.

Definition 24. DefineNOéO) = Yogo) = O%. For k > 1, we define

k—1) Nogk—l)

(
NOY =NOJ®*  and YO =YO)
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The above definition is similar to that ®H. Recall thatPH can be defined as follows. We

start withX{) = ITj) = P and fork > 1, we define
¥P = NP¥-1 and TI? = coNP¥i-1.,

Thus,NOék) andYOék) are analogous t&} andII}, respectively. Sinc® is low for NP and
coNP, we have that:} = NP andII] = coNP. In the next level, we hav&) = NP
andI1} = coNPN. The OSH behaves similarly. Theorem 108 shows tk} is low for
NO? and YOZ. It follows thatNOS" = NOZ and YOS = YOB. At the next level, we have
NOY®) = NOY?? andYO® = YO .

We present a simpler characterization of the class€¥SiH. The theorem is proved using

induction, along with our observation ths3' C OIQ\IPA, for any oracleA.
P P
Theorem 116. For anyk > 1, NO%) = NO,** and YO = YO,

We note thalDSH andPH are intertwined. We show this by extending Proposition 101 to

higher levels of the hierarchy.

Theorem 117.For anyk > 1,

P cNOW C P NP

(k)
b1 NI and I C YO, € X NI}

k+1 k+1°

Using Theorem 117 we can show thaPH is infinite thenOSH is infinite.

Theorem 118. (i) If OSH = NOY" thenPH = 7, .

(i) If PH = X thenOSH = NOY".

It is well known that ifII; = X7, thenPH collapses to théth level: PH = X} N II}. The
following theorem provides a similar result fOrfSH. It can be proved via a generalization of

Theorem 103.
Theorem 119. 1f NO{® = YOI then0SH = NOY” nyo{.
7.7 Application to the Two Queries problem

In this section, we consider the two queries problem. Can two queris® toe simulated by

only one query? In other words, i\P1] = PNP[2]2 We refer the reader to an excellent article
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by Hemaspaandra et al. [HHH98] for a survey on the above and related issues. In particular, itis
known that if PNl = PNP[2] then the polynomial time hierarchy collapses. The best known
collapse under the above assumption is #Ht = S5, which was proved by Fortnow, Pavan

and Sengupta [FPS03], building on the work of Buhrman and Fortnow [BF99]. We strengthen

the collapse as the following theorem.
Theorem 120. If PNP[ = PNPR thenPH = NOS N YO?,.
For this, as in [FPS03], we use the following theorem from [BF99].

Theorem 121. (Buhrman-Fortnow) IfPNPI1l = PNPI2] | then there exists a polynomial-time

predicateR and a constant > 0 such that for every,, one of the following holds:

1. Locally NP = coNP: For every unsatisfiable formula of lengthn, there is a short
proof of unsatisfiabilityw, i.e. ¢ ¢ SAT < Jw R(¢,w) = 1, where|w| is polynomial

inn.
2. There exists a circuit of siz€’ that decidesSAT at lengthn.

We also use the key lemma in [FPS03]. The following notation is needed in the lemma and
rest of the proof. Let” be a (possibly incorrect) circuit claimed to comp&t&T at certain
lengthm. We say that” is nice if C' does not accept unsatisfiable formulas. The following
observation is well-known. Via self-reducibility AT, we can convert any circui’ into a

nice circuitC’, while preserving correctness:(f is a correct foISAT at lengthm, so isC"’.

Lemma 122. (Forthow-Pavan-Sengupta) Fix > 0. For everyk > 0, if SAT does not have
n*+2 size circuits at length, then there exists a sétof satisfiable formulas of length, called
counterexamples, such that every nice circuit of sfzés wrong on at least one formula from

S. The cardinality ofS is polynomial inn.

Proof. (of Theorem 120)
The intuition behind the proof is clear. Buhrman and Fortnow [BF99] prove that under the
premise, it holds that eithé¥P is (locally) like coNP or SAT has small circuits. Now under

the first condition, clearlyoNP C NOY, while under the second condition, theoNROVER
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can give the existing small circuit f&fAT to provecoNP C NO?Y. Altogether, we would have
aNOf collapse of the hierarchy. We formalize this intuition in the following.

We show that:, C NO&. Let language. be a language is. So, for anyz, we have that

relL: 3y gy, ¢&SAT
rgL: Yy @p,c SAT,

wherey, ,, is a formula computable in polynomial time (via Cook reduction), givemdy. In
the following we denote the length of, , by m, noting that we can make the lengthsyaf,
corresponding to different’s uniformly m.

Y ES-PROVER gives the following strings: bib;,y, X. If by = 0 then that implies that
Y ES-PROVER claims there is a circuit of sizex* computingSAT on inputs of lengthn, and
thenX = C}, a circuit of sizem” (purportedly solvingSAT). On the other hand, #; = 1,
that means ¥s-PROVERclaims that there is no such circuit, so it giv&s= w corresponding
to Case 1 of Theorem 121.

No-PROVERGives the following strings: biiz, X. If b, = 0 then it means that +-PROVER
claims there is a circuit of size**2 solving SAT on inputs of lengthm, and thenX = C,, a
circuit of sizem**?2 (purportedly solvingSAT). If by = 1, then No-PROVERCclaims that there
is no such circuit, and it giveX = a list £ of counterexampleg as guaranteed by Lemma
122. Formally,L is a list of satisfiable formulas along with proof of satisfiability (satifying
truth assignments).

For the the verifier's computation, we have the following cases:

1. b, = 0. In this case, the verifier uses the circG to check ify, , is satisfiable (by

selfreducibility of SAT). If Ca(¢,,,) = 1, then the verifier rejects, else accepts.
2. by = 1. This breaks down into two subcases

(&) b1 = 0. In this case, the verifier considers the ciradiit given by YES-PROVER
and converts it into a nice circuit (while preserving correctness). The verifier then
checks if£ is valid, meaning all the formulas in the list are satisfied by the corre-
sponding truth assignments. If this check fails, the verifier accepts the input and

halts. The next step is the main one: the verifier checKs iis correct against the
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counterexamples i, i.e. it checks if for every) € L, if C1(y) = 1. If C} fails

this test, then the verifier rejects else accepts.

(b) by = 1. In this case, neither ¥s-PROVER nor NO-PROVERIs claiming that there
are small circuits foSAT. So the verifier just checks R(y, ,, w) = 1. If so, then

it acceptse, else rejects:..
Let us prove that this proof system indeed accepts the languaggain we have cases:

1. z € L. This case breaks down into two subcases.

(@) There exists circuits of size” solvingSAT. In this case, ¥S-PROVERgives the
appropriatey, by = 0, and a circuitC; of sizem” solving SAT. Sincex € L,
NoO-PROVER cannot make the verifier rejeetby showing a circuitCs such that
Ca(¢z,y) = 1, because the@; has to exhibit a satisfying assignment {oy,, and
in this case of the case analysjs,, ¢ SAT. So then the verifier checks, against
the list of counterexamples in £, andC; will pass all these tests. So the verifier

acceptsr.

(b) There does not exist circuits of size® solving SAT, and YES-PROVER givesw
satisfying Case 1 of Theorem 121.4lf = 0, and No-PROVERgives a circuitCy
of sizem**+2 solving SAT, then clearlyCs (¢, ,) = 0. On the other hand if both

by = b1 =0, thenR (¢, ,,w) = 1 and the verifier accepta
2. x ¢ L. Again, the two subcases are as follows:

(@) There exist circuits of sizex* solvingSAT, and so also circuits of size 2. In
this case, -PROVER(Qivesh, = 0 and one such circuif’;. Sincex ¢ L, for any

choice ofy, it holds thatp,. , € SAT. SoC5(y,,,) = 1 and the verifier rejects.

(b) There does not exist circuits of sizé*+2 solvingSAT. NO-PROVERgiveshy = 1
and a list of counterexamplegwhich catches any "spurious” circuit; of sizem”
given by YES-PROVER(in case ¥s-PROVER(Givesh; = 0). If Y ES-PROVER(gives

b1 = 1, thenR(p, ,,w) = 0 and the verifier rejects.

Clearly we observe that in the abovepNROVER needs to give only a single "proof” for

anyz ¢ L. Thus,Xs C NO%. By Prop. 101, we therefore have tHal = NOS N YOR.
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Buhrman and Fortnow in their paper [BF99], leave as an open question whether the premise
BPPNPI — BPPNPRI collapses the polynomial hierarchy. Noting tieP C O, we can

prove instead that

Theorem 123.1f 05" = OF"P thenPH = 0, - PNPL2),
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