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by Sambuddha Roy

Dissertation Director: Eric W. Allender

In this thesis, we deal largely with complexity theoretic aspects in planar restrictions and oblivi-

ousness. Our main motivation was to identify problems for which the planar restriction is much

easier, computationally, than the unrestricted version.

First, we study constant width polynomial-sized circuits of low (polylogarithmic) genus;

we show how such circuits characterize exactly the well-known circuit complexity class ACC0

(given that the unrestricted version captures the whole of NC1). We also give a new circuit

characterization of the class NC1.

Shifting our focus from circuits to graphs, we look at different notions of connectivity.

We investigate the directed planar graph reachability problem, as a possibly more tractable

special case of the arbitrary graph reachability problem (which is NL-complete). We prove

that this problem logspace-reduces to its complement, and also that reachability questions on

genus1 graphs reduce to that in planar graphs. We also prove that reachability in a particularly

simple class of planar graphs (namely,grid graphs) is no easier than the general directed planar

reachability question. We then proceed to isolate to several large classes of planar graphs for

which the reachability questions are solvable in deterministic logspace.

Counting the number of spanning trees in a graph is a useful extension of the task of deter-

mining connectivity. For arbitrary graphs, the problem of counting spanning trees is complete
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for GapL. In this thesis, we focus on a related problem. We prove that whereas in log genus

graphs, counting spanning trees modulo2 is in L, doing this in arbitrary graphs is⊕L-complete.

We also show how2 is special here: counting spanning trees modulo3 is no easier for planar

graphs than for arbitrary graphs. Keeping in the spirit of counting problems modulo2k, we also

give a highly parallel algorithm for the Permanent modulo2k for constantk.

We then proceed to investigate algorithmic implications of the Borsuk-Ulam Theorem. We

exhibit some problems about point sets in the plane for which we give almost optimal lower

bounds, and also we show certain scenarios in which convexity of the point set can be a sim-

plifying assumption with regard to designing efficient algorithms, and some in which it might

not be.

Finally, we study a new model of computation, that of oblivious symmetric alternation.

We show how this ties up many existing proof techniques, and how we use this concept to get

improved collapses in complexity theory.
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Chapter 1

Introduction

This thesis consists mostly of considerations regarding planar structures. Toward the end of the

thesis, we consider a new application of oblivious computation in complexity theory.

Let us describe our motivation for working with planar structures. Quite a few graph theo-

retic problems extant in theoretical computer science become “easier” when considering the un-

derlying graph to be planar. One instance of this phenomenon is as follows. Kasteleyn [Kas67]

proved that finding the exact number of perfect matchings in an arbitrary planar graph can be

done in polynomial time while Valiant’s [Val79] results imply that finding the number of perfect

matchings in an arbitrary graph is computationally hard under unproven but widely believed

assumptions. Yet another instance of the above phenomenon isGRAPH ISOMORPHISM

which is still not known to be in polynomial time for arbitrary graphs but has been proved to

be of polynomial complexity when the graphs areplanar [HW74].

Planarity has been a fruitful area for improving our understanding about graphs, more so

after Robertson and Seymour’s graph minors project (the reader can get a glimpse of the project

in Diestel’s text [Die05]). Looked at algorithmically, planarity is the place which sees the

most interplay between topology and computation. In most of this thesis, we investigate this

connection.

First, we start with planar restrictions on circuits.

1.1 Polylogarithmic Genus circuits

Circuits are anonuniformmodel of computation. Polynomial sized circuits capture a language

classP/poly. In this thesis, we consider subclasses ofP/poly. A circuit has notions of size

and depth associated with it [Vol99]. The class of languages recognized by circuits ofconstant

depth andpolynomialsize (with no restrictions on the fanin of the gates) is called AC0 (which
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stands for Alternating Circuits). On the other hand, if we restrict the fanin of the gates to be a

constant, and allow depths of up toO(log n) (wheren is the input size), then we get the class

NC1. It is easy to see that AC0 ⊂ NC1 (and the containment is proper, as proven by Furst, Saxe

and Sipser [FSS84], also see [H˚as86]). If we augment the class AC0 with a mod m counter,

then we get the class AC0[m]. The union of all classes AC0[m] (over allm) is referred to as

ACC0 (Alternating Circuits with Counters). Again, it is easy to see that ACC0 ⊆ NC1.

In Chapter 3, we give a new characterization of the complexity class ACC0. Since some of

the definitions used in this chapter will also be used in other chapters following, we collect the

common definitions in Chapter 2.

The class ACC0 is one of the most important subclasses of NC1. Barrington’s characteri-

zation of NC1 in terms of constant-width branching programs [Bar89] highlighted the impor-

tance of algebraic considerations in studying small circuit complexity classes, and initiated a

productive line of research reinforcing the connections between circuit complexity and formal

language theory [BT88, BCST92, MPT91]. In this framework, computation overnon-solvable

monoids gives complete problems for NC1, while computation oversolvablemonoids yields

problems in ACC0.

The class ACC0 also attracts attention, because it lies at the frontier of current lower bound

techniques. ACC0 is the union of the classes AC0[m] of problems computed by constant-depth

polynomial-size circuits of AND, OR, and MODm gates. Ifm is prime, then AC0[m] is known

to be a proper subclass of ACC0 [Smo87, Raz87], but form composite, it remains unknown if

NEXP is contained in (nonuniform) AC0[m].

Recently, Hansen [Han04] proved a very surprising new characterization of ACC0, in terms

of constant-width circuits. Barrington’s theorem [Bar89] yields as a corollary a characterization

of NC1 as precisely the problems solvable by constant-width circuits of polynomial size. If

NOT gates are allowed, then these circuits can be made to be planar, but if NOT gates are

allowed only at the leaves (i.e., at the inputs), then Hansen is able to build on earlier work

[HMV03] to show that ACC0 is precisely the class of languages accepted by polynomial-size

constant-widthplanar circuits. This is a beautiful and unexpected characterization, making no

blatant reference to counting modm or to the algebraic considerations that have been central

to all previous work on ACC0. Extending Hansen’s result, we prove:
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Theorem 1. The class of languages captured by constant width, polynomial sizedpolyloga-

rithmic genuscircuits is exactly ACC0.

As a corollary, the same is true for circuits with polylogarithmic crossing number. In con-

trast, we show that constant-width circuits of thickness two already suffice to compute all prob-

lems in NC1. We can view this as a positive result, because it yields additional information

about ACC0 and NC1. However, it is also in some sense a negative result, in that it removes the

most prominent candidates for a possible characterization of TC0 in terms of constant-width

circuits. We leave the task of finding such a characterization as our main open problem.

1.2 Planar Reachability

We move on to questions about reachability in planar digraphs in Chapter 4.

First let us describe classes L(Logspace) and NL(Nondeterministic Logspace). Lis the

complexity class containing decision problems which can be solved by a deterministic Tur-

ing machine using a logarithmic amount of memory space. Intuitively, logarithmic space is

enough space to hold a constant number of pointers into the input and a logarithmic number

of boolean flags. Similarly, NLis the complexity class containing decision problems which can

be solved by a nondeterministic Turing machine using a logarithmic amount of memory space,

see [Pap94].

In Chapter 4, we investigate thes-t-connectivity problem for directed planar graphs, which

is hard for L and is contained in NL but is not known to be complete.

Graph reachability problems play a central role in the study and understanding of subclasses

of P. Thes-t-connectivity problem for directed graphs (STCONN) is complete for nondetermin-

istic logspace (NL); the restriction of this problem to undirected graphs, called USTCONN, has

recently been shown to be complete for logspace (L) [Rei05]; thus this problem has the same

complexity as thes-t-connectivity problem for graphs of outdegree 1 (and even for graphs of

indegree and outdegree at most 1 [Ete97]).

Grid graphsare an important restricted class of graphs for which the reachability problem

has significant connections to complexity classes. (The vertices in a grid graph are a subset

of IN × IN, and all edges are of the form(i, j) → (i + b, j) or (i, j) → (i, j + b), where
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b ∈ {1,−1}.) In most settings it is sufficient to restrict attention to grid graphs where the start

vertexs lies in the first column, and the terminal vertext lies in the final column. In [BLMS98],

Barrington et al showed that the reachability problem in (directed or undirected) grid graphs of

widthk captures the complexity of depthk AC0. Barrington also considered general grid graphs

without the width restriction, calling this the Grid Graph Reachability problem (GGR) [Bar02].

The construction of [BLMS98, Lemma 13] shows that GGR reduces to its complement via

uniform projections. (The problemsSTCONN and USTCONN also reduce to their complements

via uniform projections, as a consequence of [Imm88, Sze88, Rei05, NTS95].) Reachability

problems for grid graphs have proved easier to work with than the corresponding problems for

general graphs. For instance, the reachability problem forundirectedgrid graphs was shown to

lie in L in the 1970’s [BK78], although more than a quarter-century would pass before Reingold

proved the corresponding theorem for general undirected graphs.

Barrington also defined thelayeredgrid graph reachability problem LGGR, in which no

edges are directed from right to left in the grid. (That is, there is no edge of the form(i, j) →
(i, j − 1).) It is important to mention that there is no efficient reduction known from instances

of GGR that contain no cycles, to LGGR.

Barrington [Bar02] showed that GGR and LGGR are hard for NC1 under uniform projec-

tions, but the best upper bound that was identified by Barrington for these problems is NL.

Our focus in Chapter 4 is the problem PLANAR .STCONN: the restriction ofSTCONN to pla-

nar (directed) graphs. This problem is hard for L under uniform projections, as a consequence

of [Ete97], and it lies in NL. Nothing else has been published regarding its computational

complexity. Thus the class of problems≤log
m -reducible to PLANAR .STCONN can be viewed as

a complexity class lying between L and NL. We show that this class is closed under comple-

ment, by presenting a≤log
m reduction of PLANAR .STCONN to its complement; we do not know

if this reduction can be accomplished by uniform projections or even by NC1 reductions; in

contrast to the case forSTCONN,USTCONN, and GGR. We also show that this class contains

the s-t-connectivity problem for graphs of genus 1; the generalization for graphs of higher

genus remains open.

In addition, we show PLANAR .STCONN≤log
m GGR. (This provides an alternative proof that

PLANAR .STCONN reduces to its complement.)
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Another technical contribution is to show that LGGR lies in the complexity class UL. This

must be viewed as a slight improvement, since it is shown in [ARZ99] that NL= UL if there is

any problem in DSPACE(n) that requires circuits of exponential size, and it is shown in [RA00]

that NL/poly = UL/poly (unconditionally). We actually show that LGGR lies in UL∩ coUL,

although (in contrast to all of the other reachability problems we consider) it remains open if

LGGR reduces to its complement. (Note also that it remains open if UL= coUL.) Some other

examples of reachability problems in UL were presented by Lange [Lan97]; these problems are

obviously in UL (in the sense that the positive instances consist of certain graphs that contain

only one path froms to t), and the main contribution of [Lan97] is to present acompleteness

result for a natural subclass of UL. In contrast, positive instances of LGGR can have many

paths froms to t. We know of no reductions (in either direction) between LGGR and the

problems considered in [Lan97].

Having proven that directed planar graph reachability reduces to its complement, and also

that planar digraph reachability is no harder than the special case of grid graph reachability, we

proceed to isolate a few subclasses of planar graphs for which we can indeed prove reachability

in Logspace.

Barringtonet al. showed [BLMS98] thatst-connectivity in widthk (directed or undirected)

graphs is complete for depthk AC0 under first-order projections. In this thesis we study grid

graphs without any width restrictions. The best upper bound known for GGR is NL, although

we prove a slightly better upper bound for so-called “layered” grid graphs (LGGR): LGGR∈
UL ∩ coUL.

Then we shift focus primarily on classes of grid graphs whose reachability problem is solv-

able in logspace. Reachability inundirectedgrid graphs (UGGR) was studied by Blum and

Kozen [BK78]; they showed that UGGR is solvable in logspace (which was superseded a

quarter-century later by the work of Reingold [Rei05]). Buss has studied UGGR in connec-

tion with tautologies arising from the game of HEX [Bus05] (namely, the tautology that every

completed game board of HEX has a winner); he credits Barrington with the observation that

UGGR is equivalent to the problem of determining if a given completed HEX board position is

a win for one player. Reachability in grid graphs of outdegree one (1GGR) is another restriction

on GGR that is clearly solvable in logspace.
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One of our theorems is that UGGR and 1GGR are equivalent under AC0 reductions (and

even under first-order projections). We show that these problems are hard forNC1, and thus

this gives a cluster of natural problems that are candidates for having complexity intermediate

betweenNC1 and L, since even the general GGR problem is not known to be hard for L under

AC0 reductions.

We define a moderately large class of planar DAGs, which we call SMPDs (which stands

for Single-Source Multiple-Sink Planar DAGs). We show that reachability in SMPDs is in L.

We also show how we can “tweak” our algorithm to make it work for certain classes of planar

graphs with a few cycles. Also, we prove that reachability in outerplanar digraphs can be done

in L.

1.3 Parity problems in Planar graphs

In Chapter 5, we move on from planar digraphs to modular counting of spanning trees (among

other things) inundirectedplanar graphs in Chapter 5. Counting spanning trees in graphs is

an amenable problem because of the famous Kirchoff Matrix Tree Theorem [GR01]. From the

Matrix Tree Theorem, we have that counting the number of spanning trees in an arbitrary graph

reduces to the computation of a determinant, so is in the complexity class GapL. In this chapter

we show how we can find out the parity of the number of spanning trees in alow genusgraph

in L. Here, “low” genus means logarithmic genus. On the other hand, we show that finding

out the parity of the number of spanning trees in anarbitrary graph is complete for⊕L. Our

methods use the Laplacian matrix of the graph. We show for instance that we can compute the

rank of planar Laplacians in L (and again, this carries over tolow genus). We are also able to

show that finding out if2k (for constantk ) divides the number of spanning trees in alow genus

graph can be done in L. While these results holdmod 2, we ask the same questions about

other moduli: we find the sharp dichotomy, that for planar graphs, while counting spanning

trees mod 2 is in L, counting them mod k for anyk which is not a power of2 is hard for

MODkL.

Since we find that linear algebraic computation involving the Laplacian matrix is easy for

planar graphs, it is natural to ask similar questions in regard to theadjacencymatrix. But here
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we can prove that computing the rank of the adjacency matrix of even acubic planargraph is

⊕L-complete!

Given that the computations above dealt mostly with determinants, we ask the following

question: since the permanent and the determinantmod 2 are the same, the complexity of

finding out the permanent of a matrixmod 2 is exactly⊕L. Is it true that we can find out

the permanent of a matrixmod 2k (for constantk) still in ⊕L? Valiant [Val79] proves that

this problem is inP. We verify our intuition and prove that this is indeed the case, though

the proof surprisingly seems to use facts aboutLUP-decompositions. Our proof also supplies

another proof of the fact that computing determinantsmod 2k (for constantk) is in⊕L. So

our technique can be viewed as auniformway of dealing with permanents or determinants over

Z2. This vindicates our belief that in themod 2 world, permanents and determinants are the

“same”.

Also composing this result with our earlier results about log genus graph Laplacians, we

find that finding out the permanent of the Laplacian of a log genus graphmod 4 is in L.

We believe the same is true for any modulus2k (for constantk) but we have been unable to

show the same as yet. This raises an interesting open question: is it the case that finding the

permanent of a planar Laplacian (without any modulus) is inP?

1.4 Algorithmic Applications of the Borsuk-Ulam Theorem

In Chapter 6, we move to slightly different topological considerations, where the situation is

more obviously geometric.

The Borsuk-Ulam theorem states that iff is a continuous function from the unit sphere in

Rn intoRn, there is a pointx wheref(x) = f(−x); i.e., some pair of antipodal points has the

same image. The Borsuk-Ulam theorem is considered a great theorem because it has several

different equivalent versions, many different proofs, many extensions and generalizations, and

many interesting applications. Some of the discretized versions of the Borsuk-Ulam theorem

are the Ham-Sandwich Theorem, the Necklace Theorem, etc. [Mat03].

In this thesis, we look atalgorithmic implications of Borsuk-Ulam type statements. For

instance, we prove that for a planar point set ofn points, we can orthogonally equipartition
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the set inΘ(n log n) time. We also show an interesting special case of when the points are

in convex position, in which situation we can perform a prune-and-search procedure to bring

the running time down toΘ(n). This state of affairs is common to other situations, like for

instance a “cobweb” partitioning of a planar point set, etc. We also prove other lower bounds,

for instance for finding2-fans for three planar point sets.

1.5 Oblivious Symmetric Alternation

In Chapter 7, we define a class called “oblivious symmetric alternation”. The symmetric al-

ternation class (Sp
2) was introduced by Russell and Sundaram [RS98] and independently, by

Canetti [Can96]. The classSp
2 contains languages having an interactive proof system of the

following type. The proof system consists of two computationally all-powerful provers called

the YES-PROVER and the NO-PROVER, and a polynomial time verifier. The verifier interacts

with the two provers to ascertain whether or not an input stringx belongs to a languageL. The

YES-PROVERand the NO-PROVERmake contradictory claims:x ∈ L andx 6∈ L, respectively.

Of course, only one of them is honest. To substantiate their claims, the provers give stringsy

andz as certificates. The verifier analyzes the inputx and the two certificates and votes in favor

of one of the provers. The requirement is that, ifx ∈ L, the YES-PROVER has a certificatey

using which he can win the vote, for any certificatez of the NO-PROVER. Similarly, if x 6∈ L,

the NO-PROVERhas a certificatez using which he can win the vote, for any certificatey of the

YES-PROVER. We call certificates satisfying the above requirements asirrefutable certificates.

We can rephrase the requirements as follows. Ifx ∈ L, the YES-PROVERhas an irrefutable cer-

tificate and ifx 6∈ L, then the NO-PROVERhas an irrefutable certificate. The classSp
2 consists

of languages having a proof system of the above type. We will provide a formal definition ofSp
2

later. Symmetric alternation has been gaining attention recently and several nice results involv-

ing the class are known (see [Cai01, CCHO03, Can96, FIKU05, FPS03, GZ97, RS98, SU05]).

In this chapter, we define a class calledoblivious symmetric alternation, denotedOp
2, as

a subclass ofSp
2 by incorporating a few additional requirements to theS2 proof system. We

show that some of the earlierSp
2-related results can be strengthened by usingOp

2 and related

classes. We study these classes and show that they enjoy some interesting properties. Our
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results seem to indicate that the classes are worthy of further investigation. We start with an

informal description ofOp
2.

Similar to Sp
2, a Op

2 proof system for a languageL consists of two competing all power-

ful provers, the YES-PROVER and the NO-PROVER and a polynomial time verifier. For an

input x the two provers make contradictory claims: the YES-PROVER claimsx ∈ L and the

NO-PROVERclaimsx 6∈ L. To substantiate their claims the provers present polynomially long

certificates and the verifier analyzes the input and the two certificates and votes in favor of one

of the provers. The requirement is that, for anyn, there exists a pair of certificates(y∗, z∗) such

thaty∗ serves as an irrefutable certificate for the YES-PROVER, for all strings inL∩{0, 1}n and

similarly, z∗ serves as an irrefutable certificate for the NO-PROVER, for all strings inL∩{0, 1}n.

The difference betweenSp
2 andOp

2 is as follows. Fix an input lengthn. In anSp
2 proof system,

we require that for any inputx of lengthn, if x ∈ L, then the YES-PROVER should have an

irrefutable certificate, and ifx 6∈ L, then the NO-PROVERshould have an irrefutable certificate.

Whereas, in aOp
2 proof system, the YES-PROVERshould have a single stringy∗ which is an ir-

refutable certificate for all strings inL of lengthn, and similarly, the NO-PROVERshould have

a stringz∗ which is an irrefutable certificate for all strings not inL of lengthn. In a nutshell,

the irrefutable certificates of in anSp
2 proof system may depend on the input, whereas in aOp

2

proof system, they depend only on the length of the input – the certificates areobliviousto the

input. Borrowing terminology from the theory of non-uniform computation, we cally∗ andz∗

irrefutable adviceat lengthn for the YES-PROVERand the NO-PROVER, respectively.

The classOp
2 can be used to strengthen some of the earlier results involvingSp

2. The first

such result we consider is the classical Karp–Lipton theorem. Karp and Lipton [KL80] showed

that if NP ⊂ P/poly then the polynomial time hierarchy (PH) collapses toΣp
2 ∩ Πp

2. Köbler

and Watanabe [KW98] improved the collapse asPH = ZPPNP. Under the same hypothesis,

Sengupta observed thatPH = Sp
2 (see [Cai01]). Cai [Cai01] showed thatSp

2 ⊆ ZPPNP and

as a consequence, the collapse toSp
2 is an improvement over the K¨obler–Watanabe result. We

strengthen the collapse further. We show that ifNP ⊂ P/poly thenPH = Op
2. By definition,

Op
2 ⊆ Sp

2. Thus, the above collapse ofPH to Op
2 improves the earlier collapse toSp

2. But,

how much is this an improvement? In other words, how “small” isOp
2 compared toSp

2? For

instance, can we show thatOp
2 = Sp

2?
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Op
2 seems to be much weaker thanSp

2, as evidenced by the following observation. We note

that Op
2 ⊂ P/poly. Hence, ifSp

2, or evenNP, is contained inOp
2, thenPH collapses toOp

2.

Thus, whileSp
2 is a stronger class containingPNP [RS98],Op

2 is unlikely to contain evenNP.

We next consider the related issue of whetherNP is contained incoNP/poly (or equiv-

alently, coNP ⊂ NP/poly). Yap [Yap83] showed that ifcoNP ⊂ NP/poly, thenPH =

Σp
3 ∩ Πp

3. Köbler and Watanabe improved the collapse asPH = ZPPNPNP
. This was further

strengthened asPH = SNP
2 [CCHO03, SS04] (whereSNP

2 contains languages having anS2

proof system in which the verifier has access to anNP oracle). We improve the result further

by showing thatPH = ONP
2 . In fact, we show that ifcoNP ⊆ NP/poly thenPH = O2 ·PNP[2].

(In O2 · PNP[2], we allow the verifier to make only two queries to anNP oracle).

We also study the lowness properties ofSp
2 andOp

2 and show thatOp
2 nicely connects some

known lowness results regardingSp
2. It is known thatBPP is low for Sp

2 [RS98, Can96]. This

result can be generalized usingIP[P/poly], the class of languages having an interactive proof

system in which the power of the honest prover lies inP/poly. The classIP[P/poly] contains

BPP and we observe thatIP[P/poly] is low for Sp
2. On a different note, Cai et al. [CCHO03]

showed that the class of Turing self-reducible languages having polynomial size circuits is

low for Sp
2. UsingOp

2, we connect these two seemingly unrelated results. We prove thatOp
2

contains bothIP[P/poly] and the class of Turing self-reducible languages having polynomial

size circuits. Then, we argue thatOp
2 is low for Sp

2. Moreover, we observe thatOp
2 is low for

Op
2.

We then proceed to study one-sided versions ofOp
2 and define two classesYOp

2 andNOp
2.

In theYOp
2 proof system, only the YES-PROVER is required to present an irrefutable advice,

whereas it is sufficient for the NO-PROVER to present irrefutable certificates. In other words,

the irrefutable certificates of the NO-PROVER may depend on the input, whereas those of the

YES-PROVERmust depend only the length of the input. The classNOp
2 is defined analogously

by interchanging the above requirements of the YES-PROVER and NO-PROVER. Notice that

YOp
2 andNOp

2 are complementary classes:L ∈ YOp
2 if and only ifL ∈ NOp

2.

We study the properties ofYOp
2 andNOp

2 and use these classes to sharpen some of the

earlier results involvingSp
2. It is known thatMA and coMA are contained inSp

2 [RS98].
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We strengthen the above result asMA ⊆ NOp
2 and coMA ⊆ YOp

2. Building on the re-

sults of [BF99], Fortnow, Pavan and Sengupta [FPS03] showed that ifPNP[1] = PNP[2] then

PH = Sp
2. Under the same hypothesis, we improve the collapse toPH = YOp

2 ∩NOp
2.
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Chapter 2

Definitions

2.1 Definitions

In this chapter, we provide the definitions relevant to the following few chapters.

We distinguish between undirected and directed graphs, and we note that we may at times

refer to a directed graph as adigraph.

For most of the following, we will be dealing with planarity, so we proceed by making a

definition for aplanar graph.

Definition 1. A graph is calledplanarif it can be drawn on the plane without the graph edges

crossing each other. Such a drawing is called anembeddingof the planar graph.

There are various characterizations of planarity, one well-known instance being (Kura-

towski’s theorem) that a graph is planar if and only if it does not haveK5 orK3,3 as a minor.

Since we do not need minors in this thesis, we do not define them.

In Figure 2.1, we have a planar graph,K4. In Figure 2.2, we have anonplanargraph,K5

(the dotted line indicates the edge that cannot be drawn in a planar fashion along with the rest

of the edges).

Now we can ask for various parameters of a graph to test for its non-planarity. Here, we

consider some of the most important graph-theoretic notions that generalize the concept of

planarity:

• Genus

• Crossing Number

• Thickness
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Figure 2.1: A planar graph,K4

Figure 2.2: A nonplanar graph,K5



14

Definition 2. Thegenusof a graph is the minimum number of handles that must be added to

the plane so as to be able to embed the graph without any edge-crossings.

For instance,K5 (cf. Figure 2.2) has genus1. Thomassen [Tho89] proves that determining

the genus of a graph is NP-hard.

Definition 3. Thecrossing numberof a graph is the minimum number of crossings with which

the graph can be drawn on the plane.

For the above, we assume that the drawing is such that every two intersecting edges intersect

in a single point.

Garey and Johnson [GJ79] show that determining the crossing number of a graph is a NP-

complete question.

Definition 4. Thethicknessof a graph is the smallest number of blocks needed in a partition

of the edge set, so that the vertices can be embedded in a plane so that none of the edges in any

block of the partition cross each other; intuitively this is the number of transparencies needed

to represent the graph, where each transparency is planar.

(For more complete definitions, please consult a graph theory text, such as [Gib85].)

Clearly, for planar graphs, genus= crossing number= 0, thickness= 1. For any graphG,

thickness(G) − 1 ≤ genus(G) ≤ crossing number(G).

We introduce here some terminology and definitions relating to graphs on surfaces. It will

be sufficient to give informal definitions of various notions; the interested reader can refer to

[MT01] for more rigorous definitions.

A closed orientablesurface is one which can be obtained by adding some handles to a

sphere in3-space (the genus of the resulting surface being equal to the number of handles

added; see also the text [GT87]). For instance, atorus is an orientable surface of genus1.

Given a graphG embedded on a closed orientable surface, and a cycle of the graph embed-

ded on the surface, there are two (possibly intersecting) subgraphs, called the twosidesof the

cycle with respect to the embedding. Informally, a side of the cycle is the set of vertices of the

graph that are path-connected to some vertex on the cycle, such that this path does not cross the

cycle itself. A cycle thereby has two sides, which are called theleft and theright sides. If the
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le
ft right

C1

C2

Figure 2.3: A surface-nonseparating cycle

C0

Figure 2.4: A facial cycle on a torus

left and the right sides of a specific cycle have nonempty intersection, then we call the cycle

a surface-nonseparating cycle. Note for instance that a graph embedded on a sphere (i.e., a

planar graph) does not have any surface-nonseparating cycles. Also, it is easy to see that afa-

cial cycle (one that forms the boundary of a face in the embedding of the graph on the surface)

cannot be surface-nonseparating. In Figure 2.4,C0 is a facial cycle, hence surface separating.

The shaded region is one side ofC0 and the rest of the torus the other side. In Figure 2.3,C1 is

surface-nonseparating whileC2 is not.

We make a few more definitions that will be used in the following chapters.

Definition 5. A graph is called a directed acyclic graph, in short aDAG, if it is a directed

graph that has no directed cycles.

Definition 6. We call a digraphlayeredif there is a partition of the vertex set into setsV0, V1,

· · · , Vl (and we call themlayersor levels) and every (directed) edge in the graph is from some

layerVi to Vi+1.

Definition 7. Thewidth of a layered digraph with layersV0, . . . , Vl is max{|Vi| : 0 ≤ i ≤ l}.
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Figure 2.5: A upward planar graph

Definition 8. A upward plane drawingof a directed acyclic graph is a straight line drawing in

the Euclidean plane such that all directed arcs point upwards. A DAG which has such a upward

plane drawing is calledupward.planar.

See Figure 2.5 for an example.

Let us also define agrid graphwhich is a special subclass of planar graph. For our purposes

the grid graphs will be directed, unless otherwise specified.

Definition 9. A grid graphG is a graph where there is a finite lattice (or grid) and the vertices

ofG are lattice points of this grid, and the (directed) edges ofG are grid-edges.

See Figure 2.6 for an example of a grid graph. The underlying grid is shown as dotted

edges.
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Figure 2.6: A grid graph
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Chapter 3

Polylog Genus Circuits

3.1 Introduction

In this chapter, we give a new characterization of the complexity class ACC0. For formal

definitions of the class ACC0, please refer to [Vol99].

Hansen builds on earlier work [HMV03] to show that ACC0 is precisely the class of lan-

guages accepted by polynomial-size constant-widthplanar circuits.

In this chapter, we prove that constant-width polynomial size circuits of polylogarithmic

genuscapture exactly the class ACC0. It also follows from this that the same is true for circuits

with polylogarithmiccrossing number. On the other hand, constant-width circuits ofthickness

two already suffice to compute all problems in NC1. We end with a section of open problems

following from the work.

We prove in the following the main theorem of this chapter :

Theorem 2. The class of languages captured by constant width, polynomial sized polyloga-

rithmic genus circuits is exactly ACC0.

A circuit of widthw is a layered digraph of widthw where each vertex is labeled either as

an AND gate, an OR gate, an input variablexi, or a negated input variable¬xi. It is important

to note that inputs can appear on any level, and inputs can appear more than once.

We say that a circuit is planar if theunderlying graphof the circuit is planar. More generally,

a circuit has genus≤ k if the underlying graph has genus at mostk. Lemma 3 allows us to

restrict attention to a particular class of genusk surfaces, consisting of a plane withk “handles”.

(Informally, a “handle” is a bent cylinder that is attached to the plane at each end.) The two

circles on the plane where the handle is attached are called the “handle connections”. For any

handleh, arbitrarily label one of its handle connections the “east” connectionhe and the other
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one the “west” connectionhw. When we embed a graph into a plane withk handles, we will

consider only embeddings where each vertex is embedded in the plane.

Given a graph embedded on a plane withk handlesh1, . . . , hk, for any directed edgee =

(u, v) in the graph there is a wordwe over the alphabet{p} ∪ {hi, hi,e, hi,w : 1 ≤ i ≤ k}
recording the regions of the surface that are encountered while traversing the edge fromu to v.

Note thatwe begins and ends withp because all vertices are embedded in the plane. Atraversal

of handlehi is a subword of the formphi,exhi,wp or phi,wxhi,ep, wherex ∈ {hi,e, hi,w, hi}∗.
(That is,e traverses handlehi if it enters at one end and exits at the other end.)

The following lemma can be viewed as presenting a “normal form” for genusk graphs, that

will be convenient for us to work with.

Lemma 3. Given a graphG = (V,E) with genusk, there is an embedding ofG into a plane

with k handles such that

• Every vertex is embedded in the plane.

• E = EP ∪ EH where each edge inEH traverses at least one handle, and each edge in

EP traverses no handle (and thus without loss of generality is embedded entirely in the

plane, since one can slide any “partial traversal” out of the handle).

• Each handle connection lies in a face of the planar graph(V,EP ).

• For each edgee ∈ EH and each handleh, e traversesh at most twice.

Proof. If k > 0 then there will be a surface-nonseparating cycle [MT01, Lemma 4.2.4 and

the following discussion]. Choose one such surface-nonseparating cycleC1 in our graphG

and cut along it ([MT01, p. 105]) – letC1 = {v1,1, v1,2, · · · , v1,r1} be the cycle and letG1

be the graph obtained fromG by cutting alongthe cycleC. The graphG1 has two copies of

each of the vertices{v1,1, v1,2, · · · , v1,r1}, which we denote by{v1,1,1, v1,2,1, · · · , v1,r1,1},
and{v1,1,2, v1,2,2, · · · , v1,r1,2}. For every undirected edge(u, v1,j) on the right side of the

cycleC1 we have the edge(u, v1,j,1) in G1, and for every undirected edge(u, v1,j) on the left

side of the cycleC1 we have the edge(u, v1,j,2) in G1. The graphG1 also has two copies of

the cycleC1, which we denote byC1,1 andC1,2. That is, we have edges betweenv1,j,b and

v1,j+1,b for eachb ∈ {1, 2} and each1 ≤ j ≤ r1. An important property of cutting along the
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cycleC1 is that in the resulting graphG1, the copiesC1,1 andC1,2 arefacial cycles ([MT01, p.

106,Lemma 4.2.4]). Label the face corresponding toC1,b with the name “C1,b”; sinceC1,b is

facial it cannot be surface-nonseparating and hence it will never be selected as the cycleCj in

subsequent stages (although individual vertices onC1,b might appear on such a cycleCj). That

is, we will maintain the property that in all of the graphsGj that are constructed in subsequent

stages, there will be a face labeledC1,b.

It is important to observe that the orientation of the vertices is reversed inC1,1 andC1,2;

equivalently, if we were to connect a handle to the faces that have boundariesC1,1 andC1,2, then

we could embed edges connectingv1,j,1 andv1,j,2 through the handle without introducing any

edge crossings. We emphasize thatG1 contains exactlyr1 more edges thanG, corresponding

to the duplication of cycleC1.

By Lemma 4.2.4 of [MT01], the genus of the graphG1 is less than that ofG.

If the genus ofG1 is still greater than zero, we can choose a surface-nonseparating cycle

C2 = {v2,1, v2,2, · · · , v2,r2} in G1 and cut it alongC2 to obtain graphG2, which has smaller

genus thanG1 and which contains two facial cycles labeledC2,1 andC2,2. After k steps we

obtain a graphGk of genus zero, which we embed in the plane.

The graphGk has faces labeledCj,b for 1 ≤ j ≤ k and1 ≤ b ≤ 2. Create a handlehj with

connections in the facesCj,1 andCj,2.

A single vertexv in G may correspond to many different vertices inGk if copies of it

were made in the various steps of cutting along the cyclesCj. For eachv, we will create a

treeTv that connects all of these copies, as follows. For each pair of cyclesCj,1 andCj,2 in

Gk, add “temporary” edges through handlehj connecting the verticesvj,i,1 and vj,i,2. The

“temporary” edges that are added in this way connect all of the copies of each original vertex

v with each other, but it will not in general be a tree. For each vertexv of the original graph,

select one representative copy ofv and create a rooted treeTv consisting of “temporary” edges

that connectv to each of its copies.

Now consider the graphH that results by taking graphGk and performing the following

steps:

1. Delete all edges that occur on any cycleCj,b.
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2. For each vertexv in turn, contract the “temporary” edges ofTv, and pull the copies of

v to the root ofTv across the handles, bringing along the edges that are adjacent to the

vertices ofTv.

This graphH has the same number of vertices asG. Any two vertices that are adjacent in

H are adjacent inG. No edge ofH crosses any bridge more than once.H is embedded in a

plane withk handles.

However,H is a proper subgraph ofG. The only edges ofG that are not present inH are

the edges that correspond to edges of some cycleCj,b of Gk that were deleted in the first step

of our construction ofH. We need to embed those edges.

Consider any edge(v, u) of G that is absent inH; (v, u) corresponds to some edge(v′, u′)

on a cycleCj,b in Gk. We embed an edge fromv to u by following a path through the handles

from v to the spot on the plane wherev′ was embedded (corresponding to a path in the spanning

treeTv), and continuing on to the spot on the plane whereu′ was embedded, and then through

the handles (corresponding to a path in the spanning treeTu) toward vertexu. The path from

v to v′ uses each handle at most once, and the same is true for the path fromu′ to u. Thus no

edge traverses any handle more than twice.

Lemma 3 leaves open the possibility that a single edge will traverse several handles. When

discussing circuits, however, this complication can be avoided, as the following lemma demon-

strates.

Lemma 4. Given a layered circuitC of widthw, genusk, and sizes, there is an equivalent

layered circuitC ′ of widthO(w2), genusk, and sizeO(skw2) that can be embedded onto a

plane withk handles satisfying the conditions of Theorem 3 with the additional restriction that

no edge ofC ′ traverses more than one handle.

Proof. Consider an embedding ofC into a plane withk handles, as guaranteed by Theorem

3. For any edge that traverses more than one handle, or that traverses some handle more than

once, insert a new vertex between any two handle traversals. At most2k − 1 new vertices are

added per edge. Since there are at mostw2 edges between any two layers ofC, this adds at

mostO(kw2) new vertices. The modified graph is no longer layered. For each two adjacent
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levelsl, l + 1 of C (that might now be separated by paths of length2k − 1), insert additional

“dummy” gates (i.e., OR gates with one input and one output) to create the layered circuitC ′.

The new graph has width at mostw2 because at mostw2 “dummy” gates appear on any level

of the resulting graph.

The embedding of circuitC ′ guaranteed by Lemma 4 might have several handle connec-

tions attached to any given face of the planar part of the circuit. We find it convenient to modify

the graph by adding additional non-functional edges to subdivide faces, so that no face contains

more than one handle connection. This transformation might cause the width of the graph to

increase, but because the new edges are purely an augmentation to the embedding and do not

contain functional circuit edges, it will not cause problems for us.

Theorem 5. Given a layered graphG = (V,EP ∪ EH) embedded in a plane withk handles

satisfying the conclusions of Lemma 4, there is a layered graphG
′
= (V ∪V ′

, EP ∪E′
P ∪EH)

whose embedding extends the embedding ofG such that the graphG
′′

= (V ∪ V ′
, EP ∪ E′

P )

is embedded in the plane and no face ofG
′′

has more than one handle connection inside it.

Proof. Consider any face of the embedding of the planar graph(V,EP ). We will partition

this face into a finite number of regions, assigning a color to each region. Let there bed

handle connections inside this face,h1, . . . , hd. Assign colorci to connectionhi. For each

edgee that enters (or exits) connectionhi, color e with color ci on that portion of the edge

that lies between the boundary of the face and the point at which it touches the connection

hi. (No segment receives two colors in this way.) If there arel edge segments adjacent to a

handle connectionhi, then this gives rise to a partition of the face intol segments andl regions

arranged around the handle connection like slices of pie. Some of these regions might contain

other handle connections; those that donot contain other handle connections receive colorci.

No region receives more than one color in this way; regions that do not receive a color are said

to bewhite. Any vertex on the boundary of the face that is adjacent only to regions of one color

ci receives colorci; any vertex on the boundary of the face that is adjacent to regions of two or

more different colors (one of which must be white) is colored white. If there is more than one

handle connection in the face, then every handle connection is adjacent to some white region,

and every white region is adjacent to some white vertex on the boundary.
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Consider any white region that is adjacent to some handle connectionhi. The border of this

white region includes some arc of the handle connectionhi (and it includes the entire handle

connection if only one edge segment connectshi to the border of the face). The ends of this

arc are connected to edge segments that attach to some white verticesu andv on the border of

the face (and note thatu = v in the degenerate case mentioned above). We can now embed a

new edge in the white region, attachingu to v and creating a new face, which we now color

with color ci, thereby decreasing by one the number of white regions adjacent to the handle

connection.

Repeat this process, until each handle connectionhi is completely surrounded by regions

coloredci. The boundary of the region coloredci is now a planar face that contains exactly

one handle connection. The graph might now no longer be layered, but it is straightforward to

insert new vertices in the middle of the new edges, to obtain a layered graph.

Cylindrical graphsplay an important role in our analysis, just as they do in Hansen’s work

[Han04]. Cylindrical graphs are a subclass of layered planar graphs, consisting of those graphs

that can be embedded on the surface of a cylinder, where each layer of vertices is placed on

a ring around the cylinder between its neighbor layers, and all edges lie on the surface of the

cylinder going from one layer to the next, with no crossings.

We quote the theorem from [Han04]:

Theorem 6. A layered digraphG is layered cylindrical if and only if it is the subgraph of an

acyclic planar layered digraph with a unique source and sink.

We will need some additional information about the transformation that Hansen uses to

prove Theorem 6. Consider a marked face of the acyclic planar layered digraphG that is a

subgraph of an acyclic planar layered digraph with a unique source and sink. In Hansen’s

transformation, this face corresponds to a marked face on the embedding ofG on the cylinder.

(That is, if a face on an acyclic planar layered digraph has vertices{v1, v2, · · · vr}, then there

is a face on the cylinder with the same vertices in the same order.)

When we have a genusk graphG = (V,EP ∪ EH) embedded on a plane withk handles

and additionally the planar graph(V,EP ) is cylindrical, then we obtain an embedding ofG on

a cylinder withk handles, where each face of the planar graph(V,EP ) corresponds to a face
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of the cylindrical embedding, and the handle connections are similarly attached to faces on the

cylinder. We summarize this discussion in the following theorem.

Theorem 7. LetG = (V,EP ∪EH) be a layered digraph embedded in a plane withk handles

satisfying the conclusions of Lemma 4, where the graph(V,EP ) is the subgraph of an acyclic

planar digraph with a unique source and sink. Then there is a layered graphG
′

= (V ∪
V
′
, EP ∪ E′

P ∪ EH) embedded into a cylinder withk handles such that the embedding of the

subgraphG
′′

= (V ∪ V ′
, EP ∪ E′

P ) into the cylinder has the property that no face ofG
′′

contains more than one handle connection.

Theorem 8. LetA be a language.A is in ACC0 if and only ifA is accepted by a family of

constant-width circuits of polynomial size and polylogarithmic genus.

Proof. One direction follows immediately from Hansen’s characterization [Han04] where the

genus is even required to be zero. For the other direction, we follow Hansen’s basic strategy

and prove the theorem by induction on the widthw of the circuit family acceptingA. More

precisely, we will prove the following :

Claim 9. ∀w∀k∀l∃c∃d Circuits of widthw and genuslogl n and sizenk can be simulated by

ACC0 circuits of depthd and sizenc.

The basis, whenw = 1 is trivially true.

For the inductive step, consider a circuit family{Cn} of width w + 1, sizenk and genus

logl n. LetG
′
= (V ∪ V ′

, EP ∪ E′
P ∪ EH) be the graph guaranteed by Theorem 5, such that

G = (V,EP ∪ EH) is the graph of the constant-width circuitCn, whereG is embedded into

a plane withlogl n handles and no face of the planar graph(V ∪ V ′
, EP ∪ E′

P ) contains more

than one handle connection.

Without loss of generality, there is a vertexs in layer 1 ofG that is connected by a path to

some vertext in the rightmost layer ofG. LetGcyl be the subgraph ofG consisting of all edges

of G that lie on some path froms to t in G, and letGrest be the remainder ofG; the vertices

of Gcyl andGrest partition the vertices ofG. Note thatGrest has width at mostw because

Gcyl contains at least one vertex from every level. Also note that by Theorem 6,Gcyl can be

embedded on a cylinder withlogl n handles, because the planar part ofGcyl has a unique source
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and sink. If we considerGrest as a circuit note that there are some gates whose inputs lie in

Gcyl; for each such gateh that is connected to a gateg of Gcyl, create an input node and label

it with variableyg. Similarly, for each gateg of Gcyl that receives input from a gateh of Grest,

create an input node and label it with variablezh.

For each input variablezh ofGcyl the subcircuit ofGrest on which gateh depends computes

a function entirely of the original input variables (because if it relied on a variableyg this would

constitute a path froms tog toh to t and thushwould be part ofGcyl). By induction hypothesis,

the value of each such gateh can be computed by ACC0 circuits of some fixed depth and size.

We show in Lemma 10 below that the value of each gate ofGcyl can be computed in ACC0

by circuits that take the valueszh as input, along with the original input values. Combining

these circuits with the ACC0 circuits computing the values of the corresponding gatesh of

Grest yields ACC0 circuits that compute the values that each gateg of Gcyl takes on in the

original circuitCn.

Thus we can compute the correct valuesyg that we can provide as input to the remaining

parts ofGrest, in order to compute the values of the output gates ofCn. The proof is now

complete, once we have established Lemma 10.

Lemma 10. ∀w∀k∀l∃c∃d such that circuits of widthw and sizenk that are embedded on a

cylinder withlogl n handles can be simulated by ACC0 circuits of depthd and sizenc.

Proof. LetG = (V,EP ∪EH) be the graph of a circuit of widthw and sizenk embedded on a

cylinder with logl n handles. LetG
′
= (V ∪ V ′

, EP ∪ E′
P ∪ EH) be the graph embedded on

the same surface, such that no face of the cylindrical part ofG
′

contains more than one handle

connection, as guaranteed by Theorem 7. Let the levels of the layered graphG
′

be numbered

1, . . . , p(n). Let the handle attachments ofG
′
beh1, . . . , hs (for s ≤ 2 logl n).

Our first step will be to chop the cylinder into a polylogarithmic number of segments, cor-

responding to levels where handles start and stop. For a handle attachmenthi, definestart(hi)

to be the least element of the set{j : there is an edge(u, v) that traverses the handle attached

athi such thatu is on levelj}. Similarly, defineend(hi) to be the largest element of the set{j
: there is an edge(u, v) ∈ EH that traverses the handle attached athi such thatv is on levelj}.
Let a1 < a2 < . . . < ar be numbers such that{aj : 1 ≤ j ≤ r} = {start(hi), start(hi) + 1,



26

end(hi), end(hi)− 1 : 1 ≤ i ≤ s}. Note thatr is polylogarithmic inn.

Slice the cylinder intor+1 segments, where segment 1 consists of layers1 . . . a1, segment

2 consists of layersa1 . . . , a2, . . . and segmentr + 1 consists of layersar . . . , ap(n).

We argue below that there is a functionf computable in ACC0 wheref takes as input a

triple (x, v, i) and outputs a stringz such thatv andz are bit strings of lengthw, having the

property that if thew gates at the start of segmenti have the values given by the vectorv and

the stringx is used to provide values to the input gates appearing in segmenti, then the gates

at the output level of segmenti will take on the values given by the vectorz.

Assume for the moment that we have such a functionf computable in ACC0. Then we can

build a graph with width2w and polylogarithmically many levels, such that there is an edge

from nodev to nodez in level j if and only if f(x, v, j) = z. Finding paths in such graphs can

be done in AC0. (For instance, we can build a DNF of polynomial size that computes paths of

length log n, and in depth 4 we can compute paths of lengthlog2 n, etc.) Thus the proof will

be complete if we can show thatf is computable in ACC0.

Consider a segment that starts in layeraj and ends in layeraj+1. If aj + 1 = aj+1 then the

circuitry in this segment is computable in NC0 and thus certainly the desired functionf can be

computed in ACC0.

Otherwise,aj + 1 < aj+1, so that thejth segment has length more than one. Let us say

that handle connectionhi is active if start(hi) ≤ aj andend(hi) ≥ aj+1. Because of the way

the sequence of slice pointsa1, . . . , ar was defined and because we are dealing with the case

whereaj + 1 < aj+1, it follows thatstart(hi) < aj andend(hi) > aj+1; that is, no handle

connection is actually starting or ending at the start or end of this segment. It is important to

note that, althoughG has width bounded by the constantw, there might be polylogarithmically

many handles that are active in this segment, and the cylindrical part(V ∪V ′
, EP ∪E′

P ) of the

graphG
′
(which has the property that at most one handle attachment is in any face) might also

have polylogarithmic width. Leth1, h2, . . . , hd be the handles that are active in segmentj.

Consider any handle attachmenthi that is active in segmentj. Consider the face of the

cylindrical part ofG
′
to whichhi is attached. As illustrated in Figure 3.1, there are edges from

levels beforeaj and afteraj+1 that enter or exithi. Although we draw our constant-width

circuits with the outputs on the right end (so that computation proceeds from left to right),
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Figure 3.1: Handle attachment

it will be convenient to use the compass points to refer to directions on the cylinder using the

convention that the output level is North, so that the computation proceeds from South to North.

Thus as depicted in the figure, East is to the bottom of the figure, and West is at the top. Using

this convention, we can speak of the face aroundhi as having an East side and a West side. The

faces that surroundh1, . . . , hd all start before the start of segmentj and end after segmentj.

Thus we can view them as being stripes arranged along the sides of the cylinder. In this way,

each handle connectionhi has an East neighbor and a West neighbor (where the East neighbor

of hi is the handle connection whose face is encountered first when moving East from the face

of hi around the cylinder). The handle that is connected tohi on one end is connected to some

other handle connectionhi′ on the other end. (This handle connectionhi′ need not be an East

or West neighbor ofhi.) Because of the edges that connecthi andhi′ to levels outside segment

j, it is clear that edges inEH that traverse the handle betweenhi andhi′ must connect the East

side of one face with the West side of the other face; any attempt to embed an edge between the

West sides of the two faces would necessarily cross the edges that extend beyond segmentj.

We claim that all of the edges in segmentj are embedded onto at mostd disjoint cylinders.

This is illustrated in Figure 3.2 (withd = 2), which presents a cross-section of a cylinder (with

East to the right and West to the left). Thed handle connectionsh1, . . . , hd are arranged around
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Figure 3.2: Cross-section of a cylinder with one handle in a segment
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Figure 3.3: Cross-section of a cylinder with multiple handles in a segment

the cylinder, each attached to a face of the cylindrical part ofG
′
. We can diagram this cross-

section by building a graph with vertices for the East and West sides of the faces around each

handle connectionhi. The East side of each face is connected to its West neighbor; edges from

the circuit can be embedded along this surface. The East side of each face is also connected

to the West side of the face to which its handle jumps. Note that there are no edges from the

East side of a face to the West side of the same face; no circuit edges are embedded in this

region. The graph that is constructed in this way is 2-regular, and thus it is the union of disjoint

cycles. If we create a 2-dimensional surface connecting these cycles at each end of segmentj,

we create a cylinder (in Figure 3.3, this process leads to exactly one cylinder). Every circuit

edge appearing in segmentj lies on one of these cylinders. For each cylinder, the circuit that is

embedded on it is planar and has width at mostw. Thus by [Han04] the function it computes

lies in ACC0.



29

spine

Figure 3.4: A circuit on three pages

3.2 Thickness, Crossing Number

Genus is just one of several possible generalizations of planarity. In this section we consider

thickness(see Definition 4 in Chapter 2), and we show that all problems in NC1 can be solved by

constant-width polynomial-size circuits of thickness two. We actually prove a stronger result

showing that a very limited type of circuit with thickness two suffices for this task.

Consider Figure 3.4, showing three half-planes joined at a common intersecting line called

thespine. This is the type of surface on which we will embed our constant-width circuits, with

the restriction that the subgraph on any one half-plane isupward planar(see Definition 8 in

Chapter 2). We will be referring to each of these half-planes aspages. (Hence, equivalently,

in each page, all edges between adjacent layers can be represented by straight line segments.)

It is clear that any graph that can be embedded on three pages in this way has thickness two.

It is also clear that if only two pages are used, then the entire graph is upward planar, and by

[BLMS99] such circuits can compute only languages in AC0.

Now the question arises as to what happens when we allow more pages in our circuit.

Defining kPagesto be the class of languages captured by computation onk pages, each of

O(1) width, we prove that

Theorem 11. NC1 = 3Pages.

In order to present our characterization of NC1 in terms of constant-width circuits on three

pages, it is useful to define a simple nonuniform model of computation:

Definition 10. Definestacks(a, b, c) to be the class of languages accepted by machines with

three pushdown stores (with heights bounded bya, b, andc, respectively) and a computation

register. Only binary values can be stored on the stacks. The program for the machine consists

of a sequence of instructions (one instruction for each time step), from the following:
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Figure 3.5: Canonical placement of bits in a stacks(3,3,2) computation

1. push the register value into a stack;

2. pop the topmost entry from a stack into the register;

3. copy the topmost entry from a stack into the register (without removing it from the stack);

4. discard the topmost entry of a stack;

5. compute the∨ or ∧ of the topmost entries of two stacks and store it in the register; or

6. compute the∨ or ∧ of the topmost entry of a stack with an input literal and store it in the

register.

Notice that the machine is oblivious in that the stack(s) and literal corresponding to an instruc-

tion are independent of the input. The output of the machine is the final value that is stored in

the register, and we restrict the running time to be polynomial in the length of the input.

See Figure 3.5 which illustrates stacks(3,3,2). Our main simulation using this model (in

Lemma 14) involves permuting five values stored in the stacks as displayed in Figure 3.5.

Manipulating these values will be accomplished using stack heights (3,3,2).

It is easy to see that oblivious computation with 3 stacks can be simulated by computation

with 3 pages. The height of the stacks corresponds to the width of the pages with the spine

serving as the register. Notice that popping a bit corresponds to copying all the bits on the

corresponding page toward the spine while pushing is the reverse. An operation such as the∨
of the topmost bits of two stacks can be simulated by bringing the corresponding bits toward

the spine where the∨ operation is performed. Therefore we have the following proposition:

Proposition 12. stacks(O(1), O(1), O(1)) ⊆ 3Pages.
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Since 3Pages consists of problems computable by polynomial length constant width cir-

cuits, we have:

Fact 13. 3Pages⊆ NC1.

Thus the following lemma will show that NC1, 3Pages and stacks(3,3,2) all coincide.

Lemma 14. NC1 ⊆ stacks(3, 3, 2).

Proof. Consider Barrington’s proof that languages in NC1 can be computed by permutation

branching programs over the symmetric group on5 elements,S5 [Bar89]. The state of the

branching program at some stage of the computation can be represented as a sequence of five

bits (b1, b2, b3, b4, b5), wherebj = 1 if the execution of the branching program has led from the

start state to statej; since the branching program in Barrington’s simulation is deterministic,

exactly one of the bitsbj will be set to 1 at any stage. We represent the initial state by (1,0,0,0,0).

A permutation branching program consists of a sequence of instructions(xi, θ0, θ1), with the

interpretation that ifxi is equal to 0, then the representation of the state of the program after

the next step is obtained by permuting the five bits (b1, b2, b3, b4, b5) according to permutation

θ0, whereas permutationθ1 is used ifxi = 1. Without loss of generality, we may assume that

one of{θ0, θ1} is the identity permutationι (because instruction(xi, θ0, θ1) can be simulated

by (xi, θ0, ι)(xi, ι, θ1). We may further assume that eachθb is a transposition, since each per-

mutation can be represented as a product of transpositions. To determine if an input word is

accepted, it suffices to check ifb1 = 1 after the last instruction is executed.

The idea of the proof is that we put the five bits in the three stacks using heights2, 2, 1

respectively in a canonical way, as illustrated in Figure 3.5. Each instruction is of the form

(xi, τ, π) where one of{τ, π} is a transposition and the other isι. We focus attention on two

types of instructions(xi, τ, π):

Type 1 The transposition swaps the bits that appear on the tops of two different stacks.

Type 2 The transposition swaps the bits that appear in one stack.

Note that every instruction can be simulated by a sequence of instructions of Type 1 and Type

2. (For instance, in Figure 3.5, to swap bitsb1 andb3, we first use Type 2 instructions to invert
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Figure 3.6: A transposition (if input bitx = 1) and identity transformation (ifx = 0)
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stacks 1 and 2, then use a Type 1 instruction on stacks 1 and 2, and then again invert stacks 1

and 2.)

Lemma 15. 1. A Type 1 instruction on two stacks can be accomplished by using exactly

one extra place in the other stack.

2. A Type 2 instruction on one stack can be accomplished by using exactly one more place

in each of the other two stacks.

Proof. Figure 3.6 illustrates the proof of Lemma 15.2. A Type 2 instruction decides whether

to interchange two bitsb, b′ or leave them alone, depending on the value of the literalx. This

corresponds to replacing the sequence(b′, b) on one stack, with the sequence((x̄∧b)∨(x∧b′),
(x̄∧b′)∨(x∧b)). This is implemented by computing each of the two expressions in succession

and (during the computation of the second) removing the bitsb, b′.

The proof of Lemma 15.1 can be accomplished by starting with the third step in Figure 3.6.

Lemma 14 now follows immediately from Lemma15, since an operation of Type 2 on the

first stack requires heights2, 3, 2, and an operation of Type 2 on the second stack requires

heights3, 2, 2, for a maximum of3, 3, 2. Any other operation requires less overhead.

If we do not bother about the exact number of (constant width) pages in which we place

NC1, we can provide a simpler proof than the above which also generalizes suitably to show

the following results for Logspace :

Theorem 16.L = O(log n)Pages, where in fact, each pagewidth is2.

Theorem 17. L = 4Pages, where each pagewidth isO(log n).

Proof. This proof will show how any widthk circuit gives us an equivalent4-Page circuit,

where the width of each page isO(k) (thereby, we already have a4Pagescircuit for NC1).

Suppose we have the layered widthk circuit already in the form required for proving the previ-

ous Theorem 16. To recapitulate, what we do there is : given a widthk circuit, we expand each

level of the circuit to width2k and divide the width into twok-node portionsA andB. All the

gates inA, layeri+ 1 are copy gates from the previous layeri, and two nodes fromA in layer
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Figure 3.7: Logspace in 4 pages

i have circuit edges to a single gate inB (in layeri+ 1). Thus, every segment between consec-

utive levelsi andi+ 1 of the new circuit has exactly one gate at leveli+ 1 where computation

is going on, all the other gates in leveli+ 1 are copy gates. Refer to the Figure 3.7 (the pages

are numbered1 through4).

Clearly at any step the computations in three of the pages are copies, only at the “fringe” of

the fourth page is where the relevant computation of the segment is going on. Also, each page

is of maximum widthO(k). Hence done.

3.3 Discussion and Open Problems

Our initial goal of finding a characterization of TC0 in terms of constant width circuits remains

a challenge for future work. It is worth mentioning some approaches that seem not to work.

The results in this paper seem to rule out characterizations in terms of crossing number, genus,

or thickness. Algebraic approaches to circuit complexity tend to mimic the structure of regular

sets, and it is known that any regular set that is not complete for NC1 lies inside ACC0 [Bar89],

[BT88]; thus this avenue does not seem promising when searching for a characterization of

TC0. One might attempt to follow the approach of [AAD00] by considering arithmetizations of

Boolean circuits. However, a width-two planar branching program is presented in [AAB+99]
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for which the problem of counting the number of accepting paths is hard for NC1 under ACC0

reductions; this rules out many approaches that one might try in searching for a characterization

of TC0. On the positive side, a characterization of #AC0 (and hence of TC0) in terms of

counting paths in a restricted class of branching programs is presented in [AAB+99], but this

does not seem to lead to an appealing characterization in terms of constant-width arithmetic

circuits.

We find it somewhat intriguing that the graph-theoretic notion of genus is linked (via The-

orem 8 and [BT88]) to the algebraic notion of solvability. It would be interesting to know if

there are deeper reasons for this linkage.

Do (upward) planar circuits of log width capture exactly NC1 ? Can we get a characteriza-

tion of TC0 using this framework?
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Chapter 4

Reachability in Planar Graphs

4.1 Introduction

As stated in Chapter 1, in this chapter, we investigate thes-t-connectivity problem for directed

planar graphs.

The roadmap for this chapter is as follows.

In the first part of the chapter, we first show (logspace) closure under complement of the

reachability question in directed planar graphs in Section 4.2. We note that [HRS93] prove a

similar result but only for the easier special case wheres and t are on the same face of the

planar graph. We then prove the same result for directed toroidal graphs by reducing the graph

reachability question on toroidal graphs to planar graphs.

After this, we move over to grid graphs and show that the reachability question in arbitrary

directed planar graphs logspace-reduces to reachability in arbitrary grid graphs. We also exhibit

one important subclass of grid graphs (namely, LGGR) to lie in UL.

In the second half of the chapter, we isolate a few subclasses of planar graphs for which we

can actually give L algorithms for reachability.

Jakoby, Liskiewicz and Reischuk showed that reachability in series-parallel digraphs is

solvable in logspace [JLR01], thus solving the reachability question for an important subclass

of planar directed graphs. Series-parallel digraphs are a special case of planar directed acyclic

graphs having a single source and single sink.

Motivated by a desire to solve the reachability problem for a larger class of planar DAGs,

we introduce the following three classes of DAGs:

• Single-Source Single-Sink Planar DAGs(SSPDs): the class of DAGs having one vertex

of indegree zero and one vertex of outdegree zero. Reachability in SSPDs generalizes
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the problem of reachability in series-parallel digraphs studied in [JLR01].

• Single-Source Multiple-Sink Planar DAGs(SMPDs): the class of DAGs having one ver-

tex of indegree zero. Reachability in such graphs is clearly equivalent to reachability in

Multiple-Source Single Sink DAGs (MSPDs) by simply reversing all of the edges.

• Multiple-Source Multiple-Sink Planar DAGs(MMPD). This is simply the class of all

planar DAGs.

We show that the SMPD reachability problem (and hence also that for MSPD) lies in logspace.

In addition, reachability in SSPDs, restricted to grid graphs, is reducible to UGGR. Our algo-

rithmic approach for SMPD extends to certain classes of graphs that are not acyclic. This is

discussed in more detail in Section 4.8.

4.2 Closure under complement

In this section we present the proof that thes-t-connectivity problem for directed planar graphs

reduces to its complement. The proof consists of two reductions.

• First, we present a reduction showing that it is sufficient to consider the special case

where the verticess and t both lie on the external face of the planar graph. (This will

also be convenient in our reduction to grid-graph reachability.)

• Next, we reduce this special case to its complement. We also note that this step follows

from the results proven in [HRS93].

We note that the reduction to GGR provides an alternative proof of closure under complement;

nevertheless, we include a direct proof for independent interest.

We reduce thes-t-connectivity problem for directed planar graphs withs andt on the outer

face to the complement of thes-t-connectivity problem for directed planar graphs.

First, however, we define some terms more carefully. As observed in the preceding sub-

section, it is easy in logspace to enumerate all of the vertices that appear on a given face of

a planar combinatorial embedding. Note however that the edges that connect these vertices

around the face mightnot constitute a simple (undirected) cycle. However, for anybounded



38

faceF of a planar embedding, there is always a simple undirected cycle called theboundaryof

F . Observe that the edges appearing on the boundary ofF can also be enumerated in logspace

(because they are the only edges that are traversed in only one direction while enumerating all

of the vertices that appear on the faceF ). With this observation in hand, we proceed with our

discussion of the special case.

We are given a directed graphG embedded in the plane with the source and sink verticess

andt on the outer face. The basic intuition is that if there is no directed path betweens andt in

G then there is a proof of this fact, consisting of a geometric curveC slicing acrossG with s on

one side ofC andt on the other side, where all of the edges crossingC are directed away from

t; thus no path can start ats and reacht. We give a formal definition of such a curve (which we

call aseparating cut), and observe that there is a separating cut if and only if there is not a path

from s to t in G. Then we show how to construct a directed planar graphH such that there is a

separating cut forG if and only if there is a directed path froms′ to t′ in H.

Definition 11. A separating cutfor G is a simple closed curveC in the plane, withs embedded

in the interior ofC, andt embedded in the exterior ofC, whereC intersects no vertex ofG, and

all edges ofG that intersectC are directed from the exterior to the interior ofC.

Lemma 18. Given a planar directed graphG with verticess andt on the outer face, there is a

separating cut if and only if if there is no directed path froms to t in G.

Proof. It is obvious that if there is a path froms to t then there is no separating cut. We will

show that the converse holds.

We are assuming that the directed graphG does not have a path froms to t. Sinces andt are

on the external face, the external face consists of two (undirected) paths froms to t. Call one of

these paths theupper boundary, and call the other path thelower boundaryof the graph. (We

will considers to be embedded to the left oft, so traversing the upper boundary froms to t is in

a clockwise direction, and traversing the lower boundary froms to t proceeds counterclockwise.

Note also that certain edges might appear onboth the top and bottom boundaries.) Letu andv

be two adjacent vertices on the upper boundary, such thatu is reachable froms via a directed

path (possiblynot using edges from the upper boundary) and none of the vertices betweenv

and t are reachable froms. (Such a pair must exist, sincet is not reachable, ands is.) See
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Figure 4.1.

Clearly the edgee0 betweenu andv is directed fromv to u. Except for the trivial case

wheree0 lies on both the upper and lower boundaries, the edgee0 forms part of the boundary

of some bounded faceF0, and is directed in a counterclockwise direction aroundF0. Sinceu

andv both lie on the boundary ofF0, andu is reachable froms andv is not, there is some pair

of adjacent verticesw andx on the boundary ofF0 such thatx is not reachable froms, and all

of the vertices betweenw andu are reachable froms. Clearly the edgee1 betweenw andx is

directed fromx tow and thus is directed clockwise around the boundary ofF0.

We now define a separating cutC that starts in the external face and crosses overe0 intoF0

and leavesF0 over edgee1. We now find ourselves either in the external face or in some other

bounded faceF1, wheree1 is oriented counterclockwise around the boundary ofF1. This is

illustrated by the dotted line in Figure 4.1.

We will establish some invariants regarding the curveC, and for this it will be necessary to

talk about theright sideand theleft sideof C. Just as a river has a right bank and a left bank, so

alsoC passes vertices to its right and left as it proceeds away from the upper boundary. Thusu

andw are on the right side ofC andv andx are on the left side. Note that for each edgeei that

C crosses, the vertex on the right side ofC is reachable froms and the vertex on the left side

is not. Also, for each bounded faceFi thatC enters, the edgeei is oriented counterclockwise

aroundFi, andei+1 is oriented clockwise aroundFi, and all vertices to the right ofC on the

boundary ofFi are reachable froms.

Using these invariants, it is clear how to definee2. We continue curveC overF1 to cross
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overe2, where we now find ourselves either in the external face or in some bounded faceF2.

In this way, we definee3, F3, etc., and extendC across them. We claim thatC never crosses

itself, and that in a finite number of steps the curveC reaches the external face by crossing an

edge on the lower boundary. When we do, we continue through the external face arounds and

close the curve where we started above the upper boundary. Thus the proof will be complete

once we establish this claim.

In order to prove that thatC never crosses itself, consider thefirst timeC revisits some face

Fi. (That is, consider anyi and the leastj > i such thatFi = Fj .) Assume also that up

to this pointC has not crossed the same edge twice, nor crossed itself. We will show thatC
can continue on without crossing itself or crossing the same edge twice. This is illustrated in

Figures 4.2 and 4.3. The previous time thatC crossedFi it entered across edgeei and exited

across edgeei+1. Our invariants tell us that all of the vertices on the boundary ofFi in the

region running counterclockwise betweenei andei+1 are reachable froms, and also that, when

curveC comes back toFi = Fj by crossing edgeej , one of the endpoints ofej is not reachable

from s. Thusej must appear in the region runningclockwisebetweenei andei+1 (and hence

the situation illustrated in Figure 4.2 cannot arise). The edgeei+1 is not equal toej (because

they are oriented in opposite directions) and by inductionei 6= ej . Edgeej+1 is found by

proceeding counterclockwise aroundFj from ej and stopping when a vertex is encountered

that is not reachable froms. Thusej+1 will be found in the region strictly betweenej andei,

and thusC can cross fromej to ej+1 without intersecting its earlier traversal fromei to ei+1.

C might return yet again toFi = Fj = Fk, enteringFi along some edgeek. Retaining
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our inductive hypothesis, the same argument as above shows thatek cannot appear between

ei andei+1 or betweenej andej+1, and it cannot appear betweenei+1 andej because this

would requireC to cross itself, contrary to our inductive hypothesis. Thusek must appear

in the segment of the boundary ofFi running counterclockwise betweenej+1 and ei. The

same argument as withej+1 shows thatek+1 must appear in the segment of the boundary of

Fi running counterclockwise betweenek andei, and thusC can enterFi acrossek and exit

over ek+1 without crossing itself. An inductive argument shows that no matter how many

times C returns to faceFi, the edges it uses to enter and exitFi form a sequence running

counterclockwise around the boundary.

We have now established that the curveC never crosses itself, and it never crosses the same

edge twice. Since the graph contains only a finite number of edges, it is clear thatC will enter

the external face after a finite number of steps. In order to establish our claim and complete the

proof, it remains only to show that whenC does enter the external face, it must happen on the

lower boundary.

If C were to enter the external face along the upper boundary, then it cannot happen between

t ande0, because none of the vertices in that segment of the upper boundary are reachable from

s, whereas each edge thatC is adjacent to a vertex that is reachable froms. On the other hand,

if C were to enter the external face along the upper boundary betweens ande0, thenC could be

extended to return to its starting point, with the property that for each directed edge(u, v) that

crossesC, the vertexv on the left side ofC (the exterior) is not reachable froms, but the vertex

u on the right side (the interior) ofC is reachable froms. This is a contradiction, since every



42

s t

u
v

e

e
w

x

y
z

x1
w1

0

1

Figure 4.4: CurveC returning to the upper boundary

path froms to the interior ofC would have to pass through a vertex that is not reachable from

s. (See Figure 4.4.) This completes the proof of the claim, and hence the lemma is proved.

4.2.1 Reducing the Special Case to Its Complement

As in the preceding subsection, we are given a directed graphG embedded in the plane with

the source and sink verticess andt on the outer face. In logspace, we can check if there is an

edge that appears on both the upper and lower boundaries ofG that is directed away fromt and

towards on these boundaries. If this is the case, then clearly there is no path froms to t. If this

is not the case, then we construct the graphH with vertices{s′, t′}∪ {F : F is a bounded face

of the planar embedding ofG}. There are directed edges of the form(s′, F ) for all verticesF

such thatF contains an edge on the upper boundary ofG that is directed away fromt. There

are directed edges of the form(F, t′) for all verticesF such thatF contains an edge on the

lower boundary ofG that is directed away fromt. There are directed edges(F,F ′) if there is

an edgee that is directed clockwise around the boundary ofF and counterclockwise around

the boundary ofF ′.

It is clear thatH is a planar graph, because (except fors′ andt′) it is a subgraph of the dual

of G.

The proof is completed by showing

• GivenG, an encoding ofH can be constructed in logarithmic space.

• There is a path froms′ to t′ in H if and only if there is no path froms to t in G.
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In order to construct an encoding forH, it is necessary to have a scheme for assigning

names to faces ofG. Given any edgee in G, there can be at most two bounded facesF1 and

F2 of G adjacent toe. There must also be some vertexv that is on the boundary ofF1 and

not ofF2 (and vice-versa). Thus any such pair(e, v) can serve as a “name” forF . We let the

lexicographically least such pair serve as the name ofF . Given any vertexv of G, it is easy in

logspace to enumerate all of the names of the faces that are adjacent tov.

We have already observed that it is easy to enumerate the upper and lower boundaries of

G. Thus, it is easy to enumerate all of the edges adjacent tos′ and t′ in H. In order to

determine if there is an edge(F,F ′) in H, it is necessary to determine the orientation of each

edge around each face ofG. For faces adjacent to the upper and lower boundaries ofG, this

is easy to compute in logspace. We can build an (undirected) bipartite graph with vertices of

the form (e, F, c) wherec ∈ {clockwise, counterclockwise}. If e appears on the boundary

of F andF ′, then there are undirected edges ((e, F,clockwise),(e, F ′ ,counterclockwise)) and

((e, F ′,clockwise),(e, F,counterclockwise)). Since we are assuming that no edge appears on

both the upper and lower boundaries ofG, knowing the orientation of the edges on the upper

and lower boundaries completely determines the orientation of all other edges ofG. Thus, to

determine which waye is oriented around faceF , it suffices to apply the logspace algorithm for

undirecteds-t connectivity to determine the (unique) value ofc such that(e, F, c) is in the same

connected component as some triple(e′, F ′, c′) giving the correct information about some edge

e′ on the upper boundary.

We have now shown that an encoding ofH can be constructed in logspace.

If there is no path froms to t in G, then there is a separating cut. As shown in the proof of

Lemma 18, this cut starts above the upper boundary (in the position ofs′) and enters a sequence

of facesF0, F1, . . . entering eachFi across an edge that is oriented counterclockwise around

Fi, and departing across an edge that is oriented clockwise aroundFi, before finally crossing

the lower boundary. It is clear that this yields a directed paths′, F0, . . . , t
′ in H.

Conversely, assume that there is a directed path froms′ to t′ in H. Thus there is a simple

paths′, F0, F1, . . . , Fr, t
′ where eachFi is distinct. We can describe a curve starting above the

upper boundary ofG and crossing intoF0, and from there intoF1 etc., eventually reaching the

lower boundary. We then continue the curve arounds and back to its starting point above the
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upper boundary. Clearly this is a simple curve, and all edges that cross the curve are directed

from the exterior to the interior; thus it is a separating cut, demonstrating that there is no edge

from s to t in G.

4.2.2 Reduction to the special case

Let G be a directed graph. Testing ifG is planar reduces to the undirecteds-t-connectivity

problem [AM04] and thus can be done in logarithmic space [Rei05]. Furthermore, if a graph is

planar then a planar combinatorial embedding (i.e., a cyclic ordering of the edges adjacent to

each vertex) can be computed in logarithmic space [AM04]. Given a combinatorial embedding,

it is easy to check if two vertices lie on the same face. (The vertices on each face adjacent to a

vertexv can be enumerated by starting at some (undirected) edge adjacent tov and starting a

walk from v along that edge; each time a new vertexw is entered along some edgee the walk

continues along the edge that succeedse in the cyclic ordering of edges aroundw.) Thus in

logspace we can check ifs andt lie on the same face. If so, then the graphG is already in the

desired form, since we can consider any face to be the “external” face in the embedding.

If s andt do not lie on the same face, then by use of the undirected connectivity algorithm

we can determine if there is an undirected path froms to t. If there is no such path, then clearly

there is no directed path, either. Otherwise (as observed in [AM04]) we can find a simple

undirected pathP = (s, v1, v2, . . . , vm, t) in logspace. First, we construct a new face withs

andt on it, by “cutting” along the pathP. (That is, we replace each vertexvi onP by vertices

vi,a andvi,b. For any vertexvi onP, let u andx be the vertices appearing before and aftervi

onP; that is,u ∈ {s, vi−1} andx ∈ {t, vi+1}. Let e1, . . . , eda be the edges embedded “above”

the edges connectingvi to u andx in the cyclic ordering aroundvi, and lete′1, . . . , e′db
be the

edges embedded “below” the edges betweenvi andu andx. That is, if the undirected path

from s to t moves from left to right, edgese1, . . . , eda appear on the left side of this path, and

edgese′1, . . . , e′db
appear on the right side. LetL be the set of all edges adjacent toP embedded

on the left side, and letR be the set of all edges adjacent toP embedded on the right side. In

the new graph, the edges inL that were connected tovi are connected tovi,a and those inR
are connected tovi,b. Edges betweenvi and{vi+1, vi−1 are duplicated, with edges between

vi,c and{vi+1,c, vi−1,c} for c ∈ {a, b}. Similarly, edges betweens andv1 (andt andvm) are
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duplicated, with edges betweens andv1,a andv1,b (and edges betweent andvm,a andvm,b,

respectively). This is illustrated in Figure 4.5.)

This new graphG′ is planar, and has verticess andt on the same face (the only new face

created). Since we can embed any planar graph such that any specific face is the outer face, we

re-embed our graphG′ such thats andt are now on the outer face. From now on we assume

G′ has this embedding.

In the process of going fromG toG′ we have changed the connectivity of the graph;s and

t might have been connected inG but they might not be connected inG′. In particular, any di-

rected path inG from s to t that uses edges frombothL andR is not replicated inG′. We solve

this problem by pasting together copies of the graphG′, as follows. The outer face ofG′ con-

sists of two undirected paths froms to t: s, v1,a, v2,a, . . . , vm,a, t ands, v1,b, v2,b, . . . , vm,b, t.

The operation of “pasting” two copies ofG′ together consists of identifying the verticesv1,a,

v2,a, . . ., vm,a in one copy with the verticesv1,b, v2,b, . . . , vm,b in the other copy. (Note that this

amounts to “sewing together” two copies of the path that were “cut apart” in creatingG′ from

G.) The graphG′′ consists of2n + 1 copies ofG′ pasted together in this way: the “original

copy” in the middle, andn copies pasted in sequence to the top boundary of the outer face, and

n copies pasted in sequence to the bottom boundary. See Figure 4.6.

G′′ has (the original copies of)s and t on the outer face. A simple inductive argument

shows that there is a directed path froms to t in G if and only there is a directed path from

(the original copy of)s to one of the copies oft in G′′. A pathological example showing that

many copies ofG′ are needed is shown in Figure 4.7. To complete the reduction, we construct

a graphH that consists ofG′′ along with a new vertext′′ with directed edges from each copy



46

s t

2n + 1 copies

Figure 4.6:2n+ 1 copies pasted together

s t

G

P

Figure 4.7: A pathological case

of t to t′′. The verticess andt′′ appear on the external face ofH, and there is a directed path

from s to t in G if and only if there is a directed path froms to t′′ in H.

In the future we will have occasion to use the operation described above for various pur-

poses and we will refer to it as thecut-and-pasteoperation.

We conclude the section with a proof that the class of problems that are logspace-reducible

to PLANAR .STCONN is closed under a more general type of reduction (≤log
bf−tt ).

4.2.3 Closure Properties

Different types of logspace reductions were introduced and studied by Ladner and Lynch

[LL76], who showed that logspace Turing and truth-table reducibilities coincided (A≤log
T B

iff A≤log
tt B). They also introduced a more restrictive version of logspace-computable truth-

table reducibility, known as logspace Boolean formula reducibility≤log
bf−tt . A≤log

bf−ttB if there

is a logspace computable functionf such thatf(x) = (q1, q2, . . . , qr, φ) where eachqi is a
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query andφ is a Boolean formula withr variablesy1, . . . , yr, such thatx ∈ A if and only if

φ evaluates to 1 when the variablesyi are assigned the truth value of the statement “qi ∈ B”.

Additional results about this type of reducibility can be found in [BST93, BH91].

Corollary 19. A≤log
m PLANAR .STCONN if and only ifA≤log

bf−ttPLANAR .STCONN.

Proof. One direction is trivial; thus assume thatA≤log
bf−ttPLANAR .STCONN. For a given input

x, let f(x) = (q1, q2, . . . , qr, φ) be the result of applying the reduction tox. Without loss of

generality, the formulaφ has negation operations only at the leaves (since it is easy in logspace

to apply DeMorgan’s laws to rewrite a formula). Using closure under complementation, we

can even assume that there are no negation operations at all in the formula. By the results of

Section 4.2.2, we can assume that each graphqi is a planar graph withs andt on the external

face. Given two such graphsG1, G2, note that bothG1 andG2 are in PLANAR .STCONN if

and only if the graph with the terminal vertex ofG1 connected to the start vertex ofG2 is in

PLANAR .STCONN, and thus it is easy to simulate an AND gate. Similarly, an OR gate can

be simulated by building a new graph with start vertexs connected to the start vertices of

bothG1 andG2, and with edges from the terminal vertices ofG1 andG2 to a new vertext.

These constructions maintain planarity, and they also maintain the property thats andt are on

the external face. Simulating each gate in turn involves only a constant number of additional

vertices and edges, and it is easy to see that this gives rise to a≤log
m reduction.

4.3 Higher Genus

In this section we prove that thes-t-connectivity problem for graphs of genus 1 reduces to the

planar case. Throughout this section, we will assume that we are given an embeddingΠ of a

graphG onto a surface of genus 1. (Unlike the planar case, it does not appear to be known if

testing if a graph has genusg > 0 can be accomplished in logspace, even forg = 1 [MV00].)

Given such an embedding, using [AM04], we can check in logspace if the minimal genus of

the graph is 1.

Let us first describe the basic idea behind the reduction. We know that the so-calledidentifi-

cation space[Sti93] of the torus is the square with opposite sides identified. In these terms, the

identification spaceof a cylinder is the square withjust two opposite sides identified. On the
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other hand, the identification space of a torus is a square with twopairs of opposite sides iden-

tified. In Figure 4.8, the edges marked “a” are identified, and for the torus, the edges marked

“b” are also identified.

Thus, a toroidal graph “looks” like a graph as shown in Figure 4.9.

If we recollect the cut-and-paste operation that we performed on planar graphs, in order to

get the verticess andt on the boundary, we realise that we are essentially juxtaposing2n − 1

copies of a “square”: this square being the identification space of a cylinder, see Figure 4.10.

a a aa

2n−1 copies of the cylinder

Figure 4.10: A cylinder tiling the plane
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It turned out that we had to place2n − 1 copies in order to preserve connectivity. For

the torus, we would hence have to construct a two-dimensional tiling as in the Figure 4.11,

keeping2n − 1 copies in each of the two directions in order to preserve connectivity. But this

two-dimensional “tiling” is precisely a planar graph!

In order to formulate the above procedure in more precise terms, we first need to show that

we can transform the given toroidal graph into its “square” representation. It is easy to realise

that for this, we need tocut the graph along asurface-nonseparatingcycle.

Given a cycleC in an embedded graph, it is easy to check in logspace, ifC is surface-

nonseparating or not: merely check if there is a vertexv ∈ G, such thatv is path-connected to

both sides ofC (on the embedding).

Lemma 20. LetG be a graph of genusg > 0, and letT be a spanning tree ofG. Then there is

an edgee ∈ E(G) such thatT ∪ {e} contains a surface-nonseparating cycle.

Proof. The proof follows ideas from [Tho90] which introduces the “3-path condition”:

Definition 12. LetK be a family of cycles ofG as follows. We say thatK satisfies the3-path

condition if it has the following property. Ifx, y are vertices ofG andP1, P2, P3 are internally
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disjoint paths joiningx andy, and if two of the three cyclesCi,j = Pi ∪ Pj (1 ≤ i < j ≤ 3)

are not inK, then also the third cycle is not inK.

We quote the following from [MT01].

Proposition 21. (Proposition4.3.1 of [MT01]) The family ofΠ-surface-nonseparating cycles

satisfies the3-path condition.

Suppose, that∀e, (T ∪ {e}) does not have a surface-nonseparating cycle. We will prove

that no cycleC in the graphG can be surface-nonseparating, by induction on the numberk

of non-tree edges inC. This contradicts the fact that every non-planar graph has a surface-

nonseparating cycle ([MT01, Lemma 4.2.4 and the following discussion]) and thus suffices to

prove the claim.

The basis (k = 1) follows from the above supposition.

For the inductive step fromk − 1 to k, let a cycleC be given withk edges not inT .

Take any non-tree edgee = (x, y) onC. Consider the tree pathP betweenx andy. If P

never leaves the cycleC, thenC is a fundamental cycle and we are done by the assumption

for k = 1. On the other hand, we can consider a maximal segmentS of P not inC. Let S

lie between verticesu andv of C. Now, we have three paths betweenu andv : the two paths

betweenu andv onC (call theseC1, C2), and pathS. Note that bothS ∪C1 andS ∪C2 have

less thank non-tree edges. Hence they are not surface-nonseparating cycles by the induction

assumption. So, by the3-path condition, neither isC = C1 ∪ C2.

This completes the induction, and the proof.

We can think about the above lemma intuitively as follows : consider a spanning tree of the

graph embedded on a surface of genus> 0. Continuously contract the edges of the spanning

tree, so that all the vertices of the graph merge to become a single vertex. Note that via the

above process, the transformed graph inherits its embedding on the genus surface from the

original graph. Also, in this process, all the edges of the graph not in the spanning tree chosen

become loops around the single vertex (in other words, all thefundamentalcycles in the graph

are now loops). If all of these loops were surface-separating cycles, then the graph would have

been planar. Since we assume that the graph has genus> 1, it means that some fundamental
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cycle is a surface-nonseparating cycle.

In fact, we can make a further observation (which we will not have occasion to use) - the

number of fundamental cycles which are surface-nonseparating is thesamefor everyspanning

tree in the graph.

At this point we are able to describe how to reduce thes-t-connectivity problem for graphs

of genus 1 to the planar case.

Given a graphG of genus1 and an embeddingΠ of G onto the torus, construct an (undi-

rected) spanning treeT of G. (It follows from [NTS95, Rei05] that spanning trees can be

constructed in logspace.) For each edgee of G that is not inT , determine if the unique cycle

Ce in T ∪ {e} is surface-nonseparating, as follows.

Let Ce = {v1, v2, · · · , vr}. Let Ge be the graph obtained fromG by cutting alongthe

cycleCe (as described in [MT01, p. 105]). (For the purposes of visualization, it is useful

to imagine cycles as embedded on an inner tube. Cutting along a surface-separating cycle

amounts to cutting a hole in the inner tube (resulting in two pieces). In contrast, ifCe is

surface-nonseparating, then it is embedded either like a ribbon tied around the tube, or like a

whitewall painted on the inner tube. In the former case, cutting alongCe turns the inner tube

into a bent cylinder with a copy ofCe on each end; in the latter case cutting alongCe results

in a flat ring with one copy ofCe around the inside and one around the outside. In this latter

case, the graph is again topologically equivalent to a cylinder with a copy ofCe on each side.)

More formally, the graphGe has two copies of each of the vertices{v1, v2, · · · , vr}, which we

denote by{v1,1, v2,1, · · · , vr,1}, and{v1,2, v2,2, · · · , vr,2}. For every edge(u, vj) (or (vj , u))

on the right side ofCe (according toΠ), Ge has the edge(u, vj,1) ((vj,1, u), respectively), and

for every edge(u, vj) ((vj , u),respectively) on the left side ofCe we have the edge(u, vj,2)

(or (vj,2, u)) in Ge. The graphGe also has two copies of the cycleCe, which we denote by

Ce,1 andCe,2. That is, we have edges betweenvj,b andvj+1,b for eachb ∈ {1, 2} and each

1 ≤ j ≤ r, directed as inCe. An important property of cutting along the cycleCe is that ifCe

was surface-nonseparating, then the resulting graphGe is planar, and the the cyclesCe,1 and

Ce,2 arefacial cycles ([MT01, p. 106,Lemma 4.2.4]). (Otherwise,Ge will not be planar.) Thus

in logspace we can determine ifCe is surface-nonseparating.

By Lemma 20, we are guaranteed to find a surface-nonseparating cycle by testing each
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edgee that is not inT . The graphGe does not have the same connectivity properties asG;

s and t might have been connected inG but not inGe. In particular, any directed path in

G from s to t that uses edges fromboth the right and left sides ofCe is not replicated in

Ge. As in Section 4.2.2, we solve this problem by pasting together copies of the graphGe,

as follows. The operation of “pasting” two copies ofGe together consists of identifying the

verticesv1,1, v2,1, . . . , vr,1 in one copy with the verticesv1,2, v2,2, . . . , vm,2 in the other copy.

(Note that this amounts to “sewing together” two copies of the path that were “cut apart” in

creatingGe fromG.)

Now construct the graphG′ consisting of2n + 1 copies ofGe pasted together in this way:

the “original copy” in the middle, andn copies along each side, forming one long cylinder.

Since this cylinder has genus zero, it is easy to see thatG′ is planar.

As in Section 4.2.2, a simple inductive argument shows that there is a directed path froms

to t in G if and only there is a directed path from (the original copy of)s to one of the copies

of t in G′. Thus we have presented a logspace-computable disjunctive truth-table reduction

to the planar directeds-t-connectivity problem. We obtain a many-one reduction by appeal to

Corollary 19. Thus we have proved the following theorem.

Theorem 22. Thes-t-connectivity problem for graphs of genus one is≤log
m reducible to the

planar directeds-t-connectivity problem.

4.4 Grid Graphs

In this section, we present a≤log
m reduction of PLANAR .STCONN to GGR. For definitions of

grid graphs, see Definition 9 in Chapter 2.

Using the reduction of Section 4.2.2, we may assume that we are given a planar graphG

with s andt on the external face. By applying the reachability algorithm on undirected graphs,

we can merge all vertices that are joined by bidirected edges, and thus we can assume that all

edges are unidirectional; note that the graph remains planar after this transformation. We may

also assume without loss of generality thatG has no vertex of degree (indegree + outdegree)

greater than 3, and thats and t have degree at most two. (To see this, observe that ifv is a

vertex of degreed > 3, then we may replacev with d vertices arranged in a directed cycle,
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with each one adjacent to one of thed edges that were connected tov. In order to compute this

transformation it is important to note that we can compute the planar embedding in logspace.

If either of the verticess andt have degree three, then an additional vertex of degree two can

be inserted into this cycle, and re-nameds or t, respectively.)

We can compute an (undirected) spanning treeT of G in logspace. The vertexs is a vertex

of T , and we can consider it to be the root ofT . By our assumptions onG, the treeT is a

binary tree; the planar embedding ofG imposes an ordering on the children of each node inT .

As observed in [AM04], we can compute the heighth(v) of each nodev in T in logspace (by

counting the number of vertices that are ancestors ofv). For notational convenience, define the

height of the roots to be 1, and ifv has childu thenh(u) = h(v) + 1.

At this point, we are ready to assign each vertex ofG to a grid point. Our grid graph will

consist of a “fine grid” and a “coarse grid”. The coarse grid consists of points placed at the

corners of large squares (of size(4n + 1) × (4n + 1)) of the fine grid. (The fine grid will be

used to route non-tree edges between vertices placed on the coarse grid.) For any nodex, define

w(x) to be the number of leaves ofT that appear strictly to the left ofx; w(x) can be computed

easily in logspace by traversingT . Each vertexx is assigned to the point(h(x), w(x) + 1) in

the coarse grid; note that the roots is placed at the top left corner(1, 1). If nodex is at position

(i, j) in the coarse grid, then the tree edge fromx to its left child is embedded as a vertical path

to point(i+1, j) in the coarse grid. Ifx also has a right childy, then this edge is embedded as a

horizontal path to location(i, w(y)+1) followed by a vertical path to location(i+1, w(y)+1)

in the coarse grid. This is illustrated in Figure 4.12.

For every non-tree edgee in the tree we can find the numberw(e) of non-tree edges en-

closed by the unique cycle formed by addinge to the tree. (For edgee = (u, v), w(e) can be

computed by finding the least common ancestory of u andv and determining for each non-tree

edge connected to a descendant ofy if it is embedded to the right or left of the paths betweeny

andu andv.) For any non-tree edgee = (u, v), note thatu andv have degree at most two in the

treeT , and thus there is no tree edge attached horizontally adjacent tou or v. The embedding

determines if the path representinge should be attached to the east or west sides ofu andv. If

the embedding goes around a leafz of the treeT , then the path is routed horizontally fromu

to a locationw(e) fine grid points to the east or west of the column containingz, and vertically
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Figure 4.12: Embedding a graph on the grid. Edges used in the spanning tree are shown as
dashed lines; non-tree edges are solid.

down to a pointw(e) fine grid points below the level of the leaf of maximum height, and from

there horizontally to a pointw(e) fine grid points east or west of the column containingv, then

vertically to the level ofv, and then horizontally to attach tov. If the embedding does not go

around a leaf, then a simpler path can be drawn: horizontally to a pointw(e) fine grid points

east or west ofv, then vertically to the level ofv, and then horizontally to connect tov. It is

easy to verify that no paths collide in this way. See Figure 4.12 for an example.

Thus we have the following theorem.

Theorem 23. PLANAR .STCONN≤log
m GGR

Observe that this result, combined with [BLMS98, Lemma 13], provides an alternate con-

struction of a≤log
m reduction of PLANAR .STCONN to its complement.

4.5 Versions of the GGR Problem

We begin by defining and exploring a number of special cases of the GGR problem, based on a

variety of restrictions on the grid graphs and on the verticess andt.
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4.5.1 Classes and Reductions

We assume familiarity with the following important subclasses of nondeterministic logspace

(NL): L, NC1, TC0, and AC0, see [Vol99]. When defining notions of reducibility and com-

pleteness in order to investigate the structure of such small complexity classes, some form of

AC0 reducibility is usually employed. We will frequently make use of the terminology and no-

tation employed by Immerman [Imm98], which exploits the close connections betweenAC0

and first-order logic. In particular,AC0-Turing reducibility (≤AC0

T ) to a setA can be defined

equivalently in terms ofAC0 circuits augmented with “oracle gates” forA, or in terms of first-

order formulae withA as a built-in predicate symbol applied to a structure defined in first-order.

For details refer to [Imm98]. For this reason, we sometimes refer to≤AC0

T reductions asFO

reductions. The class of problems≤AC0

T reducible toA is sometimes denoted asFO +A.

Immerman also gives good motivation for studying a restricted form of≤AC0

m reductions

calledfirst-order projections(≤FO
proj). These can be visualized as many-one reductions com-

puted by first-order uniform circuitshaving no gates(other than NOT gates); thus each bit of

the output is either a constant or is a copy (or a negated copy) of one bit of the input.

4.5.2 Nine Problems

We first consider two restrictions on the global structure of a GGR problem, and two local

restrictions:

• The problem GGR-B is the set of tuples(G, s, t) whereG is a directed grid graph,s and

t are vertices on theboundary of G, and there is a path froms to t in G.

• The problem LGGR is the set of tuples(G, s, t) whereG is alayereddirected grid graph,

havingonly east and south edges, and there is a path froms to t.

• The problem 1GGR is the set of tuples(G, s, t) whereG is a directed grid graph of

out-degree at most 1and there is a path froms to t.

• The problem 11GGR is the set of tuples(G, s, t) whereG is a directed grid graph of

in-degree and out-degree at most 1and there is a path froms to t.
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Figure 4.13: Nine GGR problems.

It is obvious that 11GGR is a special case of 1GGR. LGGR is a special case of GGR-B

because given a layered graph with verticess and t, we can clearly restrict our attention to

the rectangle withs at its northwest corner andt at its southeast corner – if there is no such

rectangle, there can be no path froms to t. The local and global restrictions are orthogonal,

so that the three global conditions (general, boundary, and layered) and three local conditions

(general, out-degree 1, both degrees 1) give us nine special cases of the GGR problem: GGR,

1GGR, 11GGR, GGR-B, 1GGR-B, 11GGR-B, LGGR, 1LGGR, and 11LGGR. Even the easiest

of these problems, 11LGGR, is non-trivial, as we will show in Section 4 that it is hard for the

classTC0.

There are other natural ways to define a layered graph. We could forbid only one of the

four directions of edges rather than two. Or we could allow diagonal edges but force them to

go only northeast, east, or southeast, making each north-south column a layer according to the

standard definition. But it is an easy exercise to construct a first-order projection from a graph

satisfying any one of these restrictions to one satisfying any of the others.

4.5.3 Undirected GGR

One of the most natural local restrictions on a graph isundirectedness. Long before Reingold

showed that the undirected reachability problem is in L [Rei05], Blum and Kozen [BK78]

showed that the UGGR problem, testing reachability in undirected grid graphs, is in L. Here
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we show that UGGR is equivalent tofour of the nine versions of GGR we have just defined:

Theorem 24. The problems UGGR, UGGR-B, 1GGR, 1GGR-B, 11GGR, and 11GGR-B are

all equivalent under first-order projections.

Proof. We will show that 1GGR≤FO
projUGGR≤FO

proj UGGR-B≤FO
proj 11GGR-B≤FO

proj1GGR,

appealing to Section 3 for the second reduction and observing that the last reduction is trivial.

Lemma 25. 1GGR≤FO
projUGGR

Proof. The well-known general reduction from out-degree one reachability to undirected reach-

ability works without modification for grid graphs. Given an out-degree one grid graphG and

verticess andt, create an undirected graphH by modifyingG to delete the edge (if any) out

of t and change each directed arc to an undirected edge. Since the vertices with paths tot in G

form a directed tree, the corresponding vertices inH are simplyt’s connected component. So

s has a directed path tot in G if and only if it has an undirected path tot in H. The reduction

is clearly a first-order projection.

Lemma 26. UGGR-B≤FO
proj11GGR-B

Proof. We merely have to formalize the familiar “right-hand rule” for exploring mazes – if we

place our right hand on the wall and keep walking with our hand on the wall, we will return

to our starting place having gone completely around the connected component of wall to our

right. If both our starting place and our goal are on the boundary of the entire maze, they are

on the boundary of their connected component.

More formally, given an undirected grid graphG and verticess andt on its boundary, we

define a grid graphH of in-degree and out-degree at most 1 as follows. The vertices ofH

will be points(a/3, b/3) wherea andb are integers – when both coordinates are integers we

identify this vertex ofH with the corresponding vertex ofG. (Note that the positivex direction

is east, and the positivey direction is south.) The directed edges ofH will have the property

that there is an edge ofG 1/3 unit to their right in their direction of travel, unless they are

turning a corner:
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Figure 4.14: An undirected grid graph and its in-1-out-1 graph.

• If there is an edge inG between(u, v) and (u + 1, v), then there are directed arcs in

H from (u + 1/3, v − 1/3) to (u + 2/3, v − 1/3) and from(u + 2/3, v + 1/3) to

(u+ 1/3, v + 1/3).

• If there is an edge inG between(u, v) and (u, v + 1), then there are directed arcs in

H from (u − 1/3, v + 2/3) to (u − 1/3, v + 1/3) and from(u + 1/3, v + 1/3) to

(u+ 1/3, v + 2/3).

• If (u, v) is a vertex ofG with no edge inG to (u + 1, v), thenH has edges from(u +

1/3, v − 1/3) to (u+ 1/3, v) and from(u+ 1/3, v) to (u+ 1/3, v + 1/3).

• If (u, v) is a vertex ofG with no edge inG to (u − 1, v), thenH has edges from(u −
1/3, v + 1/3) to (u− 1/3, v) and from(u− 1/3, v) to (u− 1/3, v − 1/3).

• If (u, v) is a vertex ofG with no edge inG to (u, v + 1), thenH has edges from(u +

1/3, v + 1/3) to (u, v + 1/3) and from(u, v + 1/3) to (u− 1/3, v + 1/3).

• If (u, v) is a vertex ofG with no edge inG to (u, v − 1), thenH has edges from(u −
1/3, v − 1/3) to (u, v − 1/3) and from(u, v − 1/3) to (u+ 1/3, v − 1/3).

We define verticess′ andt′ in H by moving1/3 unit away from the rest ofG from s and

t respectively. It is clear thatH has both in-degree and out-degree at most one, and that there

is a directed path froms′ to t′ in H if and only if there is an undirected path froms to t in H.

Figure 4.14 shows the result of this construction on a small undirected graph.

Thus all these versions of the problem are equivalent under first-order projections.

4.5.4 Five Problems

The results of the preceding section and of Section 3 reduce our nine problems to five. If we

close each under first-order reductions, we get a hierarchy of complexity classes within NL
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Figure 4.15: The five surviving GGR problems.

and (as we shall see in Section 4) aboveTC0. Since each problem has a number of interesting

alternate formulations, we spend some time looking at each in turn:

GGR

The general GGR problem is in NL, of course, but we have no better upper bound. As shown in

Section 4.4, it is equivalent underlogspacereductions to the general planar reachability prob-

lem. (Our argument in Section 3 that GGR and GGR-B are equivalent is in fact a simplification

of the argument there that general planar reachability reduces to its boundary special case.)

There is an easy (first-order projection) reduction from GGR-B to its complement, grid-

graph non-reachability withs andt on the boundary. This is because there isno path froms

to t in a grid graphG iff there is a path, from some boundary vertex on one path froms to

t to a boundary vertex on the other path, in thecomplement-dualgrid graph. (For details see

[BLMS98].) The reachability problem for general graphs reduces to its complement by the

Immerman-Szelepcsenyi theorem [Imm88, Sze88], but this much simpler reduction provides
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some weak evidence that GGR is not complete for NL.

UGGR

We found above that UGGR, undirected grid graph reachability, has a number of equivalent

formulations including its boundary version UGGR-B. To these we may add the problem of

determining the winner in a completed game of HEX[Bus05], because a hexagonal grid can

easily be mapped by a projection reduction to the Euclidean grids we have defined here. Like

GGR-B, UGGR-B projection-reduces directly to its complement by taking a complement-dual

graph. This gives it another robustness property:

Proposition 27. A language is in the classFO + UGGR iff it projection-reduces toUGGR.

Proof. We show that the set of languages that projection-reduce to UGGR-B, and hence (by

Section 3) to UGGR, is closed under≤AC0

T reductions. We give an inductive argument on

the depth of the circuits computing the≤AC0

T reduction (where without loss of generality the

circuits for different lengths have the same structure, and all gates on the same level are of

the same type). The inductive hypothesis is that the value of each wirew leading into a top-

level gate can be represented as the answer to the question of whether or not a graphGw is in

UGGR-B whereGw is a projection of the input graphG. This is clearly true if the only gates

are NOT gates, which establishes the basis for the induction. If the top-level gate is an AND

gate, then it suffices to connect the graphsGw in series. Similarly, if the top-level gate is an

OR gate, then it suffices to connect the graphsGw in parallel. If the top level gate is a NOT

gate, then as we observed above, the complement-dual graph lets us represent the negation of a

UGGR-B problem as the OR of polynomially many UGGR-B problems (and thus again we can

connect these graphs in parallel.) If the top level gate is an oracle gateg, then we can replace

each wirew (representing an edge(x, y) in the encoding of the grid graphH presented as input

to g) by a small sub-grid encoding the graphGw, identifying the source vertex asx and the

sink vertex asy. The details are straightforward to fill in; by simple padding we may assume

that all of the graphsGw are the same size.

In its incarnation as 11GGR, UGGR can be seen to have the followingcountingproperty:



61

cable turning corner
cable straight into 

shift insertvertex

Figure 4.16: The Construction of Proposition 28

Proposition 28. If G is a grid graph of in-degree and out-degree each at most one, the following

predicate projection-reduces toUGGR: DIST(s, t, k) ↔ the path out ofs reachest in exactly

k steps.

Proof. We first note that we can determine inFO + UGGR whether a given vertex, or a given

edge, is on the path froms to t. Then we can define a graphHs,t,k where each vertex along

the path is replaced byk + 1 copies, in a diagonal line from northeast to southwest, and each

edge along this path is replaced by a “cable” ofk + 1 parallel straight paths. The copies of

each vertex and edge are numbered so that copyk is to the left and copy0 is to the right in the

direction of the path’s travel. Finally, on each incoming cable, we insert a shift component so

that the path forming thei’th copy of each edge now connects thei’th copy of its source to the

i + 1’st copy of its destination. (See Figure 4.16.) Note that this graphH also has in-degree

and out-degree at most 1. Then DIST(s, t, k) is true iff there is a path inH from copy0 of s to

copyk of t. We can defineH in FO + UGGR, and thus by Proposition 27 we can defineH as

a first-order projection ofG.

In Section 5 we will be interested in the depth-first search of a directed tree embedded in a

grid graph. If we convert the directed tree to an undirected tree and then to a graph of in-degree

and out-degree one by the constructions of this section, we produce a tour of the vertices of the

tree that exactly follows the order in which they are visited by the depth-first search. Because

we can count the length of paths in this final graph, we conclude:

Theorem 29. Let T be a directed tree embedded in a grid graph and consider the depth-first

search ofT that visits children of a node in the left-to-right order given by the embedding.
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Then the following properties of the search are each computable inFO + UGGR: start time

of a vertex, finish time of a vertex, depth of a vertex, and whether one vertex is an ancestor of

another.

LGGR

The most interesting question regarding LGGR is whether it is any easier than general GGR. It

seems plausible that searching for a path that must always make progress in a given direction

would be easier than searching for one that could double back upon itself arbitrarily. But the

evidence we have for this is rather thin.

Theorem 30. LGGR∈ UL.

Proof. LetG be an acyclicn× n grid graph, with vertexs in column 1 and vertext in column

n. We define a weight functionw on the edges ofG as follows. Ife is directed vertically (that

is, from (i, j) to (i′, j) for i′ ∈ {i+ 1, i− 1}), thene has weight zero. Otherwise,e is directed

horizontally and is of the form(i, j) → (i, j + 1). In this case, the weight ofe is i. This

weight function induces a natural weight function on paths; the weight of a path is the sum of

the weights of its edges. (It is a helpful approximation to think of the weight of a path as the

number of boxes of the grid that lie above the path.)

The minimal-weight simple path froms to any vertexv is unique. This is because if there

are two pathsP1 andP2 from s to v that have the same weight, there must be some column in

whichP1 is higher thanP2 and another column in whichP2 is higher thanP1. SinceG is an

acyclic grid graph, this means that there is some point in between these two columns in which

the two paths intersect. The path froms to v that follows the two paths until they diverge, and

then follows the path closer to the top of the grid until they next intersect, and continues in this

way untilv is reached, will have smaller weight than eitherP1 orP2, and thus they cannot have

had minimal weight.

At this point, we are able to mimic the argument of [RA00].

Let Ck be the set of all vertices in columnk that are reachable froms. Let ck = |Ck|. Let

Σk be the sum, over allv ∈ Ck of the minimal weight path froms to v. Exactly as in [RA00],

there is a UL algorithm that, given(G, k, ck,Σk, v), can determine if there is a path froms to v
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or not. (We emphasize the words “or not”; if there is no path, the UL machine will determine

this fact; the algorithm presented in [RA00] has this property.) Furthermore, this algorithm has

the property that, ifv is reachable froms, then the UL machine can compute the weight of the

minimal-weight path froms to v. (Informally, the machine tries each vertexx in columnk in

turn, keeping a running tally of the number of vertices that have been found to be reachable,

and the total weight of the guessed paths. For each vertexx, the machine guesses whether there

is a path froms to x; if it guesses there is a path, then it tries to guess the path, and increments

its running totals. Ifx = v, then it remembers the weight of the path that was guessed. At the

end, if the running totals do not equalck andΣk, then the machine concludes that it did not

make good guesses and aborts. By the properties of the weight function, there will be exactly

one path that makes the correct guesses and does not abort.)

It suffices now to show that a UL machine can compute the valuesck andΣk. Observe first

of all thatc1 is easy to compute (by simply walking up and down column 1 froms and counting

how many vertices are reachable), andΣ1 = 0.

Assuming that the valuesck and Σk are available, the numbersck+1 and Σk+1 can be

computed as follows. Initializeck+1 andΣk+1 to zero. For each vertexv in columnk + 1, for

each edge of the formx→ y to a vertexy in columnk + 1 such that there is a path in column

k+ 1 from y to v, if x ∈ Ck via a minimal-weight path of weightwx, then compute the weight

w′x of the path tov throughx. Letwv be the minimum of all suchx. Incrementck+1 by one (to

indicate thatv is reachable) and increaseΣk+1 bywv. (This algorithm is actually more general

than necessary; it is easy to show that the minimal-weight path tov will always be given by the

“topmost” vertexx ∈ Ck for which there is an edgex → y to a vertexy that can reachv in

columnk + 1.)

This completes the proof.

In Section 4.4, following the method of Reinhardt and Allender [RA00], we showed that

LGGR is in the class UL – it is the language of a nondeterministic logspace machine that

never has more than one accepting run on the same input. But it is known [RA00] that the

non-uniform versions of UL and NL are the same, and it is entirely plausible that the classes

themselves are the same.
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Another interesting question is the relationship, if any, between LGGR and reachability for

general grid graphs that happen to be acyclic. The two restrictions seem similar, but nothing is

known.

It is not clear whether LGGR is closed under complementation. The complement-dual of a

grid graph whose edges go only east and south is a grid graph that containsall possiblenorth

and east edges, and some edges going south and west. There may be a way to reduce this

problem to LGGR, but we don’t know of one.

LGGR is also a special case of evaluating alayered monotone planar circuit, where the

circuit has only OR gates and constant0 gates. Limayeet al. [LMN06] give a nice survey of

the various versions of this problem along with some new results.

1LGGR

The 1LGGR problem has a useful alternate form:

Lemma 31. 1LGGR is equivalent to the reachability problem on directed grid graphs that

have some east edges, all possible south edges, and no north or west edges.

Proof. (of Lemma 31) We first reduce this new problem to 1LGGR. LetG be a layered grid

graph with some east and all south edges. Without loss of generality lets be the northwest

corner andt the southeast corner. Define an out-degree one layered grid graphH as follows.

The vertices ofH are the same as those ofG. If vertexv has an east edge out of it inG, it has an

east edge out of it inH. Otherwise it has a south edge out of it inH. ClearlyH has out-degree

one. It is easy to show by induction that the path out ofs in H reaches or passes directly north

of every vertex reachable inG. Either this path ends at a vertex on the south boundary that has

no east edge, or it reaches the east boundary and thus goes south tot. So the path inG exists

iff the path inH does.

For the other reduction, we first assume thatG is a layered grid graph with out-degree

exactly one, except at the boundary. DefineH to be a copy ofG with all possible south

edges added. DefineGT to be the layered grid graph obtained fromG by reflecting about

the northwest-to-southeast diagonal, and letH ′ be a copy ofGT with all possible south edges

added. Finally, letI be aseries connectionof H andH ′ – a layered grid graph, with all south
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edges present, obtained by placingH in the northwest quarter andH ′ in the southeast quarter

of a single graph, identifying the southeast corner ofH with the northwest corner ofH ′. It is

easy now to verify that there is a path from the northwest corner ofI to the southeast corner iff

the unique path froms in G reachest, rather than some other sink on the boundary ofG.

It remains to show that 1LGGR, where each vertex has degreeat mostone, reduces to the

special case treated above. LetG be a layered grid graph with outdegree at most one. We make

a new graphH from G by making two copiesv1 andv2 of each vertexv, with v1 situated to

the northeast ofv2. We replace each edge(u, v) of G by a pair of parallel edges(u1, v1) and

(u2, v2), preserving the out-degree of one. Ifv is a sink inG, we connect bothv1 andv2 tow2,

wherew is the vertex to the east ofv. Then there is a path froms to t in G iff there is a path

from s1 to t1 in H, andH has out-degree exactly one except at the boundary.

The language of problems projection-reducible to 1LGGR is closed under complement.

The complement-dual of a layered grid graph with some east edges and all south edges has all

possible north and east edges, some south edges, and no west edges. But the north edges are

of no additional use in making a path from north to south, so this is equivalent to a problem

with some south and all east edges, clearly isomorphic to the problem with all south and some

east. As with UGGR-B, we can use series and parallel connection to show that any language

first-order reducible to 1LGGR is projection-reducible to it.

As we will see in Section 4, the complexity class of problems first-order reducible to

1LGGR lies somewhere between L andNC1. These two classes exemplify one contrast be-

tween sequential computation (L) and parallel computation (NC1). The question of whether

L = NC1 is the question of whether sequential computations using only log space can be

parallelized to a certain extent.

Here is a problem that looks inherently sequential, in that a polynomial number of opera-

tionsappearto be necessary in sequence. LetA be ann by n boolean array and consider the

following Java code fragment:

int count = 0;

for (int i=0; i < n; i++)

if (A[i,count]) count++;
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Determining whether the value ofcount at the end of this fragment is some valuek is

easily projection-reduced to 1LGGR. If 1LGGR∈ NC1, then this code can be parallelized in

some way that is not readily apparent.

11LGGR

The easiest problem in our hierarchy, 11LGGR, has an interesting alternate formulation. By

expanding each layer into up ton layers (wheren is the width of a layer), we can projection-

reduce a 11LGGR problem to one where the edges in each layer divide into two consecutive

intervals, one of south edges and one of east edges, with a source or a sink between these

two intervals. We can recast this latter problem in terms of the following data structure: a

varying numbern of items are in locations from0 to n − 1, and our operations areinsert(i),

which places a new element in locationi and moves the higher-numbered elements up, and

delete(i), which removes the element in locationi and moves the higher-numbered elements

down. Determining whether a sequence of such inserts and deletes removes a particular element

with its lastdelete is complete for the class of problems first-order reducible to 11LGGR.

4.5.5 Acyclicity and Single-Source

We cannot in general tell whether a given directed grid graph isacyclic, because this problem is

hard for GGR-B and thus (by Section 3) for GGR. But in Section 4.8 we will present algorithms

for two special cases of general acyclic GGR, and in these two cases we can decide whether the

graph is acyclic inFO + UGGR. These are thesingle-sourceproblem SMGGR and thesingle

source, single-sinkproblem SSGGR. (In each case we will assume that the source occurs on

the boundary of the grid graph.) Even the latter problem is non-trivial in our hierarchy:

Lemma 32. 1LGGR≤FO
projSSGGR

Proof. (of Lemma 32) Appealing to Lemma 31, letG be a layered grid graph with some east

edges and all possible south edges, with northwest corner(0, 0) and southeast corner(a, b). We

form a graphH by adding one new row each north and south ofG and one new column each

east and west of it.H will include all possible south edges, and its east edges will be those of

G plus all those in the two new rows. These changes do not affect reachability between vertices
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Figure 4.17: Puttings andt on the same row.

of G, but inH (−1,−1) is the only source and(a + 1, b + 1) is the only sink. Note that the

source is on the boundary.

Since most of our arguments in Section 5 apply to any graphs embedded in the plane, we

will present them in general form and note where the L constructions may be carried out in

FO + UGGR in the case of grid graphs.

4.6 The Boundary Construction

In this section we show that each of the problems GGR, UGGR, and 1GGR reduces via first-

order projections to the special case wheres andt are on the external boundary. For simplicity,

we first consider GGR.

Theorem 33. GGR≤FO
projGGR-B.

Proof. LetG be a grid graph. Without loss of generality,s andt appear on the same horizontal

row ofG; call this rowm. (If this is not true, then add some paths to effect a vertical shift of part

of the grid, as illustrated in Figure 4.17.) We may also assume without loss of generality that

there is no vertical edge out ofs or into t, and may also assume thats is a source andt is a sink,

and thats appears to the left oft in the grid. ModifyG by inserting a new row of “dummy”

vertices just above rowm of G, to obtain a new graphG′. In G′ there are no horizontal edges

in rowm+ 1, and all edges that enter rowm+ 1 vertically from above continue on below, and

vice-versa.

Now build a new graphH by cuttingG′ horizontally along rowm+ 1 to obtain two grids

G′
top andG′

bottom. There is a copy of rowm+ 1 in each ofG′
top andG′

bottom. InH, the graph

G′
bottom appearsaboveG′

top. For each vertexv in row m1 to the left ofs or to the right of

t, there is a path connecting the the two copies ofv, going around the closest side boundary,
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and directed the same way as the edge that passes throughv in G, as illustrated in Figure 4.18.

Also as illustrated in Figure 4.18, add new verticess′ andt′ at the top right and left corners,

respectively, connected via paths tos andt. For the vertices in rowm+ 1 that appear between

s andt, add vertical paths that we will use to connect different copies ofH together.

Let there ben vertices inG. Create2n + 1 copies ofH, labeledH−n, H−n−1, . . ., H−1,

H0, H1, . . ., Hn, and connected vertically withH0 in the middle, where the connections are

made at the vertical paths between the copies ofs andt. in the bottom row ofHi−1 and the

corresponding paths in the top row ofHi. (See Figure 4.19.) A simple inductive argument

shows that there is a path froms to t in G iff there is a path froms′0 to one of the vertices

t′i. The vertexs′0 is on the external face, as is each of the verticest′i. The construction is

completed by creating a new vertext′′ and adding paths from eacht′i to t′′. Call the resulting

grid graphH ′. It is easy to see that this reduction can be accomplished by means of a first-order

projection.

Corollary 34. UGGR≤FO
projUGGR-Band1GGR≤FO

proj1GGR-B

Proof. If G has outdegree one, then the graphH ′ also has outdegree one. IfG is undirected,

then the graphH ′ will also be undirected, if we modify the construction by addingundirected

paths froms′ to s and fromt to t′, as well as from eacht′i to t′′.

4.7 Lower Bounds

4.7.1 ATC0 Lower Bound For 11LGGR

Even the easiest version of GGR we have considered has nontrivial complexity:

Theorem 35. The problem11LGGRis complete forTC0 under first-order reductions.

Proof. Our reduction is from the complete problem EXACTLY-HALF, the set of binary strings

with exactly the same number of zeroes and ones. The problem EXACTLY-HALF is well-

known to be complete forTC0. Given a stringw = w0 . . . wn−1 of lengthn, with n even, we

construct a grid graphG that is ann/2 + 1 by n/2 + 1 square with vertices numbered(0, 0)

through(n/2, n/2). The edge out of vertex(i, j) is to the east (to(i + 1, j)) if wi+j = 0 and
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south (to(i, j + 1)) if wi+j = 1. Thus each diagonal, the vertices withi + j = k for eachk,

have edges all in the same direction. On the east and south boundary, a vertex is a sink if its

edge, by this rule, would leave the graph.

It is clear that this graph is layered and has both maximum in-degree and out-degree of 1,

and thus is an instance of 11LGGR once we sets = (0, 0) andt = (n/2, n/2). Equally clearly,

the unique path out ofs will take one edge east for every zero inw and one edge south for

every one, until or unless it reaches the east or south boundary ofG. It reachest if and only

if the input string is in the language EXACTLY-HALF. The reduction is a simple first-order

projection.

We can define a special case of 11LGGR that iscompletefor TC0. Suppose that the in-

degree and out-degree of every vertex isexactly one, except for vertices on the boundary.

This condition forces all the edges from vertices on a giveni + j = k diagonal to go in the

same direction. Thus it must be exactly the encoding of some string under our reduction from

EXACTLY-HALF to 11LGGR. Given two verticess = (i, j) andt = (i′, j′), we need only

find the substringwi+j . . . wi′+j′−1 of this string, and determine whether the number of zeroes

in this string is exactlyi′ − i. This is clearly easy to do by reduction to EXACTLY-HALF and

is thus in the classTC0. Since our earlier reduction always produces 11LGGR problems falling

within the special case, the special case is complete forTC0.

4.7.2 AnNC1 Lower Bound: Series-Parallel Graphs

We now show that except for the minimal problem 11LGGR, each of our versions of GGR is

hard for the classNC1. Our proof constructs a graph with aparticular series-parallel decompo-

sition. (By contrast, Jakobyet al. [JLR01] deal with graphs thatadmitsuch a decomposition.)

While the GGR problem for such pre-decomposed graphs is inNC1, we have noNC1 upper

bound for any of the versions of GGR we have defined above.

Theorem 36. The problem 1LGGR is hard for the classNC1 under first-order projections.

Proof. Our reduction is from a special case of the Boolean sentence value problem, proved to

be both inNC1 and hard forNC1 by Buss, Cook, Gupta, and Ramachandran in [BCGR92]. A

Boolean sentence is an infix boolean formula with constants 0 and 1 and binary operators∧, ∨,
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Figure 4.20: The construction ofGφ. All south edges are present.

and¬, and BSVP is the set of such formulas that evaluate to 1. In Theorem 5.1 of [BCGR92],

they construct a Boolean sentence whose value is equivalent to that of an arbitraryO(log n)

time alternating Turing machine on a given input string of lengthn. Here we will use the fact

that the sentence they construct is always:

• monotone (has no¬ operators),

• fully balanced (every constant occurs at the same depth), and

• alternating (∧ and∨ operators alternate).

We describe a general inductive construction that takes a monotone Boolean sentenceφ and

produces a square grid graphGφ that contains all possible south edges, some east edges, and

no north or west edges, such that there is a path from the northwest to the southeast corner of

Gφ if and only if φ is true. Figure 4.20 illustrates the construction.

As we observed in Section 2.3, 1LGGR can be defined in terms of reachability from the

northwest to the southeast corner of such graphs. In the special case of a monotone, fully

balanced, and alternating formula, our construction can be simulated by a first-order projection.

This will show that the 1LGGR problem is complete forNC1 under such projections.

We map constants to 2 by 2 graphs, with no east edges for a constant0 and an east edge on

the south boundary for a constant1. Clearly a path from northwest to southeast exists forG1
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and not forG0.

If φ is the formulaα∧β, andα andβ are already represented by square graphsGα andGβ

of sidea andb respectively, thenGφ is a square graph of sidea + b with Gα in its northwest

corner andGβ in its southwest corridor. The rest ofGφ has only the required south edges,

except for a single east edge from(a− 1, a) to (a, a), the northwest corner of the copy ofGβ .

If there are paths from the northwest to southeast corners ofGα andGβ respectively, there is a

path from the northwest corner(0, 0) of Gφ to (a − 1, a − 1), south one step, across the east

edge to(a, a), and acrossGβ to (a+ b− 1, a+ b− 1). But the only way from columna− 1 to

columna is across this east edge, and thus the only way to get from(0, 0) to (a+b−1, a+b−1)

is to cross bothGα andGβ from northwest to southeast corner. The path acrossGφ thus exists

if and only if bothα andβ are true, that is, ifφ is true.

Similarly, suppose thatφ = α ∨ β andα andβ are already represented as above. We make

a square graph ofGφ sidea+ b as before, placingGα andGβ as before. This time, our added

east edges form two paths, from(a− 1, a− 1) to (a+ b− 1, a − 1) and from(0, a) to (a, a).

We must show that a path exists from(0, 0) to (a + b − 1, a + b − 1) in Gφ iff a path exists

either acrossGα or Gβ . If the path exists acrossGα, we may take it and then go due east to

columna+ b−1 and then south to our goal. If the path exists acrossGβ, we can go from(0, 0)

south to(0, a), then east to(a, a) and across this path to our goal. Conversely, suppose there is

a path from(0, 0) to (a+ b− 1, a+ b− 1). Since there are only two edges from columna− 1

to columna, the path must use one of them. If it uses the edge from(a− 1, a− 1) to (a, a− 1)

it must have previously crossedGα, and if it uses the edge from(a−1, a) to (a, a) it must then

crossGβ.

If φ is a monotone, fully balanced, alternating Boolean sentence of depthd, this construc-

tion produces a square graphGφ of side2d+1. To constructGφ from φ, we need only place

the east edges. For thei’th of the 2d constants inφ, we add an edge from(2i + 1, 2i) to

(2i + 1, 2i + 1) iff this constant is1. Without loss of generality, assume that the lowest-level

operators inφ are∧’s. Then the east edges corresponding to∧ operators go from(i2j − 1, i2j)

to (i2j , i2j) wheneveri andj are both odd. And the east paths corresponding to the∨ operators

go from (i2j − 1, i2j − 1) to ((i + 1)2j − 1, i2j − 1) and from((i − 1)2j , i2j) to (i2j , i2j)

wheneveri is odd andj is even. It should be clear thatGφ can be produced from such aφ by a
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first-order projection.

4.8 Acyclic Single-Source Graphs

Definition 13. An embedding of a planar DAG is said to be “Bimodal” if, for every vertex

v, all incoming edges appear consecutively in the cyclic ordering aroundv. The embedding

is said to have “SSPDfaces” if each face (viewed as a subgraph) has a single source and a

single sink.

Some properties of SSPDs and SMPDs are summarized below:

Fact 37. 1. There is a path from the source to every vertex in everySMPD (and thus in

everySSPD).

2. There is a path from every vertex to the sink in everySSPD.

3. Every embedding of anSSPDis Bimodaland hasSSPDfaces. (see [Yan91]).

4. There is a logspace algorithm that, given anySMPDG, constructs a directed spanning

treeT for G, rooted at the source. (The algorithm simply selects (arbitrarily) the first

incoming edge for each vertex; it is easy to see that this is a directed spanning tree.)

5. Preorder and postorder numberings yielding the discovery time (Discover(x)) and fin-

ishing time (Finish(x)) for each vertexx w.r.t. the spanning treeG can be computed by

a L-transducer.

It is easy to see that forward edges inT can be deleted without affecting the reachability

predicate. (An edge(x, y) is a forward edge ify is a descendant ofx in T .) Since it is easy

to delete such edges in logspace, we assume from now on that there are no forward edges. We

classify edges w.r.t. the spanning tree obtained above as follows:

Definition 14. Given an embedding of anSMPDand one of its spanning trees, all edges in the

SMPDfall in one of the following classes:

• Tree Edges
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• Local Edges: non-tree edges such that the unique undirected cycle formed by adding the

edge to the tree does not enclose any vertex strictly within its boundary.

• Jump Edges: non-tree edges that are not local edges.

Since we may consider any face to be the external face of the embedding, we assume

without loss of generality thats is on the external face. Thus no jump edges go “over the top”

of the graph, arounds.

We observe the following:

Observation 38. Any subgraph of anSMPDthat does not contain any jump edges, has all its

sinks on the external face.

Proof. Any sink not on the external face must be contained strictly within some undirected

cycle – but, by definition, any undirected cycle formed by local edges does not strictly contain

any vertex.

Definition 15. GivenG and a spanning treeT as above, then for any vertexx 6= s we define

the left-most (right-most) path starting fromx to be the path such that every edge(y, z) on the

path is the last (resp. first) edge among all outgoing edges fromy enumerated in the clockwise

order, starting from the unique edge intox in T .

4.8.1 Reachability in SSPDs

Theorem 39. SSPDreachability is inL.

Proof. We first state a lemma regarding the set of vertices reachable from a fixed vertex in a

given SSPD.

Lemma 40. LetR be the closed region bounded by the left-most and right-most paths from a

vertexx to the sinkt. The set of vertices inR is exactly the set of vertices reachable fromx.

Thus given verticesu andv, in order to determine whether there is a directed path fromu

to v, we just consider the left-most and right-most paths fromu to t and find whether either of

them intersects an arbitrary path froms to u. (For example, we could take the reverse of the

left-most path fromu to s in the SSPD formed by reversing all edges in the given SSPD.)
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Proof. (of Lemma 40)

To see that each such vertexy is indeed reachable fromx, we note that the subgraph in this

region is itself a SSPD, and then appeal to Fact 37.

To see that no vertex other than those in regionR is reachable fromx, suppose to the

contrary there is such a vertexy and a directed pathP from x to y. Then sincex ∈ R, let the

pathP exit the regionB for the first time at vertexw i.e., let (w, z) be an edge inP such that

w ∈ R but z 6∈ R. But since the “left-most” outgoing edge fromw is part of the boundary, it

follows that all the other outgoing edges end in the vertices lying either strictly withinR or on

its right boundary, contradicting the choice ofw.

Corollary 41. The problemSSGGRis in FO + UGGR.

Proof. LetG be a single-source, single-sink grid graph, with the source on the boundary. We

can easily construct the directed tree of Fact 37 as a first-order projection onG, and then by

Theorem 29 we can compute all the predicates necessary to define the depth-first search of

this tree inFO + UGGR. The argument of Theorem 39 refers only to reachability on paths of

out-degree one, which are computable inFO + UGGR by Lemma 25.

4.8.2 Recognition of SSPDs

We prove:

Theorem 42. Recognition ofSSPDs can be done inL.

In order to prove this, we use the following:

Lemma 43. Given a planar graphG (connected in the undirected sense) such that only its ex-

ternal face (and no other face) is a directed cycle, there has to be a source or a sink somewhere

inside the graphG.

Proof. We apply induction on the number of faces of the graphG. Checking the induction base

step, we assume that any suchG with k faces has the property.

Now letG havek + 1 faces.

SinceG is connected in the undirected sense, there has to be a vertexv not on the external

face, such that there is a vertexu on the external face which has a (directed) edge to/fromv.
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Suppose the edge is directed fromv to u (the case where the edge is directed fromu to v is

analogous). Suppose also that there are no sinks insideG, thenu is not a sink and hence has an

outgoing edge to a (potentially) new vertexu1. Likewiseu1 is not a sink, so has an outgoing

edge to another vertexu2. Continue this process. Either we have to stop because we reach a

vertexu′ which has no outgoing edges at all (henceu′ is a sink) or we get back to the external

face (i.e. someui lies again on the external face). But now consider the graphG′ having as

external face the path betweenv andui as outlined above and the rest of the external face

betweenui andv. This graphG′ has≤ k faces and hence the induction hypothesis applies and

we are done.

Proof. (of Theorem 42) In the following, we are given a planar graphG along with an embed-

ding on the plane. We perform the following tests:

1. DoesG have a single sources and a single sinkt?

2. Does every face ofG have a single (local) source and a single (local) sink?

3. IsG bimodal at every vertex?

4. For every vertexv of graphG, consider all the incoming edges. Delete all incoming

edges atv except for theleftmostincoming edge (pick any arbitrary incoming edge at the

sink node). Call the residual graphGleft. Is there a path froms to t in Gleft?

5. For every vertexv of G, consider all the incoming edges. Delete all incoming edges at

v except for therightmostincoming edge (with a similar proviso fort). Call the residual

graphGright. Is there a path froms to t in Gright?

If all of the tests above are answered affirmatively, we claim thatG is indeed a SSPD.

Observe thatGleft andGright are indegree-1 digraphs for anyG.

Clearly ifG is a SSPD, then by Fact 37, we know thatG passes all the above tests (in this

case,Gleft andGright are both trees).

So supposeG passes all the above tests, and yet has a directed cycleC. By Lemma 43, we

only have to consider the case where the sinkt lies insideC while the sources lies outsideC

(i.e.C separatess from t). See Figure 4.21.



77

e

s
t

C

Figure 4.21:t inside cycleC, s outside

Consider all the edges from outsideC that are incoming to some vertex onC (for instance,

edgee in Figure 4.21). Suppose the cycleC were as directed as in Figure 4.21, then in the step

4 where all leftmost incoming edges are deleted, all such incoming edges toC get deleted. So,

in Gleft among all the edges betweenC and the outside ofC, we only have the outgoing edges

fromC (it is of course possible that some of the edges onC also get deleted in this process).

But now it is clear that there is no directed path froms to t in Gleft, because, similarly

to Section 4.2, we now have ageometric cutconsisting of only the remaining outgoing edges

fromC to the outside ofC - or a simple argument - if there is a path froms to t now, that path

intersectsC at some place, and it can only be directed towardsC. But we deleted all of these

incoming edges in constructingGleft. Thus, we end up with an indegree-1 graph in which there

is no path froms to t.

Since we are not sure a priori, what direction the edges onC might have, we have to

includeboth tests 4 and 5. In one of these tests, the edges incoming toC from the outside will

get deleted and disconnectt from s.

So, ifG has a directed cycle, then there is no path froms to t in eitherGleft orGright.

Thus, we have recognized SSPDs in L.

Corollary 44. LetG be a single-source, single-sink directed grid graph. The problem of de-

termining whetherG has a cycle (and hence whetherG provides an instance ofSSGGR) is in

FO + UGGR.

Proof. We need only examine the five steps in the proof of Theorem 42. The first and third

are simple first-order questions. The second requires traversing the boundary of a face of the
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embedding to count the local sources and sinks, which is a 1GGR and hence a UGGR question.

The fourth and fifth are reachability questions in a graph ofin-degreeone, which are easily

converted to 1GGR questions on that graph’s reversal.

4.8.3 Reachability and Recognition of SMPDs

Theorem 45. SMPDreachability is inL.

Proof. We defer to later the question of how to recognize if a given graph is an SMPD. Assume

for now that we are given a DAGG that is an SMPD with sources, and we are trying to

determine if there is a path fromu to v.

We may restrict attention to the special case wheres andu are both on the external face, and

whereu appears on the rightmost path of the spanning treeT . (To see this, we first note that if

we are given an arbitrary SMPDG, we can build a spanning tree as discussed above, and thus

we can find a directed path froms to u. Now we use the operation presented in Section 4.2.2,

where it is shown how to embed two vertices on the external face by first “cutting along” a path

between the vertices to create a new face, and then “inverting” the graph so that this new face

becomes the external face. In the special case where we have adirectedpath froms to u and

G is a DAG, this construction has the property thatno new sources are createdandno path

fromu to v is lost. Thus we have created a graph withs andu on the external face (and in fact

there are two directed paths froms to u along the external face). We create our spanning tree

T so that the edges appearing in the directed path along the right side of the external face are

all included inT , and now we have guaranteed that thatu appears on the rightmost path ofT .)

It is convenient also to add a new vertexw that is the leftmost child ofs in the tree, along

with a jump edge from the rightmost child ofu to w. This clearly creates no new paths from

u to v (but it does provide a reachable jump edge to the far left of the graph, which simplifies

some of our notation).

It is easy in logspace to see ifv is a descendant ofu (in which case there is a path, sinceT

is a directed tree) and thus we assume for now thatv is not a descendant ofu, and thus that it

is to the left ofu in T . Given any vertexx, T partitions the vertices into the set of ancestors of

x, the descendants ofx, and the vertices to theright andleft of x. The adjectives “right” and
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“left” give partial orders on the set of vertices (where two vertices on the same path inT are

neither to the right nor to the left of each other). Let us call a local edge(x, y) uselessif x is to

the right ofv and(x, y) is directed to the right, or ifx is to the left ofv and(x, y) is directed to

the left.

Fact 46. If there is a path fromu to v, then there is a path that uses no useless edges.

Proof. Assume that we have a path fromu to a useless edge(x, y) and then tov, wherex is to

the right ofv. Either this path intersects the tree path froms to y, or it doesn’t. If it does, then

we can clearly construct a path fromu to y, and then tov, that avoids(x, y). Otherwise,y is in

the closed region bounded by the tree paths froms to x and tou, along with the path fromu to

x. Any path fromy to v must cross the boundary of this region, which would create a directed

cycle, contrary to the fact thatG is a DAG.

Now assume that we have a path fromu to v via a useless edge(x, y), wherex is to the

left of v. Either this path intersects the tree path froms to v or it doesn’t. In the former case,

we clearly do not need the edge(x, y). In the latter case,v is in the bounded region enclosed

by the tree paths froms to x andu, along with the path fromu to x. Sincey is to the left ofx

(by the definition of uselessness), any path fromy to v must cross the boundary of this region,

again creating a cycle.

In logspace we can detect and remove useless edges; we therefore assume thatG has no

useless edges. Note also that no path fromu to v can visit any descendant ofv; thus we can

delete all proper descendants ofv, so thatv is a leaf.

We need to define some basic search routines.

Definition 16. Given anSMPDG and a vertexx, let ReachLocal(x) be the set of vertices

reachable fromx using only tree edges and local edges.

Lemma 47. The predicatey ∈ ReachLocal(x) is in L.

Proof. (of Lemma 47) Consider the induced subgraphG′(x) on the vertices inReachLocal(x).

Since there are no jump edges, all the sinks inG′(x) lie on the external face (by appealing

to Observation 38). Construct a new graphG′′(x) by adding a sink toG′(x) along with an
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edge from each old sink to this new sink. ClearlyG′′(x) is an SSPD and we are done by an

application of Theorem 39.

An immediate consequence, which we record for future reference, is the following:

Corollary 48. Given vertexx, the vertices inReachLocal(x) with the least finishing time and

maximum discovery time (relative to the original spanning tree of the graph) can be found in

L. Let’s call these verticesReachLeft(x) andReachRight(x) respectively.

Our basic strategy is as follows. Start atu (on the right side of the graph) andw (on the

left side of the graph) and do local searches. The goal vertexv is thus “squeezed” between

some areas where we were able to do some searching. We will make use of the procedures

LeftwardSearch andRightwardSearch to make limited use of jump edges to further restrict

the area wherev can try to hide. When these procedures no longer admit any progress, then

we make stronger use of jump edges that “tunnel” from one side of the graph, belowv, over to

the other side, to take even more hiding room away fromv. Below, we define these procedures

more precisely, and then we show that the algorithm works.

The procedureLeftwardSearch starts at a given vertex and does a local search, updating

Limright to mark the right boundary of the area wherev can still be hiding. Then it looks for a

jump edge that stays on the right side ofv and advances as little as possible beyondLimright ,

and repeats the process until no more progress can be made.
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LeftwardSearch(z)

while true

do

EnumerateReachLocal(z).

Limright ← ReachLeft(z)

S ← {(x, y) : (x, y) is a jump edge with

x to the right ofLimright and

y to the left ofLimright and

to the right ofv}
if S is not empty

then pick (x, y) ∈ S such that

y is the furthest right

(i.e., as close as possible toLimright ),

breaking ties by pickingy

as close to the roots as possible,

z ← y

else return

RightwardSearch is defined symmetrically. The procedureTunnel looks for jump edges

in Sr (jump edges that tunnel from the right side of the graph, belowv, to the area just right

of Limleft ) or in a similarly-defined setSl. (It is easy to see that at least one ofSl andSr will

always be empty, by planarity.)
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Tunnel()

Sr ← {(x, y) : (x, y) is a jump edge with

x to the right ofLimright and

y to the left ofv and

to the right ofLimleft .

Sl ← {(x, y) : (x, y) is a jump edge with

x to the left ofLimleft and

y to the right ofv and

to the left ofLimright .}
if Sr ∪ Sl is empty,

then Direction ← Nil

if Sr is not empty

then Direction ← Right

Pick (x, y) in Sr with

y as far left as possible

(i.e., as close as possible toLimleft ,

breaking ties by picking the

vertex closer to the root)

Target← y

if Sl is not empty,

then Direction ← Left

Pick (x, y) in Sl with

y as far right as possible

(i.e., as close as possible toLimright ,

breaking ties by picking the

vertex closer to the root)

Target← y
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We now present an algorithm to enumerate vertices that are reachable fromu. The vertexv

is reachable fromu if and only if it ever shows up in the enumeration.

begin

LeftwardSearch(u)

RightwardSearch(w)

Repeat

Tunnel

If Direction = Left then

LeftwardSearch(Target)

If Direction = Right then

RightwardSearch(Target)

until Direction = Nil

end

In order to argue that the algorithm is correct, we will establish the following invariant

condition: Each timeLimright or Limleft is updated, ifz is to the right ofLimright or to the

left of Limleft , then there is a path fromu to z iff z has been enumerated, and any jump edge

that is ever in one of the setsS, Sl, Sr is reachable fromu.

Limright is updated only byLeftwardSearch, and it always occurs immediately after

execution ofReachLocal(z) as the first step of an instantiation ofLeftwardSearch(z). The

first time this happens is forz = u, and in this caseLimright is set toReachLeft(u). It is

easy to see that all vertices to the right ofReachLeft(u) are enumerated inReachLocal(u) and

all are reachable; this establishes the basis of our induction forLimright , and an even easier

argument establishes the basis forLimleft . Also, this directly implies that the first time the set

S is considered inLeftwardSearch, or RightwardSearch, all of the relevant jump edges are

reachable fromu. Similarly, if Tunnel is called beforeLimright or Limleft is updated again,

then we immediately have that the same is true for all jump edges inSl andSr (and in this case,

Sl is empty).

For the inductive step, consider first the case whereLimright is updated after executing an-

other round of the loop inLeftwardSearch. Thus we have just enumeratedReachLocal(y) for
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a jump edge(x, y). By the inductive hypothesis, all of these enumerated vertices are reachable

from u, since the jump edge is reachable. Thus if the inductive step were to fail, there must

be some vertexz′ to the right ofReachLeft(y), that has not been enumerated but is reachable.

By the inductive hypothesis, it must be to the right ofReachLocal(y) and to the left of the old

value ofLimright . Consider the first edge on the path fromu to z′ that is to the left of the old

value ofLimright and to the right ofReachLocal(y). This edge cannot be a local edge or tree

edge (because the predecessor is enumerated by hypothesis, and the enumeration follows such

edges). Thus it must be a jump edge. But by the way that we select jump edges, it would have

been chosen, instead of(x, y). Thusz′ cannot exist.

It remains only to consider the case whereLimright is updated after executingTunnel.

Thus we have just enumeratedReachLocal(y) for a jump edge(x, y) wherex is to the left of

v. By hypothesis,x is reachable, and thus all of the enumerated vertices are reachable from

u. Thus as in the previous case, if the inductive step were to fail, there must be some vertex

z′ to the right ofReachLocal(y) and to the left of the old value ofLimright that has not been

enumerated but is reachable. Consider the first edge on the path fromu to z′ that is to the left

of the old value ofLimright and to the right ofReachLocal(y). This edge cannot be a local

edge or a tree edge; thus it must be a jump edge. ButTunnel would not have been called if

there had been such a jump edge coming from the right, and if this jump edge were to come

from the left, then it would have been chosen, instead of(x, y). Thusz′ cannot exist.

A similar argument holds forLimleft . It remains only to show that the jump edges inS,

Sl, andSr are reachable. By induction hypothesis, the jump edges that start to the right of the

old value ofLimright are reachable, as are any jump edges that start fromReachLocal(y) for

the vertexy that was selected whenLimright was updated most recently. Lete be the jump

edge(x, y) that was selected when this update happened. If the inductive hypothesis were

to fail, there would have to be a jump edgee′ departing between the old value ofLimright

and ReachLocal(y). If e is directed from right to left, then it encloses the region wheree′

would begin, which means thate′ would not be inS, Sl, or Sr. Thus we must havee directed

from left to right. But thene′ would have been selected during the previous execution of

LeftwardSearch, which is contrary to the choice ofe′.
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We have now established the invariant condition. To see that this implies correctness, as-

sume thatv is is reachable fromu but is not enumerated. Consider the first edgee = (x, y)

on this path fromu such thaty is not enumerated by the time that the procedure halts. By the

invariant condition,y cannot be to the right of the final value ofLimright or to the left of the

final value ofLimleft , whereasx is to the right ofLimright or to the left ofLimleft . Clearly,

e cannot be a local edge or tree edge, and thus it is a jump edge. However, if such a jump

edge had existed, then the procedure would not have stopped at the given values ofLimleft and

Limright .

Theorem 49. Recognition ofSMPDs can be done inL.

Proof. We perform the following tests:

1. We first check if the given graphG is planar, and if so, find a planar embedding ofG

[AM04].

2. Check if the digraphG has a single source. If not, return “false”.

Henceforth we can assume thatG has a single sources. We first transform the given

embedding so thats lies on the external face. We now need to check ifG has a cycle.

3. We construct a subgraphH ofG as follows: for every vertex that is not the source, retain

a single, arbitrarily chosen, incoming edge to the vertex and delete all other edges. Check

if H is a directed tree. If not, return “false”.

SupposeH is a directed tree -H clearly inherits its embedding fromG. We assume that

we are given a dfs numbering ofH. We refer to the non-tree edges inG (with respect to

the treeH) ascross edges. In this embedding ofG, the cross edges can be classified into

two types:

• Type I edges are those going right-to-left (that is, a cross edge(a, b) is Type I if

Finish(a)> Finish(b)).

• Type II edges are those going left-to-right (that is, cross edges(a, b) whereFinish(a)

< Finish(b)).
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4. Now, we check ifG with the underlying spanning treeH has any back edge. If so, we

have clearly found a cycle, soG is not a SMPD. Otherwise, delete all forward edges

fromH.

Create two graphsG′ andG′′: in G′ remove all edges fromG of Type I, (but retaining

all edges of Type II), and inG′′, remove all edges of Type II. We observe that either of

G′ andG′′ are SMPDs (because any cycle in the tree has to use edges of both types -

also we are not creating any more sources, but removing all edges of a specific Type can

potentially create more sinks). Thus, we can solve reachability questions inG′ (or G′′)

in L.

5. Choose a cross edge(a, b). If (a, b) is a Type I edge, then queryG′ to find if there is a

path fromb to a. If there is such a path, return “false”. Likewise, if(a, b) is a Type II

edge, then queryG′′ to find if there is a path fromb to a. Again, if there is such a path,

return “false”.

It is easy to see that ifG is a SMPD, then it passes all of the above tests. This is becauseG in

such a case will neither have a back edge nor any cycle. We thus need to prove that ifG passes

all the tests above, it is a SMPD. For this purpose, we introduce the following terminology

Definition 17. A (directed) cycle isminimal if the set of cross edges contained in it is minimal

w.r.t. inclusion.

A directed chord in a cycle all of whose edges are tree edges, will be called atree chord.

It is easy to see the following:

Lemma 50. A cycle is not minimal if it has a tree chord.

We use the above lemma to prove:

Lemma 51. Any minimal cycle either contains exactly one edge of Type I or contains exactly

one edge of Type II.

Proof. (of Lemma 51) Consider a minimal cycleC in G. Clearly,C must contain at least one

edge each of both Types I and II.
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Figure 4.22: Tree-paths to edges aroundC

Consider any vertexv onC. The tree-path from the sources (remembering thats lies on

the outer face) tov cannot intersectC: if it did, then that would be a tree chord, contradicting

the minimality ofC by Lemma 50.

So we can assume that for all verticesv on C, the tree-path tov does not intersect the

interior ofC.

Since cycleC has edges of both Type I and Type II, let us consider two edges:(a1, b1)

of Type II, and(a2, b2) of Type I. Given the constraint that the tree-paths cannot intersect the

interior ofC, together with the constraints that the tree-path toa1 is to the left of the tree-path

to b1 (because edge(a1, b1) is of Type II) and the tree-path toa2 is to the right of the tree-path

to b2 (because edge(a2, b2) is of Type I), the situation is as in Figure 4.22. The dotted paths

from s to the vertices onC are the tree-paths.

But now we see that, under the constraint of planarity, any edge(c, d) lying onC between

b1 anda2 has to be such that the tree-path toc lies to the left of the tree-path tod. So any cross

edge lying betweenb1 anda2 has to be of Type II. Likewise for any cross edge lying between

b2 anda1.

The symmetric case where the edge(a1, b1) is of Type I and(a2, b2) of Type II is handled

similarly.

Thus we have proven that any minimal cycle can contain exactly one edge of Type I or

exactly one edge of Type II.
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Hence if there is a cycle inG, then there is a minimal cycle that contains exactly one edge

of Type I or Type II by Lemma 51, and we discover such a minimal cycle in Test 5.

4.9 Planar digraphs with a few cycles

In the above, we have considered the reachability and recognition questions for different classes

of DAGs. We may now ask: is the acyclicity essential for being able to perform the above tasks

in L? We show in the following that we can solve reachability questions, even when the graph

has a few cycles, in L.

Consider the classG0 of graphs that are planar, have a single source and a single sink, and

no facial cycles (no faces that form directed cycles). Note that the recognition problem for

graphs of the classG0 is easily in L. We prove:

Theorem 52. Reachability questions in graphs from the classG0 can be solved inL.

Observe that any SSPD belongs to the classG0. Also note that a graphG ∈ G0 is not

necessarily bimodal.

Proof. Given a planar graphG with a unique sources and sinkt, and no facial cycles, by

appealing to Lemma 43, we know that any possible cycle has to contain at least a source or

a sink inside. Now a potential cycleC cannot contain boths and t inside, because then the

outside of the cycleC violates Lemma 43. So the only possibility is thatC separatess from t,

i.e. without loss of generality, we can assume thatt lies insideC ands outside.

Now we proceed to reduce reachability questions inG to a reachability question in a SMPD.

We can find a path (not necessarily a directed path) froms to t in L. Now we apply the

cut-and-paste method from Section 4.2.2, by cutting along the path betweens and t. As in

Section 4.2.2, after cutting along the path froms to t and inverting the graph inside out to get a

graphG′, we pasten copies ofG′ along the path froms to t to get a graphG′′ which preserves

the connectivity ofG and hass andt on the outer face. However, in this process, because the

path froms to t is not a directed path, we have introduced some more sources and sinks on the

outer face. Now we can add a single source vertex and connect it to all the sources inG′′ to get

a graphG′′′. One can verify thatG′′′ is a SMPD (since it still satisfies the properties ofG, but
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Figure 4.23: A planar graph from classG1

nows andt are on the external face, and thus there can be no directed cycles (that is, any cycle

in the original graph is destroyed when we cut along the undirected path). Hence reachability

in G′′′ (and thus inG) can be solved in L.

Note that the recognition problem for the classG0 is trivially in L.

We can extend the class of SSPDs in yet another direction as follows : let us define a class

G1 of planar graphs, which have a singleglobal source and a singleglobal sink, and there are

no facial cycles. Clearly, every SSPD belongs to the classG1, but a graphG in G1 may have

lots of cycles. See Figure 4.23. Note that since (for a graphG in G1) we posit that there is a

single global source/sink, we can infer that there is no other source/sink inG.

We prove

Theorem 53. Reachability questions in graphs from the classG1 can be solved inL.

and the companion

Theorem 54. Graphs from the classG1 can be recognized inL.

Proof. (of Thms. 54 and 53) First of all, note that the condition about the (unique) source

and sink beingglobal can be replaced by a seemingly weaker condition about there being a

(directed) path from the source to the sink.

One direction is syntactic : if there is a global sources, and a global sinkt, there is a

directed path froms to t. For the other direction, suppose there is a directed pathP from s to

t, andv be an arbitrary vertex. Let us prove that there is always a path leading fromv toward
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Figure 4.24: Directed path betweens andt ensures globality

t (the reasoning for there being a path froms to v is analogous). Consider a path leading out

of v. As we augment this path each time by following an outgoing edge, we may either stop

because at the current vertex there is no outgoing edge which indicates the current vertex is

t, or we may continue indefinitely because we have found a cycleC. This cycleC must (by

Lemma 43) enclose one ofs or t. But the pathP from s to t must intersect the cycleC in some

vertex. Hence there is a path fromv to t. See Figure 4.24.

So all we need to do in order to recognise graphs from the classG1 is to find if there is a

directed path froms to t.

The recognition algorithm is similar to that for SSPDs.

Given an input digraphG we perform the preliminary checks as to whether it has a unique

source/sink and whether it is the case that it has no facial cycles. Having passed these checks,

we remove all the incoming edges (but one) in an arbitrary fashion at every vertex ofG to get

a new graphG′.

We had seen that if we start withG being a SSPD, we get an arborescence rooted ats by

the above process. The reason for that being, a graphG′ with indegree1 at all vertices except

for a special vertex (the vertexs) having indegree0 is a tree ifG is acyclic.

Since here we allow graphsG with cycles, in the above processG′ consists of components

exactly one of which is a tree component (the one containings) and the rest being cycles with

trees attached to them.

Call the various componentsC0, C1, · · · , Ck, whereC0 is the tree component containing

the sources. We will construct a new (di)graphH on k vertices, each vertex representing a

componentCi, and with a directed edge fromCi toCj if there is an edge from some vertexvi

belonging toCi to some vertexvj belonging toCj . Note that the graphH might not be acyclic.

But observing that any componentCi in G′ must enclose one ofs or t in the embedding, we
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Figure 4.25: An example of the graphH

find that the componentsCi “enclose” each other, so that graphH has an extremely simple

form. The verticesCi are laid out on a line (and it inherits the embedding on this line from the

embedding ofG), and there may be “back” edges only between a vertex and its predecessor,

but there can never be more than one such “back” edge from a vertex. In the example outlined

in Figure 4.25,C0 is the component containings, andCk the one containingt (and in this

situation,t is not reachable froms).

H is a very simple form ofouterplanargraph and it is easy to find out a path froms to t (if

one exists) in L.

Thus we have recognized graphs from the classG1 in L.

For the reachability question, we perform the cut-and-paste operation as in the proof of

Theorem 52. Given a graphG ∈ G1 with sources, sink t, we find a (directed) path froms to

t as in the recognition algorithm above, and then we cut along this path to get a new graphG′.

We then pasten copies ofG′ along the path froms to t to get a graphG′′ which preserves the

connectivity ofG. As for the proof of Theorem 52, we have destroyed every cycle in graphG

by the process, so thatG′′ is acyclic, and hence a SSPD. Hence we can resolve reachability

questions inG′′ (and hence inG) in L.

Note that in the above theorems, if we had allowed a single global source (and arbitrary

number of sinks), we would not have been able to preserve the simplicity of the graphH

(which would now become an arbitrary planar digraph).

We also observe that while for classG0, the recognition algorithm was simple, and we could

reduce reachability questions only to SMPDs, if we make the constraints on the class more

stringent thereby gettingG1, while the reachability question now reduces to that for SSPDs, the

recognition algorithm is not as simple.

On the other hand, taking the lead from the form of graphH in the proof above, we proceed

to prove:
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Theorem 55. Reachability questions in outerplanar digraphs can be solved inL.

Note that outerplanar digraphs, even DAGs, arenot series-parallel digraphs as considered

by [JLR01]. The result above is trivial for outerplanar DAGs, since all the sources and sinks lie

on the same face, and we can reduce this case to a SMPD.

In the language of book embeddings (see [Yan86] for instance), outerplanar graphs are

exactly the ones that have1-page embeddings: in short, all the vertices are laid out on the spine

of the book, and all the edges are on a single page.

Proof. Suppose we have a1-page embedding of outerplanar graphG given to us (here, the

vertices are all on the spine as in Figure 4.26).

Here, the graphG is not acyclic. The instance to the reachability question is(G,u, v) and

we are to find ifv is reachable fromu. We can assume thatu is the topmost vertex on the spine

of the embedding.

We keep two markerslimup, limdown.

Call the edges on the spineordinary edges and the edges not on the spinejumpedges. The
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algorithm is as follows:

1. Initialize the markers aslimup = u, limdown =∞.

2. Go down fromlimup as far as one can using only ordinary edges. Go up fromlimdown

as far as one can using only ordinary edges. Call the region betweenu and limup and

limdown and∞ on the spine theexploredregionE.

3. Consider all jump edges between the explored regionE and the unexplored region. The

unexplored region is thereby an “interval” on the spine of the embedding. Consider the

jump edgesj1, j2 (if any) that land on vertices closest to the target vertexv on the spine,

from either side (from above or below).

4. Let j1 = (a, b) be the jump edge landing on a vertex closest to the targetv from below

(if any). Updatelimdown = b. Similarly, let j2 = (c, d) be the jump edge landing on a

vertex closest to the targetv from above (if any). Updatelimup = d.

5. Go to step 2.

6. If v is discovered at some step then return “true”. If at some step neither oflimup nor

limdown can be changed any more and we haven’t discoveredv as yet, then return “false”.

In order to prove that the above procedure is correct, we need to show: ifv is reached by

our algorithm, thenv is indeed reachable fromu. This follows by an easy induction onlimup,

limdown. Specifically, we have to convince ourselves that verticeslimup, limdown are always

reachable fromu. For this, we use the1-page embedding of the graph.

On the other hand, ifv is not reached by the algorithm, that means, that the algorithm

stopped at a stage when it could change neitherlimup nor limdown any more. Clearly, in a

run of the algorithm, on the spine,limup always stays abovev (or is equal tov), and likewise,

limdown always stays belowv (or equalsv). Hence, when the algorithm stops there is no jump

edge from the explored region to the interval on the spine betweenlimup and limdown (and

alsolimup, limdown cannot be extended any further using ordinary edges). But this meansv is

not reachable fromu.
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Given Theorem 52, we can ask if we can similarly prove a corresponding result for SMPDs,

i.e. suppose we have a classG2 of graphs that are planar, have a single source (and possibly

multiple sinks), and no facial cycles. Note that a source is a vertex which has zero indegree, a

sink is a vertex with zero outdegree. As counterpoint to the result in Theorem 52, we can prove

the following:

Theorem 56. Reachability questions in graphs from the classG2 are logspace equivalent to

Planar Digraph Reachability.

Proof. The proof is trivial, once we realise that given any planar digraphG, we can insert a new

vertexvF in every facial cycleF , and direct edges from every vertex on the faceF to the new

vertexvF (so that the vertexvF is asink in the new graph). Thereby, the graphG is converted

into a new graphG′ which belongs to the classG2 above, and such that reachability questions

in G can be answered by answering reachability questions inG′. AlsoG′ can be derived from

G in L.

Likewise, if we define a classG3 of planar graphs which have a single source, a single sink

but arbitrary cycles, we can prove :

Theorem 57. Reachability questions in graphs from the classG3 are logspace equivalent to

Planar Digraph Reachability.

Proof. Trivial via the same approach : given a planar digraphG, we expand out every sinkt

(except one special sink) into a facial cycleFt, thereby getting a new digraphG′. The graphG′

belongs to the classG3, and can be derived fromG in L.

4.10 Conclusions and Open Problems

Any problem defines the complexity class of those problems reducible to it. There is a gen-

eral phenomenon whereby interesting problems, such as general reachability, define interesting

classes, such as NL. The GGR problem and its subproblems as outlined here define a hierarchy

of new classes, whose relations to each other and to the standard classes betweenTC0 and NL

are shown in Figure 4.27.
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Figure 4.27: The Hierarchy of GGR Classes
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Are these problems and classes interesting? We argue, particularly in Section 4.5.4, that

many of them have interesting alternate formulations, sometimes not appearing to involve

graphs at all. The computational actions of searching on a grid, of searching in a maze, of

following a laid-out path on a grid, and so forth strike us as fundamental ones, well worth

studying.

This leads to several new questions: can any of the above upper and lower bounds be

improved? Do there exist any additional containment relations among the new classes? In

particular, is the SMGGR problem reducible to UGGR? The proof of Theorem 45, like the

proofs for SSPD’s, seems to mostly involve following a laid-out path on a grid, but we do not

yet see how to formulate it solely in terms of this. The question also remains as to whether we

can detect cycles in a general single-source graph inFO + UGGR – the algorithm presented

here relies on SMPD reachability but this may not be necessary.

Our logspace algorithm for SMPD reachability expands the class of graphs for which

Jakobyet al. ([JLR01]) provided logspace reachability algorithms – but our results are not

completely extensions of theirs. They proved thatcountingthe number of paths between two

vertices of a series-parallel digraph can be done in logspace. We have no new upper or lower

bounds for the counting problem in the classes of graphs that we study. Another shortcoming

of our reachability algorithms is that they provide no clue about how to find ashortestpath, and

we have no lower bounds showing that finding a shortest path is harder than the reachability

problem.

It is entirely plausible that reachability in planar graphs, like planarity testing itself, is in L.

Our work here fits into a general program of expanding the classes of planar graphs for which

we have logspace reachability tests. A natural intermediate goal on the way to general planar

graphs isacyclic planar graphs, which would be called MMPD in our notation. We note that

reachability in an acyclic graph with constantly many sources is in L by an easy extension of

our methods. Also, while we can easily show that reachability questions in SSPDs reduce to

the complement, we are not able to show the same for SMPDs.
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Chapter 5

Parity Problems in Planar Graphs

5.1 Introduction

In this chapter, we deal with modular counting of the number of spanning trees in graphs

(among other things). Counting spanning trees in graphs is an amenable problem because of

the famous Kirchoff Matrix Tree Theorem [GR01]. From the Matrix Tree Theorem, we have

that counting the number of spanning trees in an arbitrary graph reduces to the computation

of a determinant, so is in the complexity class GapL. In the following we show how we can

find out the parity of the number of spanning trees in alow genusgraph in L. On the other

hand we show that finding out the parity of the number of spanningforestsin a planar graph is

⊕L-complete.

We also show that finding out the rank of theadjacency matrixof a planar graph overZ2

is complete for⊕L. This stands in sharp contrast to the fact that finding out the rank of the

Laplacian matrixof a planar graph overZ2 is in L.

Finally, we deal with the computation of permanents of matricesmod 2k for constantk.

Let us now define the various concepts referred to in the paragraphs above.

Most of the definitions in this chapter appear in [GR01]. We will have occasion to cite some

of the results proven in [GR01]. For completeness, we quote some of the definitions used in

the following.

We denote the (geometric) dual of a planar graphG asG∗. We denote the number of

spanning trees in a graphG by τ(G). The adjacency matrix of the graph asA(G), and the

Laplacian matrix of a graphG (denoted asL(G)) is defined as the matrixL(G) = D(G) −
A(G), whereD(G) is a diagonal matrix consisting of the degree of vertexvi of the graphG in

its iith entry. For instance, the Laplacian matrix of the complete graph on three vertices,K3 is
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


2 −1 −1

−1 2 −1

−1 −1 2




NOTE : We will allow multiple edges in the graphs we consider in this chapter, so for

instance, the Laplacian matrix may have off-diagonal entries which are not−1.

Another matricial way of approaching the Laplacian is viaincidence matrices. The inci-

dence matrix of a graphG with n vertices andm edges is ann ×m 0 − 1 matrixB such that

Bij = 1 if and only if vertexi is incident on edgej. The incidence matrix of a directed graph

Ḡ with n vertices andm directed edges is ann×m matrixD such that

• Dij = 1 if vertex i is theheadof the directed edgej

• Dij = −1 if vertex i is thetail of the directed edgej

• Dij = 0 otherwise

Given an undirected graphG, orient every edge ofG arbitrarily, to getḠ. Now consider

the incidence matrix of this oriented graphD. Then it is easy to see thatL(G) = D ·Dt. This

proves for instance that the Laplacian of a graph is always positive semidefinite.

The Laplacian of a graph has several other remarkable properties, for instance the Kirchoff

Matrix Tree Theorem:

Theorem 58. Given the Laplacian matrixL(G) of a graphG, the number of spanning trees in

G equals the determinant ofanyminor ofL(G).

One way of viewing such a result is (since spanning trees also measure connectivity of a

graph in some way) that the Laplacian conveys essential information about the connectivity

of a graph. This connection between the Laplacian and the connectivity of a graph has been

exploited by quite a few papers in entirely different directions, by looking at eigenvalues of

the Laplacian, cf. [AM84], also see the recent set of lecture notes by Linial and Wigderson on

expanders [LW02]. In the following, we are only concerned about the determinantal properties

of the Laplacian.
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For most of the following, we will deal with connected graphsG. This is justified because

of the following consideration. Given a graphG with > 1 components, the adjacency (or the

Laplacian) matrices decompose as thedirect sum(cf. [Lan65]) of the adjacency (or Laplacian)

matrices of the different components.

Definition 18. Let us consider a special kind of walk in a planar graphG. View each vertex

of G as a small disk, and each edge as a thin strip. Since each edge is a thin strip, it has two

distinct sides and we can visualize travelling along the side of an edge. Select a starting point

on the graph where the side of a strip meets the boundary of a disk. Let us form triples(v, e, s)

wherev is a vertex,e is an edge, ands is a side of the edge. We call such a(v, e, s) triple a

flag. From there, walk along the side of the edge crossing to the opposite side of the edge when

you reach the point on the edge halfway between its endpoints. On reaching the neighboring

vertex, walk around the boundary of the disk representing the vertex, leaving the vertex along

the side of the edge lying in thesameface as the side of the edge you have just arrived on.

Extend the walk by using the same rules of negotiating edges and vertices. Aleft-right walk is

the alternating sequence of vertices and edges encountered during such a walk, together with

the starting flag.

A closed left-right walk is a left-right walk that starts and ends at the same flag. Aleft-

right cycle is an equivalence class of closed left-right walks under rotation and reversal. Thus,

in a left-right cycle, the cyclic order of the vertices and edges is important and which sides of

the edges are used is important, but the direction and the starting vertex are not.

Let c(G) denote the number of left-right cycles in a graphG.

See Figure 5.1 for an illustration. One fact worth noting is that the underlying sequence

of the vertices and edges in a left-right walk is a walk in the usual sense, but distinct left-right

walks may have the same underlying walk if they start at flags on opposite sides of the same

edge. Also, it is easy to see that the number of left-right cycles is independent of the embedding

of the planar graphG.

For the above, we do not require the graphsG to be connected. The left-right cycles in

a graphG with more than one component is just the collection of left-right cycles of each

component ofG.
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Figure 5.1: A left-right cycle

v

Figure 5.2: Left-right cycle for an isolated vertex

We will also have occasion to deal with graphsG which consist of vertices andno edges.

For isolated verticesv in a graphG, we define a singleleft-right cycleas a small circle enclosing

the vertex v. See Figure 5.2.

Having defined left-right cycles forplanar graphs, we see that we can extend the definition

to anygraph embedded on a surface.

Throughout this chapter, when we consider equations such asLx = 0 overZ2, for L being

the Laplacian of a graphG, we will view a solution vectorx as a0 − 1 weightingor labeling

of the vertices ofG.

From Theorem 17.3.5 and Lemma 14.15.3 of [GR01], it follows that:

Theorem 59. Given a planar graphG, the number of left-right cycles inG is exactly equal to

the co-rank of the LaplacianL ofG (overZ2). In fact, each left-right cycleC corresponds to

an element in{0, 1}|V (G)| which is abasiselement of the kernel of the Laplacian as follows:

• Considering a specific left-right cycleC, we have to give labels to every vertexv ofG.

• GivenC as a closed curve in the plane, whichwindsaround the vertices ofG, find the
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winding numberofC with respect to a vertexv. The parity of this winding number is the

label we give to vertexv.

By the comment above, we thereby get a vectorx ∈ {0, 1}|V (G)|, and this is a basis element of

the kernel ofL.

Note, that we havenotdefined the winding number of a closed curve in the plane with regard

to a point. We rely on the reader’s intuitive feel about winding numbers at this point, since we

are going to give another description ofx after we have definedcrossing, skew, parallel edges

in Definition 19. At this point, the reader can proceed with the knowledge that given a planar

G, we can find a basis for the kernel of its Laplacian via the left-right cycles.

In particular, this gives:

Corollary 60. ( [GR01]) Given a planar graphG, the number of spanning trees is odd iff there

is exactly one left-right cycle inG.

We also record the following:

Corollary 61. Given a planar graphG, if matrix B is a minor of the LaplacianL(G) of G,

then the co-rank ofB is exactly equal to the number of left-right cycles inG minus1.

Proof. Let n = |V (G)|.
We use the fact that the all-ones vector is always in the kernel of the Laplacian. LetB =

b1, b2, · · · , br be a basis for the kernel ofL(G) (by Theorem 59,r equals the number of left-

right cycles inG). Also let b1 = ~1. Suppose the minorB of L(G) is derived fromL(G) by

removal of theith row andjth column. We want to find out how many of thebl’s (for 1 ≤ l ≤ r)
survive in the kernel ofB.

Consider anybl for l > 1. The elementbl can be viewed as specifying a subset of rows

of L(G) (since we are working overZ2). Consider theith entry ofbl. If it is 0, then consider

the vectorbl
′ of lengthn − 1 which is the same asbl but with its ith entrydropped. If it is 1,

considercl = b1− bl. This is also in the kernel ofL(G), and again hasith entry0. Now define

bl
′ as the vector of lengthn − 1 as being the same ascl but with theith entry dropped. So,

everyl > 1 gives a vectorbl
′ in the kernel ofB. It is easy to see that this set ofr− 1 vectors is

linearly independent. This proves that the co-rank ofB is at least equal tor − 1.
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In order to prove the other direction, we need to show that the co-rank ofB is at mostr−1.

This is easy to see, sinceL(G) always has one more equation among its rows (corresponding

to the all-ones vector).

Note that the Theorems 59 and 60 apply only toplanar graphs (whereas we extended our

definition of left-right cycles to graphs embedded on arbitrary surfaces). Naturally, the question

stands as to how the left-right cycles on higher genus surfaces compare with the Laplacian rank.

This is the hiatus we fill in Lemma 73 and Claim 74.

For now, let us record the following:

Theorem 62. Finding out the parity of the number of spanning trees in a planar graphG is in

L. The rank of a Laplacian minor ofG can also be found inL.

Proof. The LOGSPACE algorithm proceeds as follows: imagine placing nodes in the faces

of the given planar graphG. Each side of an edge (given that an edge borders two faces) gets

two nodes, and the4 nodes corresponding to an edge are pairwise joined as in acrossas shown

in part A of Figure 5.3. Now if edgese1, e2 are consecutive on a faceF , then connections

between the constructed nodes are made as in Figure 5.3 (it is clear that we are simulating the

left-right walks defined above via this process).

An instance is shown in part B of Figure 5.3.

Given this construction of the new graph, counting the left-right cycles reduces to counting

the number of connected components in the graph, which by [Rei05] is in L.

By Corollary 61 this also implies that we can find out the rank of a Laplacian minor of a

planar graph in L.

Note however that although the new graph consists just of cycles, and is therefore planar, it

does notinherit a planar embedding from the planar embedding of the input graphG.

We also record the following

Corollary 63. Given a graphG embedded on a surfaceS, we can count the number of left-right

cycles ofG in L.



103

A

B

Figure 5.3: Logspace algorithm for checking parity ofτ in planar graphs

TheLOGSPACE algorithm reduces counting the number of left-right cycles to counting

the number of connected components in an undirected graph (as in the proof of Theorem 62)

which can be done in L by [Rei05].

We also note:

Corollary 64. We can compute a basis for the kernel of a planar Laplacian matrix inL.

We will also need the following:

Definition 19. Given a planar graphG, let P be a left-right cycle inG. If P uses an edge,

then it uses it at most twice. The set of edges that are used exactly once is called thecore of P .

It can be seen that the core of a left-right cycleP is always an Eulerian, bipartite subgraph of

G.

We also consider a partition of the edges of a planar graphG into three types. An edge is

called acrossingedge if some left-right cycle ofG uses it only once. Any edgee that is not a

crossing edge is used twice by some left-right cycleP . If P uses it twice in the same direction,

we say thate is aparallel edge, and otherwise it is askewedge.

See Figure 5.4 - the reader is invited to verify using the left-right cycles that in the figure,

edgea is a crossing edge,b a parallel edge andc a skew edge. Yet another instance to fix ideas
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c

a b

Figure 5.4: Crossing, skew and parallel edges

can be: every edge in a tree is of skew type.

We will also need Lemma 17.3.2 from [GR01]:

Lemma 65. LetY be a connected planar graph and letP be the set of all the left-right cycles

ofY . Each crossing edge ofY occurs in an even number of members ofP, but no proper subset

ofP covers every edge an even number of times.

Given a graphG and an edgee in G, G\e denotes the graphG with the edgee deleted.

G/e denotes the graphG with the edgee contracted.

Lemma 17.3.4 from [GR01] states:

Lemma 66. If G is a planar graph ande is an edge ofG, then

• If e is a parallel edge, thenc(G\e) = c(G) = c(G/e) − 1

• If e is a skew edge, thenc(G/e) = c(G) = c(G\e) − 1

• If e is a crossing edge, thenc(G\e) = c(G/e) = c(G) − 1

It follows from the proof of this lemma, that when we remove a parallel edge or contract

a skew edge in a planar graphY , the crossing edges are preserved (i.e. an edge which was of

crossing type before still remains a crossing edge). The same does not hold true for parallel

or skew edges though (i.e. a skew edge may become parallel and vice versa in the contrac-

tion/deletion process).

Having defined crossing, skew, parallel edges, we can restate our algorithm for finding the

basis of the kernel ofL(G) as stated in Theorem 59 as follows:

ALGORITHM :
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• Input: a planar graphG with its left-right cycles.

• Output: a basis for the kernel ofL(G).

• We will work with each connected component ofG. For aG with > 1 components,

the kernel of the Laplacian is thedirect sumof the kernels of the Laplacians of each

component, so we can assumeG is connected.

• Consider a left-right cycleC of G. Choose a vertexv in V (G) and label it1.

• Consider any other vertexu of G and a pathP from u to v. Since we assumeG has

a single component, there exists a path fromu to v. Otherwise, count the number of

crossingedges onP . If this number is odd, the labelu 0, otherwise label it as1.

• This labeling of the vertices is a basis element of the kernel ofL(G).

We also use the following terminology from [GR01]. Abicyclein a graphG is a subgraph

H which is both a cut and an Eulerian subgraph. At times it is expedient to represent a bicycle

by its characteristic vector in2|E| whereE is the edge-set of graphG. The results described

above imply that for planar graphs, the crossing edges in any specific left-right cycle is a bi-

cycle: in fact, these bicycles span the so-called bicycle-space of the graph. IfC denotes the

cut-spaceof G, andF theflow-space, then the bicycle-space isC ∩ F . The space orthogonal

to the bicycle-space is the spaceC + F . We also need the following:

Lemma 67. (Lemma 14.15.3 of [GR01]) Given a (connected) planar graphG, the dimension

of the bicycle-space isk − 1 wherek is the co-rank of the Laplacian.

However, the bicycles thus arising from all of thek left-right cycles of a planar graphG

(wherek is the co-rank of the Laplacian) are not independent - there being exactly one relation

between them (the sum of all of the bicycles corresponding to the left-right cycles, overZ2 is

~0). This explains thek − 1 in the lemma above.

5.2 Divisibility properties of τ(G): small powers of2

In this section, we first prove a result about divisibility properties ofτ(G) for small powers of

2. We also give a version of Theorem 59 for higher genus which implies the result for finding
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out parity of the number of spanning trees inG of O(log n) genus in L.

We prove the following theorem:

Theorem 68. Finding out whether the number of spanning trees in an (embedded) planar

graph is divisible by4 can be done inL.

We describe the algorithm for Theorem 68 as follows:

ALGORITHM:

1. Construct the left-right cycles onG. If G has exactly1 left-right cycle, returnNO. If G

has at least3 left-right cycles, returnYES.

2. If not, thenG has exactly2 left-right cycles, and we construct the (unique)coreH of G.

H is a set of edges, which we also denote byE(H).

3. OutputYES if and only if 4 divides|E(H)|.

It is clear given the facts about left-right cycles that this is a L algorithm.

Now we prove the correctness of the algorithm. IfG has exactly1 left-right cycle, then by

Corollary 60, we have thatG has an odd number of spanning trees, so we outputNO. Also

note that ifG has at least three left-right cycles, then by the following easy lemma, we already

know thatτ(G) is divisible by4.

Lemma 69. If G has at leastk left-right cycles, then2k−1 dividesτ(G).

Proof. Let us look at the Laplacian ofG, keeping in mind that the co-rank ofL(G) (overZ2)

is exactly the number of left-right cycles.

In fact, the result above holds in the following form for the minor of any matrix which has

the property (which clearly the Laplacian possesses) that all therows(or columns) of the matrix

sum up to the zero vector: if such a matrixM has co-rankk overZ2, then2k−1 divides the

determinant of any minor ofM .

So we state our argument for such a matrixM and its(1, 1) minorM ′. Let r1, r2, . . . , rn

be the rows ofM (so thatΣiri = 0). Since the co-rank ofM is k, there arek − 1 other such

equations between theri’s (and these equations are linearly independent overZ2). For each

such equationE , eliminate the rowr1. This is always possible: if the equationE does not have
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r1 appear in it, then do nothing. If it does, then subtract outE from Σiri to get another equation

(which now replacesE in our system of equations) which does not includer1, noting that this

does not make the set ofk equations linearly dependent.

Now, note that apart fromΣiri = 0, every other (of thek − 1 equations) is an equation

in M ′ (having removed the first column entry of each row). Therefore,M ′ is a matrix with

co-rank(k − 1) overZ2.

We now have to prove the following

Claim 70. Given a matrixA overZ2, if the co-rank ofA ism, then2m divides the determinant

ofA.

Proof. The basic idea is the following: we will consider each equation among the rows inA,

and replace one row by the sum of all the rows in the equation. This would give us a row which

consists entirely of even entries and therefore contributes a factor of2 to the determinant. When

we are dealing with multiple equations, the question that arises is: can we always keep getting

a new factor of2 for each new equation chosen, viz. can we always ensure that there is a new

row which we can replace by the new equation? Gaussian elimination tells us the answer is

YES.

Let E1, E2, . . . , Em be the set ofm linearly independent equations overZ2 encoding the sets

of rows inA summing up to the zero vector. IfA is anl× l matrix, consider a newm× lmatrix

B where the columns ofB are indexed by the rows ofA, and theith row of B is the0 − 1

(characteristic) vector of equationEi. Since the rows of this new matrixB (which are ourm

equations) are linearly independent, matrixB has full row-rank. Perform Gaussian elimination

(overZ2) to bring it to the following form:

(
I R

)

Call this matrixB′ (hereI is them×m identity matrix).B′ can be viewed as a set of equations,

each row ofB′ being the characteristic vector of an equation in the rows ofA.

We replace our original set of equationsE1, E2, . . . , Em by the set ofnewequations given by

B′. Now, we can pick a unique row ofA (the reader might like to think of this as constructing a
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System of Distinct Representativesfor our set of equations looked upon as sets of rows) for each

equation in our set of equations and replace that row by the corresponding equation. Altogether,

we have that in the (transformed matrix)A, we now havem rows in which all entries are even.

This clearly shows that2m divides the determinant ofA.

This proves our Lemma 69.

Note that an analogous result also holds for any prime fieldZp.

Returning to the proof of correctness of ourALGORITHM, we are left only with the case

whereG has exactlytwo left-right cycles. By Lemma 65, we see thatG has a unique core. Call

the subgraph formed by this unique coreH. (In fact we can observe thatG having a unique

core is equivalent to its having exactly two left-right cycles.)

We claim:

4|τ(G)⇐⇒ 4||E(H)| (5.1)

Once we have proved this equivalence, we will have completed the proof of Theorem 68.

As warmup, we note that the coresH of any planarG are Eulerian, bipartite planar sub-

graphs. Also Eppstein [Epp96] proves that any Eulerian bipartite graphG hasτ(G) ≡ 0 mod

2. We also note

Lemma 71. Any Eulerian, bipartite graph has an even number of edges.

Proof. Consider one side of the bipartition. Since every vertex has even degree, the total num-

ber of edges (which is the sum of the degrees of the vertices of the chosen bipartition) is also

even.

So, for an Eulerian, bipartite graphG, τ(G) ≡ |E(G)| mod2 (both sides are0 mod2). We

want to extend this (mod4) for the specific Eulerian bipartite graphs (the unique cores) that we

have.

First we prove a lemma that establishes one direction of Equation 5.1:

Lemma 72. For any Eulerian, bipartite graphG, if |E(G)| ≡ 0 mod4, thenτ(G) ≡ 0 mod4.

Proof. We use the LaplacianL(G) of the graphG. SupposeU is one side of the bipartition of

G. Let the vertex labeled1 in L(G) be such that1 6∈ U , while the vertex labeled2 in L(G) is in
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U . Consider the(1, 1) principal minorM (henceM is symmetric). By the Kirchoff matrix tree

theorem,det(M) = τ(G). Modify the(n− 1)× (n− 1) matrixM as follows: replace the1st

row ofM (which corresponds to vertex2 ∈ U of G) by the sum of the rows corresponding to

vertices inU . After that, replace the1st column of this modifiedM by the sum of the columns

corresponding to vertices inU . Call the final matrixM ′. The matrixM ′ is symmetric, and has

the following properties, which are easily checked:

• The(1, 1) entry ofM ′ is precisely|E(G)|.

• The rest of the first row ofM ′ consists of valuesdeg(v) if v ∈ U ,−deg(v), if v 6∈ U .

• det(M ′) = det(M) = τ(G).

BecauseG is Eulerian, all entries therefore of the first row, and the first column ofM ′ are even.

Now, expanding by the first row, we find that every entry but possibly the(1, 1) entry ofM ′

contributes a multiple of4 to the total determinant ofM ′. So, if |E(G)| ≡ 0 mod4, then even

the(1, 1) entry ofM ′ contributes a multiple of4. In other words,τ(G) ≡ 0 mod4.

Proof. (of Theorem 68) Now in order to prove correctness of our algorithm we have to show

the converse implication of Equation 5.1 for the case where the graphG has exactly one core.

STEP 1 of this direction is to get our hands on a suitable Eulerian bipartiteH ′ derived from

the coreH of G.

For this, we apply Lemma 66 repeatedly toG. The process described below is only for the

purpose of the proof, and does not add to the complexity of our logspace algorithm. Suppose

G has a parallel edgee. We considerG\e. This by Lemma 66 has exactly the same value of

c(·) as ofG (which is 2, by the processing of the algorithm). What happens toG/e in this

situation? By the same lemma,c(G/e) becomes equal to3, so has4|τ(G/e) (by Lemma 69).

By the recurrence

τ(G) = τ(G/e) + τ(G\e)

we find that in this case,τ(G) ≡ τ(G\e) mod4. Similarly for the case for whene is a skew

edge,τ(G) ≡ τ(G/e) mod4. Thus starting withGwe keep deleting or contracting the parallel

or skew edges, accordingly consideringG\e or G/e. Thus this process gives us a graphH ′
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which has no more parallel or skew edges, so the only edges left inH ′ arecrossingedges. We

haven’t removed any of the crossing edges in the original graphG, hence|E(H ′)| = |E(H)|,
and also we have thatH ′ has exactly2 curves, and no parallel/skew edges, so the core ofH ′ is

the whole edge-set ofH ′ which implies thatH ′ is Eulerian and bipartite. Also note that in the

process,τ(G) ≡ τ(H ′) mod4.

Now we are ready to finish the argument for Equation 5.1, by consideringH ′. STEP 2 in

our argument is to proveτ(H ′) ≡ |E(H ′)| mod4.

The argument will follow the same format as for Lemma 72. Consider again the Laplacian

L(H ′), and letU be one side of the bipartition of the (bipartite) graphH ′. Let vertices1, 2

as listed in the Laplacian be such that1 6∈ U , 2 ∈ U , and areadjacentin H ′. As before,

consider the matrixM ′ created as in Lemma 72. Expanding as before by the first row, apart

from the(1, 1) entry ofM ′, every other entry of the first row contributes a multiple of4 to the

total determinant ofM ′. Supposedet(M ′) = τ(H ′) ≡ 0 mod4, and yet|E(H ′)| 6≡ 0 mod

4. We know from the aforementioned that the(1, 1) entry ofM ′ is equal to|E(H ′)|, and by

Lemma 71, this is even. So in order thatdet(M ′) be 0 mod 4, it is necessary that the(1, 1)

principal minor ofM ′ be divisible by2. This principal minor is gotten in the following manner:

from the matrixL(H ′) delete the first two rows and the first two columns. Call this minorN

for brevity. SinceN has determinant0 overZ2, some (nonzero)0−1 vectory satisfiesNy = 0

overZ2. We want to prove that this is not possible. The reader may convince herself thatN is

the principal minor of the Laplacian of a graphH ′′ obtained fromH ′ by contractingthe edge

between vertices1 and2. Clearly, sinceH ′′ is obtained fromH ′ by contraction of an edge,

it is planar. Now, sinceH ′ is bipartite and Eulerian, it has only crossing edges. SinceH ′′ is

derived fromH ′ by contraction of a crossing edge (and alsoc(H ′) = 2), by Lemma 66, the

value ofc(H ′′) is equal to1. In other words,H ′′ has an odd number of spanning trees, that is

det(N) = 1 overZ2. Therefore the vectory cannot exist.

Therefore the assumption that4 does not divide|E(H ′)| was wrong.

This completes the proof of Equation 5.1.

Now we prove the higher genus version of Theorem 59:

Lemma 73. One can compute a basis for the kernel ofL overZ2, whereL is the Laplacian
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matrix of a graphG of genusk embedded on its genus surface. The computation can be done

in spaceO(log n+ k).

The proof of this lemma follows just as for the planar case. In light of the foregoing, we are

faced with a natural question: how do the number of left-right cycles on a surfaceS relate to the

co-rank of the Laplacian? For this, we set the problem in its naturalhabitat, that ofhomology.

For this purpose we refer the reader to [Hen79], [Hat02], [Ful95]. For our purposes we will be

needing homology mod 2 (as against integral homology).

A few words about homology mod 2 on a surfaceS are in order. We will not define

most of the terms in the following, but rather refer the reader to Chapters 3, 5 of [Hen79]. As is

usual in homology,chains, cycles, boundary operatorsandboundariesare defined ongratings

(which are essentially grids) on the surfaceS. For instance, a1-chain is a collection of edges

of the grating. The idea is to make the set of1-chains into agroupby defining a commutative

addition on them using symmetric difference (this is wheremod 2 comes in). The set of

1-cycles (which we do not define here) is a subset of the1-chains, in fact asubgroup. This

group of1-cycles is calledH1(S), the first homology group ofS. Not only isH1(S) a group,

but also a vector space, overZ2 so at times we will use terms likebasisetc.

It might seem that gratings are of cardinal importance here, but in fact it turns out (The

Invariance Theorem, Section 5.25 of [Hen79]) thatno matter how we break up the surface into

complexes the homology groups remain the same! In other words, the homology groups are an

invariant of the surface.

We will need to use only the first homology group in the following. The0 element of this

group corresponds to any cycle on the surface which iscontractible. SinceH1(S) is a group,

we can alsoadd2 cycles on the surface. It turns out thatH1(S) of the torus (which isS1×S1) is

Z2
2 . A way to think about this is the following: there are essentially two noncontractible cycles

on the torus. Consequently there are two ways to go around the torus so that the resulting cycle

is noncontractible. If some specific cycle goes around the torus in both of these directions, then

we associate the vector(1, 1) with it. The basis of the group consists of the two vectors(1, 0)

and(0, 1), the basic noncontractible cycles. In Figure 5.5, we see thatC1 andC2 are the basic

noncontractible cycles,C1 being the(1, 0) element,C2 the(0, 1) element.
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C1

C2

Figure 5.5:2 ways on a torus

C3

Figure 5.6: A(1, 1) noncontractible cycle on the torus

In Figure 5.6, we see thatC3 corresponds to the(1, 1) element inH1(S).

Similarly,H1(S) for a genusk orientable surface isZ2
2k. See [Hen79], [Ful95].

Now when can two elements of the homology groupadd up to 0? We see thatC1 + C2

(viewed as elements ofH1(S)) donot. In Figure 5.7, we see thatC1 + C4 do sum up to0.

Proof. Just as in the planar case, we can describe left-right cycles on the surfaceS of genus

k, but now it is not any more true that every such left-right cycle divides the surfaceS into

two parts. In light of terminology used for genusk surfaces, some of these left-right cycles

might correspond tononcontractiblecycles. The ones which do divideS into two parts (i.e.

thecontractiblecycles) correspond to the0 element in the first homology group ofS,H1(S).

Let us make the following

Definition 20. Given a graphG embedded on surfaceS of genusk, let the number of left-

right cycles ofG bem. For each such left-right cycleC, compute the elementhC ∈ H1(S)

corresponding toC. The elementhC is a vector inZ2k
2 ≡ H1(S). Denote the matrix ofhC ’s

byM(G). If there is no confusion as to the graph we are talking about, we will abbreviate this
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C1

C4

Figure 5.7:2 cycles summing up to0

toM.

We are interested in the combinations of rows ofM that add up to0 ∈ Z2k
2 . We have the

following

Claim 74. For a graphG,

dim ker L(G) = dim kerM(G) =m− rankM(G).

For instance, whenG is planar, the matrixM is the all-zeros matrix, so rankM is 0, and

the above result reduces to Theorem 59.

Proof. (of Claim) The proof of the claim is easy, once we understand whatbicycles(see Sec-

tion 5.1) are on higher genus surfacesS.

We will need Lemma 14.15.3 from [GR01]:

Lemma 75. LetG be a connected graph, andL(G) be its Laplacian. Then the dimension of

the bicycle space ofG is dim ker L(G) −1.

This ensures that we just need bother with the bicycle space of the graph.

dim ker L ≥ dim kerM:

Since a bicycle is a subgraph of the graph which is both a cut and Eulerian, it follows that a

bicycle in a graph on a surfacepartitions the surface into two parts (the parts corresponding to

the two sides of the cut). Consider the collectionP of left-right cycles of the embedded graph

G, and call themC1, C2, · · · , Cm. EachCi (1 ≤ i ≤ m) has an element inH1(S) associated
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with it. If the sum of some of theCi’s (viewed as elements ofH1(S)) is 0, it follows that

the subgraph formed by thecrossingedges in the correspondingCi’s on the surfaceS is an

Eulerian cut inG, that is, a bicycle. Since the entire collection of left-right cycles use each

edge of the graph exactly twice, it follows that the sum of all theCi’s (as elements ofH1(S)) is

0. This sum corresponds to the empty subgraph ofG. The empty subgraph is indeed a bicycle

in G, but is the0 element of the bicycle space. Can any other subset ofCi’s sum up to give the

empty subgraph? We need a lemma akin to Lemma 17.3.2 of [GR01]:

Lemma 76. (Genus version of Lemma 17.3.2 of [GR01]) LetG be a connected graph embed-

ded onS and letP be the set of all left-right cycles ofG. Each edge ofG occurs (a parallel or

a skew edge of a left-right cycleCi is said to occur twice inCi) in an even number of members

ofP, but no proper subset ofP covers every edge an even number of times.

Proof. We can go through the proof of Lemma 17.3.2 in [GR01] which applies to connected

planar graphs and see that the same observations hold for any connected embedded graph.

We know from the above that elements inkerM correspond to bicycles. If two different

sums ofCi’s correspond to the same bicycle, sayΣi∈ACi andΣj∈BCj , thenΣi∈ACi+Σj∈BCj

corresponds to the empty bicycle, so by the Lemma above, has to beΣ1≤i≤mCm. So every

basis element ofkerM other than the one corresponding toΣ1≤i≤mCm corresponds to basis

elements of the bicycle space ofG. Hence, using Lemma 75

dimkerL− 1 ≥ dimkerM− 1

or that,dim ker L ≥ dim kerM.

dim ker L ≤ dim kerM:

Just as in the proof above, the proof of this direction also follows the corresponding proof

for planar graphs as in [GR01]. We will need a modification to Lemma 66 which talks about

homology.

Lemma 77. LetG be a graph embedded on a surfaceS, and lete be an edge ofG. Then

• If e is a parallel edge, thendim kerM(G\e) = dimkerM(G) = dimkerM(G/e)−1.

• If e is a skew edge, thendim kerM(G/e) = dimkerM(G) = dim kerM(G\e) − 1.
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• If e is a crossing edge, thendim kerM(G/e) = dim kerM(G\e) = dimkerM(G)−1.

Proof. The proof of this exactly follows the proof of Lemma 66 quoted from [GR01]. For

instance, Lemma 66 states that if we delete a parallel edgee in G, the number of left-right

cycles remain the same. The only left-right cycleC that changes in the transformation ofG to

G\e is the one that containede. But one can easily see that the homology of the cycle does not

change, i.e.hC does not change. The other parts are similar.

Now in order to prove the direction

dim ker L ≤ dim kerM

we use induction ondimkerM (remembering thatdim kerL − 1 is the dimension of the

bicycle space, Lemma 75).

Base case: Ifdim kerM = 1, then we want to prove that there are no nonempty bicycles.

SupposeG has a nonempty bicycleB. ThenB is both an Eulerian subgraph as well as an edge

cutset whose shores we denote byL andR. SinceB is even, it divides the surface into regions

that can be colored black and white so that every edge inB has a black side and a white side,

and every other edge ofG has two sides of the same colour. Consider a left-right cycle starting

from a vertex inL on the black side of an edge inB. After it uses this edge, it is on the white

side of the edge at a vertex inR. Every time the walk returns toL it uses an edge inB, and

therefore returns to the black side of that edge. Therefore the edges inB are used at most once

by this walk. Note that this gives us a left-right cycleC.

For every edge inB which is not used at all, let us perform the above procedure to get a

collectionP ′ of left-right cycles. Then every edge ofB is used exactly once by this collection.

SinceB is a bicycle, in homology, it corresponds to the0 element. That meansΣC∈P ′C = 0.

But sincedim kerM = 1, this can only mean thatP ′ is the collection ofall left-right cycles,

P. But that would meanB is the empty bicycle in contradiction to our choice ofB.

Now, letG be an embedded graph withdimkerM = c > 1. The dimension of the bicycle

space is at leastc−1 by Lemma 75. Ife is a crossing edge ofG, thenG\e hasdim kerM(G\e)
= c−1 and, by the induction hypothesis, has a bicycle space of dimensionc−2. Since deleting

an edge in a graph cannot reduce the dimension of the bicycle space by more than one, the
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bicycle space ofG is at mostc− 1 and the result follows. Hence we have proven this direction

and the proof of Claim 74 is complete.

SinceM is am × 2k matrix, fork = O(log n), we can compute the rank ofM by brute

force: just cycle through all possible subsets of columns to find which subsets sum up to0.

We can thereby also compute a basis forker L in L (for k = O(log n)) by brute force.

5.3 Divisibility properties of τ(G): non-powers of2

Here, we show how2 is special when it comes to divisibility properties ofτ(G) even for planar

G. It is not hard to show that computingτ(G) mod2 for arbitraryG is⊕L-complete. On the

other hand, we have the following:

Theorem 78. For prime p > 2, finding out ifp|τ(G) for a planar graphG is complete for

ModpL.

The general idea for proving this is the following: the reader may want to skip this section

to read the section on adjacency matrices first (Section 5.4) in order to get the general flavor of

the proof. It would perhaps have made more sense to write this section out after Sec. 5.4 but

since we are dealing with divisibility properties ofτ(G), we found it expedient to place it here.

If we assume for the moment that we know that computation of (ranks of) Laplacian matri-

ces modulop is hard forModpL, then we want to reduce arbitrary graph Laplacians to planar

graph Laplacians (all modulop).

The chain of reductions is

RANKAdjacency ≤ RANKLaplacian ≤ RANKPlanarLaplacian

where all theRANKs are being considered overZp. The idea hence is: given an arbitrary

graph LaplacianL(G), transformit into a graph Laplacian with every vertex degree0 mod

p. In this transformation, we would want to “preserve” the rank; i.e. given the rank of the

new Laplacian, we should be able to retrieve the rank of the original graph Laplacian, and vice

versa.

But now that the transformed graph (call thisH) has all degrees0 mod p, its Laplacian

matrix isessentiallyits adjacency matrix too!
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Now we replace the crossovers in this graphH to get a planar graphH ′ which has the

following properties:

• H ′ preserves co-rank ofH. That is if x is a vector such thatHx = 0 (overZp), then

there corresponds a vectory of suitable length such thatH ′y = 0. Vice versa, for every

y, there corresponds anx so that the transformationpreserves co-ranks.

• every vertex inH ′ has degree0 modp.

So, the (planar) graphH ′ again has its adjacency matrix (essentially) the same as its Lapla-

cian (overZp).

Hence, this would prove that finding the rank of planar Laplacian matrices (overZp) is hard

for ModpL.

RANKAdjacency ≤ RANKLaplacian:

NoteSINGULARITY andRANKAdjacency for matrices overZp are complete forModpL,

see [BDHM91].

We begin with a

Lemma 79. SINGULARITY mod p reduces to computation of rank of arbitrary graph

Laplacians (overZp).

Proof. Consider an arbitrary matrixA. We convert that into aLaplacianmatrixL by describing

a minor ofL first (call this minorL′):




0 0 0 0 0 A

0 0 0 0
. . . 0

0 0 0 A 0 0

0 0 At 0 0 0

0
.. . 0 0 0 0

At 0 0 0 0 0




where there arep A’s andp At’s on the diagonal (At being the transpose ofA).
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Let L be now obtained from the above matrixL′ by adding one row and one column, so

that sum of entries in every row and column is0. Clearly,L is the Laplacian matrix of some

graphG. Since we havep copies ofA andp copies ofAt, the (1, 1) entry ofL is 0 mod p,

which means that for the graphG, every vertex degree is0 modp (all the other diagonal entries

of L are zero sinceA has0 on its diagonal). Note that ifA has full rank (i.e. co-rank0), then

L has co-rank1. If dim ker A ≥ 1, then thendim ker L′ ≥ p, sodim ker L ≥ (p − 1). So if

we could determine the rank ofL, we could find out ifA is singular or not (overZp).

We now have an easy claim:

Claim 80. Given a graphG with Laplacian matrixL, τ(G) is not divisible byp if and only if

the co-rank ofL is 1.

Proof. If the co-rank ofL is≥ 2, then clearly every minor has co-rank at least1 so has deter-

minant divisible byp via the proof outlined for Claim 70. If the co-rank ofL is 1, then there

exists a minor with full rank. Since any minor of the Laplacian has the same value for the

determinant, this implies every minor has full rank (overZp) and henceτ(G) is not divisible

by p.

RANKLaplacian ≤ RANKPlanarLaplacian:

Now we transform a nonplanar graphG with every vertex degree0 mod p into a planar

graphH with every vertex degree0 mod p while preserving the co-rank. Since the vertex

degrees concerned are all0 mod p, the Laplacians are the same as the adjacency matrices.

Let A,B be the adjacency matrices ofG,H respectively. Since in the following we are

working overZp, we will not mentionZp for brevity’s sake unless otherwise necessary.

The construction consists of twostages:

1. Stage1: Make all the intersections in the graph simple.

2. Stage2: Replacing simple intersections with planar gadgets.

STAGE 1

The gadget we construct preserves the property that every vertex has degree0 modp, and

is shown in Figure 5.8.
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Figure 5.8: Gadget forStage 1

Some remarks about the diagram are in order: we allow the edge intersections (of the

original graph) to take place only at thebold lines in Figure 5.8. Since an edge of the original

graphGmight have at mostn intersections with other edges (wheren is the number of vertices

of the graph), we have to extend each edge ofG into a path of length2n − 1 with n − 1

“subgadgets” as enclosed in between the dotted lines in Figure 5.8. Solutionsx to Ax = 0

translate to “weights” on each vertex, so that the sum of the weights on all the neighbors of any

vertex is0.

The squiggly double arrows in Figure 5.8 withp − 2 or p − 1 written above refer to the

multiplicity of the corresponding edges of the graphH ′.

Having done this, it is clear that the objective of Stage1 is fulfilled: all intersections in the

resulting graph are simple.

Suppose the graph resulting from the above (in which every intersection is simple) isH ′

with adjacency matrixB′. Since we are trying to preserve the co-rank of the adjacency matrix

in this transformation, we will assume that we are given a vertex labeling by values overZp
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(i.e. aZp-valuedweightingon the vertices) which encodes a solutionx to Ax = 0, and make

such a solutionx correspond to a solutiony′ of B′y′ = 0 (and vice versa). Given “weights” on

each vertex as above, solutionsx to Ax = 0 translate to weightings where for any vertex the

sum of the weights on all the neighbors of that vertex is0.

Now it is clear from the figure that there is a unique way of extending a solutionx toAx = 0

to produce a solution toB′y′ = 0. On the other hand, the process is invertible, so that for every

y′ there corresponds anx. The easiest way to see that the successive values are as marked in

the figure is via induction. We leave out the details of this easy induction.

STAGE 2

Now, we replace each simple intersection inH ′ by a gadget as shown in Figure 5.9. Call

this final graphH, and its adjacency matrixB.

Again, we note that the initial values at the endpoints of an edge (and the neighbors of

the endpoints) corresponding to a solutiony′ for B′y′ = 0 uniquely extend to a solution for

By = 0. The easiest way to see this is by induction, as before.

Altogether, at the end of the two stages, we have transformedG into a planar graphH

which has the same co-rank asG, and has every vertex degree0 modp. Hence Theorem 78 is

proven.

We also observe that the graphs produced by the transformation are bipartite if the original

graphs are.

5.4 Rank of the adjacency matrix

In this section, we consider the problem of determining the rank of the adjacency matrix (over

Z2). It follows from [BDHM91] that determining the rank of an arbitrary adjacency matrix over

Z2 is⊕L-complete. Our main results are some instances where the computation is actually in

L, whereas we show that the⊕L hardness remains for even arbitraryplanar graphs.

From the results in the previous sections, we can prove that

Theorem 81. Finding the rank of the adjacency matrix of an Eulerian planar graphG can be

done inL.
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Figure 5.9: Gadget forStage 2
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Proof. Follows from Theorem 59, since for Eulerian graphs, the adjacency matrix (overZ2) is

the same as the Laplacian.

As another instance of when computing the rank of the adjacency matrix is “easy”, for trees

it can be seen [FHJT96] that finding out the rank of the adjacency matrix overZ2 is in L. We

can extend these results to prove

Theorem 82.The rank of the adjacency matrix of an outerplanar graph (overZ2) can be found

in L.

Proof. We can strengthen the statement of the theorem: if all the odd degree vertices in a planar

graph are on the same face, then we can compute the rank of the adjacency matrix of the graph

in L. Given planar graphG such that all the odd degree vertices inG are on the same faceF ,

we can introduce a new vertexv insideF and join all the odd degree vertices inG to v. Call

this new graphG′. ClearlyG′ is planar and has the property that the adjacency matrix ofG is

the (1, 1) principal minor of the Laplacian ofG′ (overZ2). By Theorem 62, we can compute

the rank of this minor overZ2 in L.

Note that we can strengthen (by virtue of Lemma 73 ) the result even further: if all the odd

degree vertices of a planar graph lie on at mostO(log n) faces, we can compute the rank of its

adjacency matrix overZ2 in L.

We now show that the problem is hard for arbitrary planar graphs:

Theorem 83. Finding the rank of the adjacency matrix (overZ2) of a planar graphG is

complete for⊕L.

In the following, we mean “rank overZ2” by “rank” unless otherwise specified.

Proof. We prove the theorem by reduction from the problem of finding the rank for anarbitrary

graphG. We describe a gadget to replace the cross-overs in any embedding ofG, so as to derive

a planar graphG′ such that in the process, the co-rank (ofA(·) overZ2) is preserved.

We perform the reduction in two stages. The first stage ensures that the only allowed cross-

overs between edges of the graph are as in Figure 5.10. In this and the following figures, the
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Figure 5.10: Allowed Cross-overs

b

a

a
b

b
a

b a b a ba

Figure 5.11: Gadget for Stage1

labels on the vertices correspond to the values assigned to them by a solutionx to Ax = 0

(here, we are viewing a solutionx as a weighting on the vertices ofG).

For Stage1, we subdivide each edge sufficiently many times so that the only cross-overs be-

tween the edges are of the type above. Figure 5.11 shows that this can be done while preserving

the rank.

After this stage, we replace each cross-over in this intermediate graph by the gadget shown

in Fig 5.12, to get aplanar graphG′. In the figure,x denotes the sum of the values placed on

the neighbors of the vertex labeleda, etc.

We note that for any solutionx for Ax = 0 for the original graphG, there corresponds

a solutionx′ for A′x′ = 0 for the derived graphG′, and this process is invertible (i.e. for a

solutionx′ for G′ there exists a solutionx of G). Hence the stages1 and2 preserve the co-rank

of the adjacency matrix. Thus, finding the rank of the adjacency matrix of a planar graph is

⊕L-hard. It clearly is in⊕L by [BDHM91, HRV00], so this problem is⊕L-complete.

Another way to think about the gadgets in the above proof is as follows. First of all, we can
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Figure 5.12: Gadget for Stage2

make the following

Observation 84. Given any graphG, the number of perfect matchings in the graph is of the

same parity as the determinant of its adjacency matrixA(G).

Proof. We use the fact that the adjacency matrix of an undirected graph is symmetric. Let the

ijth entry of the adjacency matrixA be denoted byaij .

Consider a typical term in the expression for the determinant of the adjacency matrix:tσ =

a1σ1 · a2σ2 · · · anσn , whereσ ∈ Sn is a permutation of{1, 2, · · · , n}. Here, we are forgetting

the sign of the permutationσ since we are working overZ2.

Decompose the chosenσ into cycles: if one of its constituent cycles is of length> 2, then

we derive a companionσ′ which is of the same length and also contributes to the determinant

mod 2. This σ′ is just the inverse ofσ: we essentially want to get to the termtσ′ = aσ11 ·
aσ22 · · · aσnn. It is easy to see that this term corresponds toσ′ being the inverse ofσ. Because

matrixA is symmetric,tσ′ has the same value astσ. Since we are computing the determinant

mod 2, termstσ andtσ′ pair up and vanish. We claim that the only terms remaining are the

ones in which every constituent cycle inσ is a2-cycle.

This can be made clearer by a diagram as in Figure 5.13. It might make more sense to
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Figure 5.13: A4-cycle and a2-cycle

view a permutation as adirectedcycle cover of the ground set{1, 2, · · · , n}. Given a cycle

(a1, a2, · · · , ak) in permutationσ, we draw edges directed fromai to ai+1 (with wrapping

around modulo the length of the cycle). We see that ifσ consists entirely of2-cycles, then

the new (directed) graph we get from reversing theorientationsof the edges is the same: in

short, theσ’s consisting just of2-cycles are the fixed points of the action of taking inverse (of

a permutation).

But theσ’s where every constituent cycle is a2-cycle correspond exactly to perfect match-

ings inG.

Given this observation, for preserving the determinant of the adjacency matrix modulo2, it

is sufficient to preserve the parity of the matchings in the gadgets.

Note that Stage1 in the above preserves the number of matchings in the original graph.

Let us look more closely at the gadget for Stage2. In Figure 5.12, if the edge originally

labeledax (and not edgeby) is in a perfect matching of the original graph, then we have a

matching in the new graph as shown in Figure 5.14.

Likewise, if the edge labeledby (and notax) were in a perfect matching of the original

graph, we would have a corresponding matching in the new graph. Similarly for the case where

bothax andby were in a perfect matching of the original graph. The reader is invited to check

these cases.

On the other hand if neither the edgeax norby were in a perfect matching, then the situation
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Figure 5.14: Gadget for Stage2: matchinga andx

is as in Figure 5.15.

We see that in this case, there are3 matchings of the new graph. On the whole, we can say

that in the transformation of the old to the new graph, theparity of the number of matchings

has been preserved.

Note that because of Figure 5.15, the exactnumberof matchings hasnot been preserved.

This would be expected for otherwise we would get a polynomial time algorithm for counting

the number of matchings in an arbitrary graph (see [Val79]). It is remarkable that forplanar

graphs, counting the number of matchingsis is polynomial time.

This gives us, via Observation 84 another proof that the nonsingularity of the determinant

(overZ2) is preserved in the Stages1 and2.

Corollary 85. Finding the rank of the adjacency matrix (overZ2) of a bipartiteplanar graph

G is complete for⊕L.

Proof. First we need to convert the question of finding the rank in an arbitrary graph to the

bipartite case. But given an arbitrary graph adjacency matrixA, this can easily be done by

considering the graph corresponding to the adjacency matrixA′ whereA′ is
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
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A 0




Clearly,A is nonsingular if and only ifA′ is. Also,A′ corresponds to a bipartite graph.

Note that in the proof of Theorem 83 above, Stage1 extended an edge of length1 into

anodd-lengthpath, Figure 5.11. On the other hand, given a bipartite planar embedding ofG,

we can assume that the vertices labeleda, y in part (A) of Figure 5.12 belong to the same

bipartition, so that again, parity of paths is preserved in Figure 5.12.

Corollary 86. Nonsingularity of the adjacency matrix (overZ2) of a cubicplanar graphG is

complete for⊕L.

Proof. The outline for the proof is schemed in Figure 5.16. We can either work with the

adjacency matrix of the given graphG0 (and use Observation 84) or modify the adjacency

matrix so that it corresponds to a bipartiteG0 as in the proof of Corollary 85.

We reduce nonsingularity ofA(G0) to the cubic planar case.

First, modify the graphG0 to get a new graphG which is cubic (not necessarily planar),

but we do this preserving the parity of the number of matchings in the graphs, andnot by pre-

serving the rank of the adjacency matrices. The observation above implies that nonsingularity

is preserved. We will return to this step in detail a little later.
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Figure 5.16: Schema for proof of Corollary 86
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Figure 5.17: Modified Stage1 gadget for cubic planar graphs

Once we get a cubic (nonplanar) graphGwe observe that the combination of the two stages

in the procedure outlined in the proof of Theorem 83 outputs aplanargraphG′′ such that every

vertex has degree2 or 3. Also, nonsingularity of the adjacency matrix is preserved in the

process.

More precisely, Stage2 preserves the cubic property of the graph. It is Stage1 which

creates vertices of degree2.

So we modify the gadget for Stage1 so that the final graphG1 is cubic, planar and preserves

nonsingularity of the adjacency matrix of the original graph.

The modified gadget is illustrated in Figure 5.17. Suppose the input to the gadget isG′′ and

the output isG1. Note that the number of matchings inG1 is of the same parity as the number

of matchings inG′′.

Going back to the principal point about converting an arbitrary graphG0 into a cubic graph

G, Dahlhaus and Karpinski [DK92] show how the existence question for perfect matchings in

arbitrary graphs is no harder than the same question for cubic graphs. We modify their gadgets

while alsopreserving the parityof the number of matchings.

We recapitulate their proof in short, and point out the necessary modifications to their gad-

gets.

Lemma 87. (Lemma 1 of [DK92]) The existence problem for a perfect matching restricted to

2-connected graphs isAC0-equivalent to the existence problem for a general perfect matching.
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Figure 5.18: Modified gadget

In fact the reduction preserves the parity of the number of matchings.

Proof. We replace their gadget by the one shown in Figure 5.18.

We add subgraphsH with two leaving edgese1, e2 both adjacent to exactly one vertexv1 or

v2 respectively, of the old graph. Note that the edgese1 ande2 are not in any perfect matching

(if they were, then they would leave an odd componentu1). It is also easy to see that it cannot

be the case that one ofe1 or e2 is in a perfect matching: if say,e1 were in a perfect matching,

thenu1 would have to be matched withu3 leaving an odd component consisting of verticesu4,

u5 andu6. We say also thatv1 andv2 are joined byH.

Now all verticesv1 6= v2 inG are joined byH. Then the resulting graphG′ is 2-connected.

Also insideH, there are exactlythree possibilities of perfect matching. ThereforeG has a

perfect matching if and only ifG′ has a perfect matching. Since insideH, there are exactly

3 perfect matchings for each perfect matching of the rest of the graph, this transformation

preserves the parity of the number of matchings.

The next step in their chain of reductions, Theorem4 reduces the2-connected case to the

case of2-connected graphs of maximal degree3. We observe that this preserves the exact

number of matchings, so the same gadget works for our purpose too.

Finally their Lemma3 restated reads

Lemma 88. We can transform2-connected graphs of maximal degree3 to cubic graphs so that

the parity of the number of matchings is preserved in the transformation.

Proof. Consider any graphG of maximal degree3 which is2-connected. Consider two copies

G1 andG2 ofG. For each vertexu ofG of degree2, letu1 andu2 be the corresponding vertices
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Figure 5.19: Gadget for Lemma 88

in G1 andG2.

Joinu1 andu2 by the following graphH (see Figure 5.19).

(Note that this same gadget was used to restore cubicity in graphG”.)

Call the resulting graphG′. ClearlyG′ is cubic; the edgef belongs to every perfect match-

ing and therefore neithere1 nore2 belong to any perfect matching ofG′. We can easily see that

G′ has a perfect matching iffG does. Also the number of matchings in the graphG0 = G1∪G2

is exactly the square of the number of matchings inG (so parity is preserved). Note that the

gadget we introduce has the property thatH ′ has precisely3 perfect matchings. So the number

of perfect matchings inG′ is of the same parity as inG.
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From the above we can derive the following

Corollary 89. (of Corollary 86) Finding out the dimension of the solution space forLx = x

(overZ2) whereL is the Laplacian of aplanargraph is complete for⊕L.

Proof. The equationLx = x can be re-written as(L− I)x = 0, and all we need to observe is

that for cubic graphs, the matrix(L− I) is the same as the adjacency matrix (overZ2). Hence,

Corollary 86 implies the result.

What do solutions ofLx = x stand for? Chebotarev and Shamis [CS06] prove that the

determinant ofL(G) + I equals the total number of rooted spanning forests. Thereby we have

Theorem 90. Finding out the parity of the number of rooted spanning forests in a planar graph

is complete for⊕L.

As until now, we have dealt with equations of the formAx = 0 whereA is the adja-

cency matrix of a graphG. We can instead ask whether we can find dimensions (or bases) of

eigenspacesof A. For instance, can we find (in L) the dimension of the solution space of the

equationAx = x? OverZ2 this can be also looked at as the equation(A + I)x = 0. The

dimension of the solution space of this equation is called theparity dimensionin [ACS98]. In

this connection, one should mention the cute result of Sutner’s (cf. [ACS98])

Theorem 91. (Sutner’s Theorem) For any graphG, there always exists a solution to the equa-

tion (A+ I)x = ~1 overZ2, where~1 is the all-ones vector.

As we can expect by now,

Theorem 92. Finding out the parity dimension of a planar graphG is⊕L-complete.

As counterpoint, we first note

Theorem 93. If all the vertex degrees of a planar graph areodd, then the dimension of the

solution space of the equationAx = x can be found inL.

Proof. Ax = x implies(A− I)x = 0, so this case follows by easy reduction to the Laplacian,

as for Theorem 81.
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Figure 5.21: New gadget for Stage2

Proof. (of Theorem 92) We only need to modify the gadgets in the proof for Theorem 83

suitably.

For Stage1, the new gadget is shown in Figure 5.20. Subdivide every edge via6n new

vertices, wheren is the number of vertices in the graphG (so that a path of length1 is now a

path of length6n+ 1).

For Stage2, the new gadget is shown in Figure 5.21. Note that this gadget isnon-bipartite

unlike the gadget in Figure 5.12.

Having transformed the given graph to a planar graph as by above, we note that solutions

toAx = x in the original graph translate to solutions forAx = x for the derived planar graph,

and this translation is invertible.

5.5 The Permanent modulo powers of2

Given a matrixA, it is clear thatperm(A) is of the same parity asdet(A). For definitions of

the permanents and determinants of matrices, see for instance,. Valiant proves in his seminal



134

paper [Val79], that finding out the value of thePERMANENT of a matrix modulo2k (for

constantk) is in P. But the method he uses is akin to Gaussian elimination, and is inherently

sequential.

Here, we prove

Theorem 94. Finding out thePERMANENT of a matrix modulo2k (for constantk) is com-

plete for⊕L.

Proof. Hardness for⊕L follows from the fact that fork = 1, it corresponds to singularity of

theDETERMINANT (overZ2).

Hence we have to prove containment in⊕L.

The structure of the proof will be as follows: we first show how the question4|perm(A)

can be resolved in⊕L. We use this, along with facts aboutLUP-decompositions (cf. [Ebe91])

to show how we can find outperm(A) mod 4 in ⊕L. After we have accomplished this, we

can easily see how to find outperm(A) mod 2k (for constantk) in ⊕L.

In the immediate following we prove that finding out if4|perm(A) can be done in⊕L.

Given an × n matrixA, we first check ifdet(A) is even. Having passed the check that

det(A) is even, we proceed to find a solutionx ∈ {0, 1}n for Ax = 0 (overZ2), and this

can be done in⊕L. Let xt = (x1, x2, · · · , xn). This means that the sum of the rows ofA

corresponding to thexi’s which are1 is 0 mod2. Without loss of generality we can assume

x1 = 1. If ri denote theith row ofA, then replace the1st row ofA by the sum of rowsΣixi · ri
to get a new matrixA′. The first row ofA′ consists only of even entries.

Let Ai denote the matrixA with the 1st row replaced by theith row of A (for instance,

A1 = A).

But now we can write

perm(A′) = Σiperm(Ai)

See Figure 5.22. Note that each matrixAi (for i > 1) has two rows equal, and hence

perm(Ai) is even.

For eachi > 1 and for eachj, build matrixBij as follows: from matrixAi, delete the1st

andith rows (these rows actually being equal), and delete theith andjth columns. Find out
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− − −
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= ......

......

Figure 5.22: Permanent divisibility by2k

perm(Bij) mod 2. Then we can use linearity of the permanent function to figure out the

value ofperm(Ai) mod 4.

Matrix A′ is of slightly different form: it has a row which consists wholly of even entries.

But given a matrix of this form, we can easily reduce it to the form of a matrix with two equal

rows (like that for theAi’s above) without altering the permanent as follows. Suppose the row

labeledr in the original matrix consists wholly of even entries as in


 r

B




(whereB is the matrix formed by the rest of the rows).

Now consider the new matrix, where we have placed an extra column the first two entries

of which are1 and the rest are all0’s. The single row inA′ we denoted asr is now replaced

by 2 equal rows(1 r/2). So the new matrix is a square matrix with dimension one greater than

the dimension ofA′.




1 r
2

1 r
2

0 B




It is easy to check that this matrix has the same permanent as the first. So we can apply the

argument forAi’s to this new matrix and get its valuemod 4.

Note that the above algorithm for divisibility of the permanent by4 actually gives us the

modulus whenperm(A) is even. Therefore, we have to devise an algorithm only for the case

whenperm(A) is odd - we reduce this case to the case of the Permanent being even.

We prove
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Lemma 95. We can find out the exact value ofperm(A) mod 4 in ⊕L.

Proof. Since we have dealt with the situation that ifperm(A) is even, we can find out its value

mod 4, here we need to deal with the situation whereperm(A) is not even.

So, supposeperm(A) is odd. We want to get hold of a suitablecofactor of A (call this

cofactorAi,j) such thatperm(Ai,j) is odd too. Clearly, ifperm(A) is odd, then some minor

Ai,j of A also has odd determinant (hence odd permanent).

We observe first that givenA, we can always find a matrixC (depending oni, j) such that

perm(C) = perm(A) + perm(Ai,j)

This is easy to do: just increase the(i, j)th entry of matrixA by 1 to get matrixC. Expand-

ing the matrixC by its ith row and using the fact that the permanent function is linear, we get

thatperm(C) is equal to the permanents of two matrices, one of which has the sameith row

as that ofA (and is equal toA), and the other matrix has itsith row consisting wholly of0’s

except for thejth entry which is a1. Expanding the second matrix by itsith row, we find that

its permanent is exactlyperm(Ai,j). This proves the equation above.

Given the above, we give a sequential algorithm to find outperm(A) mod 4, and then

we comment on how to parallelize it suitably. Suppose we start with the matrixA with odd

Permanent. We can find (by checking all minors of dimension(n − 1)) a minorAi,j such

thatperm(Ai,j) is also odd. By the above, we can find a matrixC such thatperm(C) equals

the sum of the odd permanents,perm(A) andperm(Ai,j). Sinceperm(C) is even, we can

find out its value modulo4. Thereby we can find out whetherperm(A) = +perm(Ai,j) or

= −perm(Ai,j) mod 4. Now we can continue withAi,j in order to get a new matrixA2

(formed by removingtwo rows andtwo columns fromA) such thatperm(Ai,j) + perm(A2)

is even. We continue this process till we reach a matrix of constant dimensions, for which we

can evaluate the permanent directly. Thus, we have a sequential process for finding out the

Permanent of a matrix modulo4.

Let us now turn to an efficient parallelization of the above sequential algorithm. Firstly

note that a matrix has aLU-decomposition (overZ2; cf. [Ebe91]) if and only if all itsprincipal

minors are odd. In the above sequential process, we note that if we started with a matrix which

has aLU-decomposition, then it is easy (in logspace) to find out its permanent modulo4. This
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is because given a matrixA′ (which has odd permanent) in the procedure, we will not have to

do any work in order to find a minor ofA′ which also has odd permanent - the principal minor

of A′ would already do the job!

Thereby we know that for matrices with aLU-decomposition overZ2, we can convert our

sequential algorithm into a⊕L algorithm.

It is well known (see for eg. [Ebe91]) that for any invertible (over an arbitrary field) matrix

A, there exists a permutation matrixP such thatAP has aLU-decomposition. So our problem

essentially is to find such aP (overZ2) in ⊕L.

For this, we closely follow the reduction given in [Ebe91] from the above problem to the

Determinant. We show thereby that overZ2, the reduction can be implemented in⊕L. Eberly

[Ebe91] reduces the problem of finding a suitable permutation matrixP to rank computations

thus: suppose a matrixA is nonsingular overZ2 (i.e. hasdet = 1 mod 2), let Ai be the

n × i matrix formed from the firsti columns ofA, and letSi ⊆ {1, 2, · · · , n} be the set of

the lexicographically first maximal independent subset of the rows ofAi for 1 ≤ i ≤ n (i.eSi

consists of theindicesof the rows ofAi which constitute the lexicographically first maximal

independent subset).

For this purpose, let then rows ofAi be ri
1, r

i
2, · · · , ri

n. Consider the matricesAk
i which

have rowsri
1, r

i
2, · · · , ri

k (for instance,A1
i consists of just the single rowri

1, An
i = Ai). Find

out the ranks of these matrices (overZ2) for 1 ≤ k ≤ n. These can be found in parallel in⊕L.

Given these ranks, the lexicographically first maximal independent subset of the rows is

obtained as follows:

1. The base case:Include rowri
1 in the independent subset if and only if rank(A1

i ) = 1;

2. Include rowri
j in the independent subset if and only if rank(Aj

i ) =rank(Aj−1
i ) + 1

(clearly, since in the matricesAk
i , we are increasing by a row at a time, the difference of

two adjacent ranks can be at most1).

It is easy to see that this set ofj’s constitutes thelexicographically firstmaximal indepen-

dent subset of the rows ofAi.

Thereby, we findSi for each1 ≤ i ≤ n in ⊕L.
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Now |Si| = i for 1 ≤ i ≤ n andSi ⊂ Si+1 for 1 ≤ i < n (since eachSi is the

lexicographicallyfirst maximal independent subset of the rows ofAi).

Setj1 to be the unique element ofS1, and setji to be the unique element ofSi\Si−1 for

2 ≤ i ≤ n. Then the desired permutation (matrix)P is such that theith row ofP TA is thejith

row ofA, and can be easily computed in L.

This completes the proof that findingperm(A) mod 4 is in⊕L.

Once we have this, it is easy to see how we can find outperm(A) mod 8 (say) in⊕L:

we would first check ifA has an even permanent, if it does, then we find the decomposition

as in the algorithm outlined above for finding out if4|perm(A), finding out all the values of

the submatrices modulo4 (this gives us the value ofperm(A) mod 8). If A has an odd

permanent, we reduce it to the even case as above, by finding a suitableP (as in theLUP-

decomposition: note however that we do not need to find theL, U factors), and solving the

implicit system of equationsmod 8. This procedure clearly generalizes to any power2k for

constantk.

(of Theorem 94)

Note that the same method as above gives us another proof thatdet(A) mod 2k is in⊕L.
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Chapter 6

Algorithmic Implications of the Borsuk-Ulam Theorem

6.1 Introduction

The Borsuk-Ulam theorem states that iff is a continuous function from the unit sphere inRn

into Rn, there is a pointx wheref(x) = f(−x); i.e., some pair of antipodal points has the

same image. The recent book of Matouˇsek [Mat03] is devoted to explaining this theorem, its

background, and some of its many consequences in algebraic topology, algebraic geometry,

and combinatorics. Borsuk-Ulam is considered a great theorem because it has several different

equivalent versions, many different proofs, many extensions and generalizations, and many

interesting applications.

A familiar consequence is the ham-sandwich theorem (givend finite continuous measures

onRd, there exist a hyperplane that simultaneously bisects them), along with some of its ex-

tensions and generalizations to partitioning continuous measures [Alo88], [B´ar93], [BM01],

[BM02], [Ber05]. In many cases we can derive combinatorial statements that give discrete

versions of these results. This, in turn, raises algorithmic issues about the computational com-

plexity of finding the asserted combinatorial object. For example Lo et. al. [LMS94] gave a

direct combinatorial proof of the discrete ham-sandwich theorem and described algorithms to

compute ham-sandwich cuts for point sets. Various generalizations and extensions were consid-

ered in [AA89], [Alo88], [Alo87], [AW86], [Avi85], [BKS99], [Ber05], [BDH+04], [BL05],

[IUY00], [KK99], [LS03], [Sak02], and [YDEP89].

A recent interesting example extends a result of B´arány and Matouˇsek [BM01], who com-

bined Borsuk-Ulam with equivariant topology to show that three finite continuous measures on

R2 can be equipartitioned by a2-fan, the region spanned by two half-lines incident at a point.

Bereg [Ber05] strengthened this statement, proved a discrete version for measures concentrated
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on a given set of points, and described a beautiful algorithm to find such a partitioning. In Sec-

tion 6.2 we show his algorithm to be nearly optimal via a lower bound for this task.

In Section 6.3 we study equitable partitions of a set of points inR2 by a pair of lines.

For most of this chapter, we will consider points ingeneralposition unless otherwise spec-

ified. This means that there does not exist any nontrivial condition of linearity between the

points: for instance, no three points in the given point set lie on a line, etc. The convex hull of

n pointsx1, x2, · · · , xn (denoted by conv(S)) in the plane is the set of all points of the form

Σj=n
j=1 tj · xj , where eachtj is a real number between 0 and 1, and the sum of all thetj ’s is 1.

We definen points in the plane to be inconvex positionif they are in general position, and each

of then points is avertexof the convex hull of then points. See [PS85] for more details.

6.2 Equipartitioning Three Measures by a2-Fan

A two-fan in the plane is a pointP (called the center or the apex) and two rays,ρ1 andρ2

incident withP . This structure partitionsR2 into two connected regions. B´arány and Matouˇsek

[BM01] had proved that given three finite measures on the plane, there is always an equitable

partition by a two fan; i.e., there exists a two fan whose two regions have exactly half of each

measure. Bereg [Ber05] later considered a discrete version and proved that there are many two

fans with equitable partitions of a given input point set. Specifically, given2r red points,2b

blue points, and2g green points in general position inR2, andany line `, there exists a point

P ∈ ` and a two fan centered atP for which there arer red,b blue, andg green points in both

of the regions induced by the fan. He described anO(n(log n)2) algorithm to find such a two

fan, n = r + b + g being one half the number of points in the problem. Here we show the

algorithm to be nearly optimal, by proving

Lemma 96. LetS be a given set of points inR2, an of them red,bn of them blue, andcn of

them green. For a given pointP , Ω(n log n) steps are required by any algebraic decision tree

that can decide if there is an equitable two-fan forS with center atP .

Figure 6.1 illustrates how2-fans look like.

Before moving on to the proof of the above, we make a few comments about the general

structure of our lower bound proofs. Ben-Or [BO83] showed how to derive lower bounds for
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p

Figure 6.1: An example2-fan

algebraic decision trees by counting the number ofpath connected components. Suppose we

have a problem A onn inputs (each input is real-valued, say). Suppose now we look at all

instances (or inputs) of A for which the answer isYES. This forms a subset (call this subset Y)

ofRn. Ben-Or’s theorem says that the height of the algebraic decision tree is lower bounded by

the logarithm of the number of path connected components in Y. Here, instead of concentrating

on theYES instances, we may also focus on theNO instances. For our lower bound proofs, we

do this latter, viz. count the number of path connected components in theNO inputs.

Proof. Let T be an algebraic decision tree that can decide for a setS with Θ(n) data points,

and a pointP , whether there is an equitable 2-fan forS centered atP . We will show that the

subsetX of inputs whereT returns aNO answer has at leastn! path connected components.

We takeP = (0, 0) and data pointsQi = (ri cos(θi), ri sin(θi)), ri 6= 0. For each such

point we only need its argumentθ ∈ (0, 2π), since this alone determines whether the point

is in some 2-fan centered atP . Inputs will consist ofN = 16n − 8 points, described by the

components ofz = (z0, . . . , zN−1) ∈ RN . Pointszj are blue ifj = 0 or 7 mod 8, red if

j = 1, 4, 5 or 6 mod8, and green ifj = 2 or 3 mod8. Thus each input describes a setS with

8n− 4 red points,4n− 2 blue points, and4n− 2 green points.

The canonical input is the pointz∗ = (θ0, . . . , θN−1) ∈ RN , where

θi =
π

2
+

(
i+ 1
N + 1

)
2π, i = 0, . . . ,N. (6.1)
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Figure 6.2: The canonical input for Lemma 96

See Figure 6.2.

These16n − 8 points are divided into2n − 1 blocks of8 points each. The blocks have

a LEFT part and a RIGHT part. Blocki has left partLi = [θ8i−8, θ8i−7, θ8i−6, θ8i−5, θ8i−4]

and right partRi = [θ8i−3, θ8i−2, θ8i−1] for which, replacing the entries by their colors, is

Li = [b r g g r] andRi = [r r b].

Letλ1 be a ray separatingR2n−1 andL1, andρ1, a ray separatingLn andRn. This two-fan

hasn− 1 blocks and the left half of blockn. Also it contains4n − 2 red points (half),2n − 1

blue points (half) and2n green points (one more than half). The next (clockwise) two-fan that

equitably partitions the red and the blue points isλ2 (a ray separatingL1 andR1) andρ2 (a ray

separatingRn andLn+1) but now there aren− 2 green points (one less than half).

In fact ALL two-fans that split both red and blue points evenly are either deficient by one

green or in excess by one green. Specifically, for eachj = 1, . . . , n, we have the two-fans

with raysλ2j−1 andρ2j−1 containing blocks[Lj Rj · · · Rj+n−2 Lj+n−2] (2n green points);

also for eachj = 1, . . . , n, we have the two-fans with raysλ2j and ρ2j containing blocks

[Rj Lj+1 · · · Lj+n−1Rj+n−1] (2n− 2 green points). Thus, with inputz∗, T must return a NO

answer to the equitable two-fan query.

We consider only a restricted setI of inputs toT . A point z = (z0, . . . , zN−1) ∈ I if

zj = θj for j 6= 2 mod16, and otherwisezj ∈ (0, 2π); only the first green point in the odd

numbered blocks is free. For a permutationπ = (π1, . . . , πn) of (1, . . . , n), definezπ ∈ I by

z16j−14 = θ16πj−14;
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zπ describes the sameN points asz∗ except that the first green points of the odd-blocks ofz∗

appear in permuted order inzπ. Recall thatX is the set of inputs where the algebraic decision

treeT returns aNO answer. Clearlyzπ ∈ X for every permutation. We also claim that if

π andρ are distinct permutations, thenzπ andzρ are in different path connected components

of I. We move along a continuous pathp in I from zπ to zρ (holding zj fixed, j 6= 2 mod

16). As we do, some green point leaves its half-block, sayLk, and moves to an adjacent half-

block, Rk−1 or Rk. Let j be the block where this first occurs onp and letz(t) ∈ p denote

the corresponding point inRN . The input described by this point is no longer inX because

either [Rk−n−2 Lk−n−1 · · · Lk−1Rk−1] or [Rk Lk+1 · · · Lk+n−1Rk+n−1] are now equitable

partitions of all three colors. ThereforeX ∩ I hasn! path connected components, and the

lemma now follows by Ben-Or’s theorem [Ede87], [BO83].

The claimed lower bound for finding an equitable2-fan is somewhat misleading: it may

be possible ino(n log n) time to determine a pointQ, and two lines incident atQ for which

one of the four 2-fans is equitable. Lemma 96 just says that given onlyQ, n log n steps are

needed to know if there is an equitable2-fan with apexQ, and to find one if YES. Thus any

search algorithm (like Bereg’s) that tests candidate apex pointsP must have complexity at least

n log n.

6.3 Equitable Partitioning by Orthogonal Lines

Given n points in general position inR2, Willard [Wil82] asked for a pair of non-parallel

lines `1 and`2 that equitably partition the points; i.e., in each of the four open quadrants they

define, there are at mostn/4 points. An efficient algorithm for this was implied by results

in Cole, Sharir, and Yap [CSY84], and an optimalO(n) algorithm follows immediately using

Megiddo’s separated, discrete ham-sandwich cut [Meg85]. In fact we can even insist that the

lines are orthogonal: this is implied by a result of B´arány and Matouˇsek [BM02]) that uses

Borsuk-Ulam along with equivariant topology. Here we give an easy, direct combinatorial proof

that there is an orthogonal four-partitioning, and we describe the computational complexity of

finding one. Specifically we prove
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Theorem 97. Given a setS of n points in general position inR2, there exist orthogonal lines

`1 and`2 that equipartitionS, and they may by found inΘ(n log n) RAM steps.

Proof. A halving line forS has at most|S|/2 points in its open halfspaces. For the existence,

w.l.o.g. we may assume thatn is odd, sayn = 4j + 1 and start with̀ 1 as a vertical halving

line incident with the pointP ∈ S with medianx−coordinate, and̀2 as a horizontal halving

line incident with the pointQ ∈ S of mediany−coordinate. Also suppose the open upper

left quadrant has the most points, saya, which we assume is> j or this partition is already

equitable. We will rotatè1 and`2 counter clockwise throughπ/2 radiands, always keeping

them orthogonal, and keeping̀1 a halving line: i.e.,̀ 1 rotates aboutP until it first meets a

point - sayP1 ∈ S. Next we rotate aboutP1 until `1 meets meets another point,P2, etc. Except

for the moments wheǹ1 is incident with two points,Pi andPi+1, it is always a halving line

for S. During this process, as̀2 passes points ofS, we will move it (always maintaining its

orthogonality to`1) so at most half the points ofS are in either ofits open halfspaces. At

the end of the rotation the upper-left quadrant has become the original lower left, and now has

< j points (becausè2 is halving). Since its cardinality changes by±1 at each “event” in the

rotation, there is a position where it has exactlyj points.

The complexity statement follows from the following two results.

Lemma 98. Given a setS of Θ(n) points in general position inR2 and a pointQ ∈ R2, at

leastΩ(n log n) steps are required by any algebraic decision tree that can decide if there is an

equitable partitioning ofS by orthogonal lines incident withQ.

Proof. The argument is a construction sharing several features with that of Lemma 96, so we

will be terse. We takeQ to be the origin. LetN = 32k+ 9 and takeN points on the unit circle

with arguments given by

θj =
2πj
N

, j = 1, . . . ,N ;

sinceN is odd, no two are antipodal. The points ofS will be thoseθj wherej = 1, 2, 3, 4, 5

mod8, son = |S| = 20k+ 5. (It may help to think of4k+ 1 groups of equally-spaced points,

8 points per group, plus one extra point. Each open quadrant hask + 1/4 groups. Points ofS

occupy the first 5 places in a group; the last3 are empty.)
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If two orthogonal lines throughQ = (0, 0) equipartitionS there can be at most5k + 1

points in any open quadrant. Let`1 and`2 be orthogonal lines throughQ. It is easy to see that

1. as they are rotated aboutQ (maintaining orthogonality), ifneither is incident with a

point ofS, then exactly two quadrants each contain5k+2 points ofS, and the other two

contain a total of10k + 1 points;

2. in addition, as either̀1 (or `2) rotates acrossθi, . . . , θi+7, there is a position where the

four open quadrants contain5k + 2, 5k + 2, 5k + 1, and5k pts.

Thus, at the canonical input

z∗ = (θ1, . . . , θ5, θ9, . . . , θ13, . . . , θ32k+1 . . . , θ32k+5) ∈ R20k+5,

the decision tree must answer NO. On the other hand takek even and consider the restricted set

of inputsI wherezj ∈ (0, 2π), andzi = θi for i 6= 5 mod(16). For eachπ = (π1, . . . , π2k), a

permutation of(1, . . . , 2k), definezπ ∈ I by

z16j−11 = θ16πj−11;

zπ andzρ are in different connected components because on a continuous pathp(t) in I from

zπ to zρ, one of the middle points in an even numbered group is first to enter an adjacent group,

and at the input described by thatp(t), there is an allignment of̀1 and`2 that is incident with

a point ofS, and where each open quadrant has at most5k + 1 points ofS, a YES input.

As with Lemma 96, it may be possible ino(n log n) time to determine orthogonal lines

`1, `2 that equipartition then given data points. The Lemma just says that given onlyQ, n log n

steps are needed to know if there exist orthogonal lines incident atQ which do the job, so any

search-based algorithm that tests candidate points must have complexity at leastn log n.

Lemma 99. Given a setS with n points in general position inR2, in O(n log n) RAM steps

we can find orthogonal lines̀1 and`2 that equitably partition the points.
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Proof. Dualizing the existence proof in Theorem 1, there is a pointP1 = (−a, y1), a > 0,

that is dual tò 1, and a pointP2 = (1/a, y2), dual to`2 (`2 ⊥ `1), so that (i) at most half

of the lines inL (dual to then points inS) are above (below)P1, (ii) at most half are above

(below)P2, and (iii) bn/4c are abovebothP1 andP2. We will search forP1, starting with

a pointQ = (−c, d) on the median level, andc > 0 chosen so thatQ is to the left of the

vertex ofA(L) with min x-coordinate. The cost forQ isO(n log n) and we test it inO(n) time

by computingQ′ = (−1/c, d′) on the median level, and countingN(Q), the number of lines

abovebothQ andQ′, stopping withP1 = Q if N(Q) = bn/4c.
We could now use slope selection to perform a binary search on the vertices ofA(L) and

after log
(n
2

)
search steps, each evaluatingN(·), we determineP1 at a cost ofO(n(log n)2).

On the other hand in linear time we could determine vertical linesx = t1 andx = t2 with the

property thatP1 is in the strip they determine, but there are at mostεn2 vertices ofA(L) that are

also within the strip,ε > 0 small. To do this we evaluateN at a point onx = t1 and the median

level and also at a point onx = t2 and the median level, and accept(t1, t2) if N is bigger than

n/4 at one point and smaller at the other. Now it is easy to prune a constant fraction of the

lines ofL which cannot determineP1 and then recursing within the strip onL′, the unpruned

lines, we obtainP1 in timeO(n log n): the strip in the next recursive step is determined in time

O(n), because we evaluateN(·) with respect to the original lines, and there areO(log n) steps

before only a constant number of lines remain for anO(n) brute force conclusion.

In the special case where then points ofS are in convex position, their radial order is the

same from every point interior to conv(S). This fact simplifies the problem enough to allow us

to find an orthogonal equipartitioning in linear time.

Lemma 100. An equitable orthogonal partitioning forn points in convex position can be found

in timeO(n).

Proof. We may consider the collection of points,S, to be on the unit circle. From an arbitrary

pointQ with |Q| = 1, draw a halving linè throughQ. Next find another halving linè’ for

S orthogonal tò , and count the number of points in the four resulting quadrants. The counts

have to bea, n/2 − a, a, n/2 − a. Now, choose a quadrant which has more thann/4 points
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Figure 6.3: Orthogonal partitioning
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Figure 6.4: Orthogonal partitioning

and select the middle point in it. Now we want to draw another pair of orthogonal lines through

this point - we halve the set through this point (the bold line in Figure 6.3), and then we draw

another halving line perpendicular to this direction.

We again measure how good this new partitioning is : if its not an equipartitioning, we

can mark out setsA andB (and their antipodal setsA1, B1 of the same corresponding sizes)

such that setsA andB have at leastn/8 points each. Depending on the present partitioning

and the previous one, we can decide which way to conduct our binary search (in Figure 6.4 the

direction of search is indicated by the arrow).

But now we observe, that the setA1 in the figure (of size at leastn/8) will not ever enter
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into calculations any more (that is, for the solution orthogonal partitioning, it belongs wholly

to one quadrant).

So, from now on, we don’t need to count the points ofA1 separately. If the arrow were in

the other direction, we could have discountedB1 from future computations. In either case, we

can prune outn/8 of the points.

One more iteration would go thus : delete the points ofA1 from consideration and look for

a “halving” line which partitions the points inton/2 andn/2 − |A1|. Also look for a similar

line in the perpendicular direction, and continue.

So, we see, that at each step we can prune away a constant fraction of the points (1/8th).

Also each step takes linear time (two halvings of point sets and a selection). Altogether, this

takes linear time hence.
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Chapter 7

Oblivious Symmetric Alternation

7.1 Introduction

First we give definitions ofSp
2 and show how we derive the definition of our oblivious symmetric

alternation classOp
2 from it. We also define the related classesYOp

2 andNOp
2.

Then we describe a few syntactic properties of the classesOp
2, YOp

2 andNOp
2 and show

howOp
2 is (potentially) much weaker thanSp

2. We start with the preliminary observations as to

howNOp
2 is similar toNP (andYOp

2 to coNP).

In Section 7.4, we connect some of the earlier lowness results ofSp
2 usingOp

2. We find that

we can give an exact characterization of the low sets ofOp
2.

We then proceed to useOp
2 for the main objective of this chapter, viz. to improve many of

the existing collapses.

We illustrate the relationships amongOp
2, YOp

2, NOp
2 and other classes in Figure 7.1.

Finally, we useOp
2, NOp

2 andYOp
2 to build an hierarchy of classes similar to the polynomial

time hierarchy. In this new hierarchy, which we call theoblivious symmetric alternation hierar-

chy(OSH), Op
2, NOp

2 andYOp
2 play the role ofP, NP andcoNP, respectively. As it turns out,

the oblivious symmetric alternation hierarchybehaves similarly toPH and we discuss other

features of this hierarchy in Sec. 7.6. For instance, it is true thatOSH is finite if and only ifPH

is finite.

7.2 Definitions

We start with the formal definition ofSp
2. For the sake of brevity, we straightaway define the

relativized version.

Definition 21 ([Can96, RS98]).LetC be a complexity class. A languageL is said to be in the
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Figure 7.1:Sp
2 and other classes

classS2 ·C, if there exists a 3-argument predicateV ∈ C such that for alln, for all x ∈ {0, 1}n,

x ∈ L =⇒ ∃my∀mz [V (x, y, z) = 1] and

x 6∈ L =⇒ ∃mz∀my [V (x, y, z) = 0],

wherem is polynomial inn. For anx ∈ L (resp. x 6∈ L), anyy (resp. z) satisfying the first

(resp. second) requirement above is called anirrefutable certificateof theYES-PROVER (resp.

theNO-PROVER).

We next defineOp
2, YOp

2 andNOp
2. Again, we straightaway present the relativized versions.

Definition 22. Let C be a complexity class. A languageL is said to be in the classO2 · C, if

there exists a 3-argument predicateV ∈ C such that, for alln, there exist stringsy∗ and z∗,

with |y∗| = |z∗| = m, satisfying the following requirements, wherem is polynomial inn. For

all x ∈ {0, 1}n,

x ∈ L =⇒ ∀mz [V (x, y∗, z) = 1] and

x 6∈ L =⇒ ∀my [V (x, y, z∗) = 0].

We cally∗ and z∗ irrefutable adviceat lengthn, for the YES-PROVER and NO-PROVER, re-

spectively.
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Definition 23. Let C be a complexity class. A languageL is said to be in the classNO2 · C,
if there exists a 3-argument predicateV ∈ C such that, for alln, there exist a stringz∗,

with |z∗| = m, satisfying the following requirements, wherem is polynomial inn. For all

x ∈ {0, 1}n,

x ∈ L =⇒ ∃my∀mz [V (x, y, z) = 1] and

x 6∈ L =⇒ ∀my [V (x, y, z∗) = 0].

We callz∗ irrefutable adviceat lengthn for the NO-PROVER and for anx ∈ L, any stringy

satisfying the first requirement is called anirrefutable certificateof theYES-PROVER for x.

We defineYO2 · C similarly: in this case the YES-PROVERhas anirrefutable advicestring,

and the NO-PROVERhas anirrefutable certificate.

We denote bySp
2, Op

2, YOp
2, andNOp

2, the classesS2 · P, O2 · P, YO2 · P andNO2 · P,

respectively. For any oracleA, SA
2 , OA

2 , YOA
2 , NOA

2 , denote the classesS2 · PA, O2 · PA,

YO2 ·PA andNO2 ·PA, respectively. Similarly, for a classC, SC2 , OC2 , YOC2 andNOC2 denote

the classesS2 · PC , O2 · PC , YO2 · PC andNO2 · PC , respectively.

7.3 Oblivious Symmetric Alternation and Other Classes

In this section, we compareOp
2, NOp

2 andYOp
2 with other standard complexity classes. We

start with the following easy (syntactic) observations:

Proposition 101. The following (relativizing) inclusions hold for the classesOp
2,NOp

2,YOp
2:

(i) Op
2 ⊆ NOp

2 ∩YOp
2

(ii) coNOp
2 = YOp

2

(iii) NP ⊆ NOp
2 ⊆ Sp

2

(iv) coNP ⊆ YOp
2 ⊆ Sp

2

So we know thereby thatOp
2 ⊆ Sp

2 - how much weaker isOp
2 as compared toSp

2? We

observe below thatOp
2 ⊂ P/poly. On the other hand,Sp

2 containsNP andNP unlikely to have

polynomial size circuits (for that would collapsePH). This gives credence to the belief thatOp
2

might indeed be quite weaker thanSp
2.
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Theorem 102. Op
2 ⊂ P/poly. In general, for any oracleA, OA

2 ⊂ PA/poly. Similarly,NOp
2

⊂ NP/poly, YOp
2 ⊂ coNP/poly, and these inclusions relativize asNOA

2 ⊂ NPA/poly, YOA
2

⊂ coNPA/poly.

Proof. Let L ∈ Op
2 via a verifierV . We show thatL ∈ P/poly, by constructing an advice

taking machineM . Fix a lengthn. Let y∗ andz∗ be the irrefutable advice at lengthn. We fix

the advice at lengthn to be(y∗, z∗). Given an inputx ∈ {0, 1}n and the(y∗, z∗) as advice,M

outputs the value ofV (x, y∗, z∗). It is easy to see thatM correctly simulatesL at lengthn.

Proofs for the relativized version and for the corresponding results forNOp
2,YOp

2 are simi-

lar.

We can ask other warm-up questions about these new classes, for instance, cancoNP ⊆
NOp

2? This is unlikely, because from above we know thatNOp
2 ⊂ NP/poly, so such a con-

tainment would imply thatcoNP ⊂ NP/poly, which is known to imply a collapse of the

polynomial time hieararchy:PH = SNP
2 [CCHO03, SS04]. We obtain a better collapse under

the hypothesiscoNP is contained inNOp
2.

Theorem 103. If coNP ⊆ NOp
2 , thenPH = NOp

2 ∩YOp
2.

We now compare Arthur-Merlin classes with theO2 classes, thereby improving some of

the syntactic inclusions in Proposition 101.

Theorem 104.MA ⊆ NOp
2, coMA ⊆ YOp

2.

Proof. We show thatMA ⊆ NOp
2. Goldreich and Zuckerman [GZ97] use strong amplification

properties ofBPP to prove thatMA ⊆ Sp
2. We modify their system using a trick like Adleman’s

[Adl78] in order to prove our claim.

Let L ∈ MA. By virtue of [GZ97], we can considerL as being accepted by aMA proof

system with one sided error. So, there exists a3-ary predicateA ∈ P, and polynomialsp, q

such that

• If x ∈ L, then there existsw ∈ {0, 1}q(|x|) so that for everyr ∈ {0, 1}p(|x|),A(x,w, r) =

1.

• If x 6∈ L, then for everyw ∈ {0, 1}q(|x|)
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Probr(A(x,w, r) = 1) < 1
2 · 2−q(|x|)

We can also obtain a one sided error proof system of the above type also using Lautemann’s

technique (see e.g., [DK01]).

We use a naive amplification to reduce the error probability (for the casex 6∈ L) as follows.

• If x 6∈ L, then for everyw ∈ {0, 1}q(|x|)

Probr(A(x,w, r) = 1) < 1
2 · 2−(q(|x|)+|x|)

Let the length ofr in the above bep1(|x|).
For x 6∈ L, consider the setsAx = {r : ∃w A(x,w, r) = 1}. By the above, the size of

each setAx is bounded by2p1(|x|)−|x|. Since at most2|x| x’s may not be inL, there exists a

stringr0 which does not belong to anyAx (wherex 6∈ L).

Now we define a relationR (for the classNOp
2) so thatR(x, y, z) = 1 if |y| = |z| = p1(|x|)

and at least one of the following conditions hold:

• y = w0p1(|x|)−q(|x|) andA(x,w, z) = 1

• z = w0p1(|x|)−q(|x|) andA(x,w, y) = 1

Shorthandingm = p1(|x|) andn = q(|x|), we have that forx ∈ L, there existsw ∈ {0, 1}n,

such that for allr ∈ {0, 1}m, A(x,w, r) = 1. Thus there existsy = w0m−n, such that for all

z ∈ {0, 1}m, R(x, y, z) = 1. If x 6∈ L,

|Ax| = |{r : ∃w s.t.A(x,w, r) = 1}| < 2n · (2m−n−|x| − 1) = 2m−|x| − 2n

Summing over all possibleAx’s, we see hence that there is ar0 ∈ {0, 1}m −{0, 1}n0m−n,

such that for everyw ∈ {0, 1}n, A(x,w, r0) = 0. Given thisr0, we have to prove that for all

z, R(x, r0, z) = 0. This holds becauseR(x, r0, z) = 1 implies eitherr0 ends in0m−n which

cannot hold by choice ofr0 or thatz = w0m−n andA(x,w, r0) = 1 which does not hold

either.

Note that in the aboveSp
2-system, the NO-PROVER can always give the same stringr0.

Hence this is actually aNOp
2-system, andMA ⊆ NOp

2.
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We can prove Theorem 106 using a similar proof. Using Lautemann’s technique or the

strong amplification properties ofBPP, we can show that2-sided-errorIP[P/poly] is equiva-

lent to1-sided errorIP[P/poly]. We then follow the above proof.

While the intuition gained so far about the classOp
2 is that it is a relatively small class, we

are not able to show containment ofOp
2 inside the classAM. On the other hand, we are able to

prove an upper bound onAM better than the previously known upper bound ofΠp
2.

Theorem 105. AM ⊆ O2 · NP ⊆ Πp
2.

7.4 Lowness ofSp
2 and Op

2

In this section, we connect some earlier lowness results ofSp
2 usingOp

2. We also give a precise

characterization of low sets ofOp
2.

Russell and Sundaram [RS98] and Canetti [Can96] showed thatBPP is low for Sp
2. We

can prove thatIP[P/poly] is low for Sp
2, whereIP[P/poly] consists of languages having an

interactive proof system in which the power of the honest prover lies inP/poly. SinceBPP ⊆
IP[P/poly], this latter lowness result implies the former. On a different note, Cai et al. showed

that any Turing self-reducible language inP/poly is low for Sp
2 [CCHO03]. We connect these

two seemingly unrelated lowness results usingOp
2. We show thatIP[P/poly] ⊆ Op

2 and that

any Turing self-reducible language inP/poly belongs toOp
2. Then, we prove thatOp

2 is low

for Sp
2.

Theorem 106. IP[P/poly] ⊆ Op
2.

Proof. We can prove this result using a proof similar to that for Theorem 104. Using Laute-

mann’s technique or the strong amplification properties ofBPP, we can show that2-sided-

error IP[P/poly] is equivalent to1-sided errorIP[P/poly]. We then follow exactly the proof

for Theorem 104.

Theorem 107. If a languageA is Turing self-reducible andA ∈ P/poly thenA ∈ Op
2.

Cai et al. [CCHO03] prove a theorem similar to Theorem 107: the setA is low for Sp
2. Our

lowness result is proved via an argument similar to theirs.
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We next show thatOp
2 is low for Sp

2. So, the goal is to show that for any oracleA ∈ Op
2,

SA
2 ⊆ Sp

2. The idea is as follows. The provers of theSp
2 proof system would provide irrefutable

advice strings ofA along with the certificates of the originalSA
2 proof system. The verifier is

suitably modified to handle queries to the oracle, using the above irrefutable advice.

Theorem 108.Op
2 is low forSp

2, i.e.,SOp
2

2 = Sp
2.

Proof. We show thatSOp
2

2 ⊆ Sp
2; the reverse direction is trivial. LetL ∈ SA

2 , whereA ∈ Op
2.

Let VA be aOp
2 verifier for A andVS ∈ PA be aSp

2 verifier for L. Let x ∈ {0, 1}n be the

input. The verifierVS asks queries of length up tom to the oracleA, wherem is polynomial

in n. We first make an observation regarding theOp
2 proof system forA. Let y∗i andz∗i be

irrefutable advice at lengthi for the YES-PROVER and NO-PROVER, respectively. For anym,

denote byY ∗
m the concatenation ofy∗1, y∗2, . . . , y∗m. We defineZ∗

m similarly. It is easy to modify

the verifierVA so that he can handle concatenated certificates. Thus, the YES-PROVERcan use

Y ∗
m as irrefutable advice for all stringsq in A, satisfying|q| ≤ {0, 1}m. A similar claim holds

for the NO-PROVER.

We now construct anSp
2 proof system forL. Letx ∈ {0, 1}n be the input. Let the certificate

of the YES-PROVER beS = (s, Y, Z) and the NO-PROVER’s certificate beS′ = (s′, Y ′, Z ′).

Given x, S andS′, our verifierV works as follows.V simulatesVS(x, s, s′). SupposeVS

makes a queryq to the oracleA, where|q| ≤ m. The verifierVA wants to determine ifq ∈ A.

We use(Y,Z) and(Y ′, Z ′) for this purpose. The above pairs can be seen as the YES-PROVER’s

and the NO-PROVER’s claims on whetherq ∈ A. We computeans = V (q, Y, Z) andans′ =

V (q, Y ′, Z ′). Intuitively, the bitsans andans′ represent the claims of the YES-PROVER and

the NO-PROVERrespectively, as to whether or notq ∈ A. If ans = ans′, then the two provers

agree on whetherq ∈ A and so, we continue simulatingVS usingans as the answer to the

queryq. Supposeans 6= ans′. We consider two cases:ans = 1 andans = 0. If ans = 1,

we computeVA(q, Y, Z ′) and vote according to the outcome and halt (i.e., ifVA(q, Y, Z ′) = 1

vote in favor of the YES-PROVERand vote in favor of the NO-PROVER, otherwise). Similarly,

if ans = 0, we computeVA(q, Y ′, Z) and vote according to the outcome.

It is easy to argue the correctness of the proof system. Supposex ∈ L. Then,(s, Y ∗
m, Z

∗
m)

is an irrefutable certificate for the YES-PROVER, wheres is the irrefutable certificate of the
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YES-PROVERunder theSA
2 proof system forL. The case ofx 6∈ L is handled similarly.

In Theorem 108, we gave a partial characterization of low sets ofSp
2. In the case ofOp

2, we

are able to do a better job. In the following theorem, we show thatOp
2 is low for Op

2. It is easy

to see that ifA is low for Op
2 thenA ∈ Op

2. As a consequence, we can precisely specify the low

sets ofOp
2: Low(Op

2) = Op
2.

Theorem 109. Op
2 is low forOp

2, i.e.,OOp
2

2 = Op
2.

Also, similar lowness results hold forNOp
2,YOp

2:

Theorem 110. (i) Op
2 is low forNOp

2. In general, for any oracleA, NOOA
2

2 = NOA
2 . (ii) Op

2 is

low for YOp
2. In general, for any oracleA, YOOA

2
2 = YOA

2 .

7.5 Strengthening Collapses UsingO2

In this section, we show that some earlier results involvingSp
2 and related classes can be im-

proved by usingOp
2 and its relativized versions.

The first result we consider is the classical Karp–Lipton theorem, which deals with the issue

of NP having polynomial size circuits. Karp and Lipton [KL80] showed that ifNP ⊂ P/poly

thenPH = Σp
2 ∩ Πp

2. Under the same hypothesis, K¨obler and Watanabe [KW98] improved

the collapse asPH = ZPPNP. Sengupta observed that an alternative proof of the Karp–Lipton

theorem due to Hopcroft [Hop81], in fact, gives a collapse ofPH = Sp
2 (see Cai [Cai01]). Since

Sp
2 ⊆ ZPPNP by Cai’s result [Cai01], the above result improves the earlier K¨obler–Watanabe

result. We further strengthen the collapse toPH = Op
2. Cai et al. [CCHO03] proved a lowness

result forSp
2 (similar to Theorem 107), and used it as a tool to derive a number of collapse

consequences, including the above Hopcroft–Sengupta result. We note that this alternative

proof of Hopcroft–Sengupta result, in fact, collapsesPH to Op
2, though they do not explicitly

considerOp
2. Our proof thatPH collapses toOp

2 is explicit and simpler.

Theorem 111. If NP ⊂ P/poly thenPH = Op
2.

It is curious to note that the above implication is in fact an equivalence.
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Proof. SupposeNP ⊆ P/poly. It implies thatSAT ∈ P/poly. So, there exists a polynomial

time advice taking machineM that decidesSAT. Wlog, we assume that for anyn, there exists

an advice stringadvn given whichM correctly decides satisfiability of any formula of length

upto n. Using a standard technique (via self-reducibility ofSAT), we can assume that the

machineM errs on only one side. Namely, if a formulaϕ is not satisfiable, thenM rejectsϕ,

for anyadvices.

We show thatΣp
2 ⊆ Op

2. This would implyPH = Op
2, sinceOp

2 ⊆ Sp
2 ⊆ Σp

2 ∩Πp
2.

LetL ∈ Σp
2. Consider an input lengthn. For anyx ∈ {0, 1}n,

x ∈ L ⇐⇒ ∃ty[ϕx,y 6∈ SAT],

wheret is polynomial inn. Moreover, givenx andy,ϕx,y can be computed in polynomial time

and for anyy, |ϕx,y| is bounded byN2, whereN2 is polynomial inn.

We show thatL ∈ Op
2 by constructing a suitable verifier. Letx ∈ {0, 1}n be the input. The

YES-PROVERand NO-PROVERgive certificatess1 ands2 respectively. The certificates,s1 and

s2 are meant to be the advice strings at some lengthsN1 andN2, respectively. We have already

specifiedN2 and we will fixN1 below. Intuitively, the provers are claiming thats1 = advN1

ands2 = advN2 . (Of course, they could be cheating.) Givenx, s1 ands2, the verifier works as

follows. The idea is that the verifierV would uses2 to check the satisfiability ofϕx,y, for any

giveny and uses1 to determine if there exists ay such thatϕx,y is unsatisfiable.

We now formally describe the computation ofV . Consider the followingNP queryQ:

∃ty[M(ϕx,y, s2) = REJECT].

Using a standard Cook reduction, we can reduce the aboveNP question to a question of sat-

isfiability. We construct (in polynomial time) a formulãϕx such thatQ is true if and onlyϕ̃x

is satisfiable. We see that|ϕ̃x| is bounded by someN1 , whereN1 is polynomial inn. The

verifierV evaluatesM(ϕ̃x, s1). V votes in favor of the YES-PROVER, if M(ϕ̃x, s1) = ACC0,

and votes in favor of the NO-PROVER, otherwise.

We claim that the stringsadvN1 andadvN2 can serve as irrefutable advice at lengthn for

the YES-PROVERand the NO-PROVER, respectively. The claim is proved below. Consider any

x ∈ {0, 1}n. Supposex ∈ L. Let s2 be any certificate given by the NO-PROVER. Sincex ∈ L,
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for somey ∈ {0, 1}t, ϕx,y is not satisfiable. As the machineM errs on only one side, we have

M(ϕx,y, s2) = REJECT. So,ϕ̃x is satisfiable. SinceadvN1 is a correct advice at lengthN1,

M(ϕ̃x, advN1) = ACC0. So, the verifier would vote in favor of the YES-PROVER. On the

other hand, supposex 6∈ L. Let s1 be any certificate given by the YES-PROVER. As x 6∈ L,

for all y ∈ {0, 1}t, ϕx,y is satisfiable. SinceadvN2 is a correct advice at lengthN2, we see

thatM(ϕx,y, advm) = ACC0, for anyy ∈ {0, 1}t. It follows thatϕ̃x is not satisfiable. As the

machineM errs on only one side,M(ϕ̃x, s1) = REJECT and hence, the verifier would vote in

favor of the NO-PROVER.

As a corollary to the above, we have the following improvement of [Kan82]. Here,Size(nk)

refers to languages which have deterministic circuits of sizenk for some fixed constantk.

Corollary 112. NPOp
2 6⊂ Size(nk) andNEXPOp

2 6⊂ P/poly

The previous best known result was thatSp
2 6⊂ Size(nk) (see Cai [Cai01] attributed to

Sengupta). Also, Impagliazzo and Kabanets [KI03] prove conditionally thatNEXPRP 6⊂
P/poly. On the other hand, [BFT98] prove thatMAexp 6⊂ P/poly. which already implies our

result forNEXPOp
2 not being inP/poly (sinceMAexp ⊆ NEXPOp

2 ).

Theorem 111 studies the consequence ofNP being contained inP/poly. We now con-

sider a weaker hypothesis, namelyNP ⊂ coNP/poly (equivalently,coNP ⊂ NP/poly).

Yap [Yap83] showed that ifcoNP ⊂ NP/poly, thenPH = Σp
3 ∩ Πp

3. Köbler and Watan-

abe [KW98], under the same hypothesis, improved the above collapse asPH = ZPPNPNP
.

Cai et al. [CCHO03] and Selman and Sengupta [SS04] obtained a further improvement and

showed thatPH = SNP
2 . We bring down the collapse further toONP

2 . In fact, we show that the

verifier needs to make only two queries to theNP oracle. That is, we obtain a collapse ofPH =

O2 · PNP[2]. (The assumptioncoNP ⊆ NP/poly implies thatΣp
2 ⊂ PNP/poly. The above

mentioned earlier results worked with this latter containment. By this approach, one can obtain

a collapse toONP
2 . In our proof, we directly work with the assumptioncoNP ⊂ NP/poly and

manage to construct a verifier that asks only twoNP queries.)

Theorem 113. If coNP ⊂ NP/poly thenPH = O2 · PNP[2].
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Proof. By our hypothesis, there exists a nondeterministic polynomial time advice taking ma-

chineM that decidesSAT. Let advN be a correct advice string at lengthN . Let |advN | =

`(N), `(·) is a polynomial. Wlog, we assume thatadvN works correctly not only for formulas

of lengthN , but for formulas of length uptoN . Thus, for anyN , for any formulaϕ of length at

mostN , ϕ ∈ SAT, if and only ifM(ϕ, advN ) = ACC0. We shall show thatΣp
3 ⊆ O2 ·PNP[2].

This impliesPH = O2 · PNP[2], sinceONP
2 ⊆ Σp

3 ∩Πp
3.

LetL be a languageL in Σp
3. Our goal is to show thatL ∈ O2 · PNP[2]. Letx ∈ {0, 1}n be

the input ands1 ands2 be the certificates provided by the YES-PROVERand the NO-PROVER,

respectively. Intutively, the verifier exepectss1 ands2 to be correct advice strings that work for

formulas of length upto someN1 and someN2, respectively. Of course, either prover could be

cheating. The numbersN1 andN2 will be fixed later.

SinceL ∈ Σp
3, we have that

x ∈ L ⇐⇒ ∃my∀mz[ϕx,y,z ∈ SAT],

wherem is polynomial inn andϕx,y,z is a formula whose length is bounded by someN2,

whereN2 is also polynomial inn. The verifier would uses1 ands2 to evalaute the right hand

side of the above implication.

Consider a stringy ∈ {0, 1}m. We would like to evaluate the predicate

“∀mz[ϕx,y,z ∈ SAT]”.

For this purpose, we use the machineM with s2 as advice and consider the following predicate:

∀mz[M(ϕx,y,z , s2) = REJECT].

Notice that the above is acoNP predicate. Using Cook’s reduction, we can construct (in

polynomial time) a formulãϕx,y such that

ϕ̃x,y ∈ SAT ⇐⇒ ∀mz[M(ϕx,y,z, s2) = REJECT].

Here, |ϕx,y| ≤ N1, for someN1 polynomial inn. The verifier would uses1 to check the

unsatisfiability ofϕ̃x,y.

We are now ready to describe the verifier’s algorithm. The verifier first checks ifs1 ands2

are “good”, where the notion of goodness described below. Given some advice strings,M may
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make two types of errors: (i) it may accept satisfiable formulas; (ii) it may reject unsatisfiable

formulas. A strings is good, ifM does not make the first type of error, whens is given as

advice. Formally, we say that a strings is goodat lengthN , if for any formulaϕ of length at

mostN ,

ϕ ∈ SAT =⇒ M(ϕ, s) = REJECT.

The strings is bad, if it is not good. Notice that “s is bad” is anNP predicate. (s is bad, if there

exists a satisfiable formulaϕ such thatM(ϕ, s) = ACC0).

The verifier first checks ifs1 is good at lengthN1 ands2 is good lengthN2. The verifier’s

first query to theNP oracle is the following.

(Q1) s1 is bad at lengthN1 or s2 is bad at lengthN2.

Suppose the oracle answers “Yes” toQ1. Then, we ask the second query:

(Q2) “Is s1 is bad at lengthN1?”

If the answer is “Yes”, we vote in favor of the NO-PROVERand halt. If the answer is “No”, we

vote in favor of the YES-PROVERand halt.

Suppose the oracle answers “No” to the queryQ1. Then, we are assured that boths1 and

s2 good at appropriate lengths. We ask the followingNP query:

(Q′
2) ∃my[M(ϕ̃x,y, s1) = ACC0].

If the oracle answers “Yes” toQ′
2, we vote in favor of the YES-PROVER. If the answer is “No”,

we vote in favor of the NO-PROVER.

It is clear that the verifier asks only two queries to theNP oracle. We proceed to show

the correctness of the proof system. We claim that, at lengthn, advN1 andadvN2 can serve

as irrefutable advice for the YES-PROVER and NO-PROVER, respectively. Letx ∈ {0, 1}n

be the input. First notice thatadvN1 andadvN2 are good at lengthN1 andN2, respectively.

Thus, the honest prover will win the vote, if the other prover provides a bad string as certificate.

So, it suffices to consider the case whether both certificates are good. Supposex ∈ L. Let

s2 be the certificate provided by the NO-PROVER. Sincex ∈ L, there exists somey, such

that for anyz, ϕx,y,z is satisfiable. Hence, for anyz, M(ϕx,y,z, s2) = REJECT (becauses2 is

assumed to be good). Therefore,ϕ̃x,y is unsatisfiable. So,M(ϕ̃x,y, advN1) = ACC0. Thus,
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the oracle answer to the queryQ′
2 would be “Yes” and hence, the verifier would vote in favor

of the YES-PROVER. On the other hand, supposex 6∈ L. Let s1 be the certificate given by

the YES-PROVER. Consider anyy ∈ {0, 1}m. There exists az such thatϕx,y,z ∈ SAT.

Hence, for the abovez, we haveM(ϕx,y,z, advN2) = ACC0. So, ϕ̃x,y is satisfiable. Hence,

M(ϕ̃x,y, s1) = REJECT (because,s1 is assumed to be good). It follows that for ally, we have

M(ϕ̃x,y, s1) = REJECT. Therefore, the oracle answer to the queryQ′
2 would be “No” and

hence, the verifier would vote in favor of the NO-PROVER.

Apropos the theorem above, we observe that we can remove the adaptivity of the2 queries

in the above collapse if we consider aNOp
2 oracle machine instead of aOp

2-oracle machine:

Proposition 114. If coNP ⊂ NP/poly thenPH = NO2 · PNP[2]
|| ∩YO2 · PNP[2]

|| .

Using Theorem 107, we can extend Theorem 111 and Theorem 113 to higher levels of the

polynomial time hierarchy.

Theorem 115. (i) Fix k ≥ 0. If Σp
k+1 ⊆ PΣp

kpoly, thenPH = OΣp
k

2 .

(ii) Fix k ≥ 1. If Πp
k ⊆ Σp

kpoly, thenPH = OΣp
k

2 .

The above theorems strengthen earlier results. Under the same assumptions, the previously

best known collapse consequence was thatPH = SΣp
k

2 [CCHO03].

7.6 Oblivious Symmetric Alternation Hierarchy

In this section, we useOp
2, NOp

2 andYOp
2 to construct an hierarchy of classes akin to the poly-

nomial time hierarchy. We call this hierarchy, theoblivious symmetric alternation hierarchy

and denote itOSH. Here,Op
2, NOp

2 andYOp
2 play a role analogous to that ofP, NP andcoNP,

respectively. We start with the definition of various levels ofOSH.

Definition 24. DefineNO(0)
2 = YO(0)

2 = Op
2. For k > 1, we define

NO(k)
2 = NONO

(k−1)
2

2 and YO(k)
2 = YONO

(k−1)
2

2
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The above definition is similar to that ofPH. Recall thatPH can be defined as follows. We

start withΣp
0 = Πp

0 = P and fork > 1, we define

Σp
k = NPΣp

k−1 and Πp
k = coNPΣp

k−1 .

Thus,NO(k)
2 andYO(k)

2 are analogous toΣp
k andΠp

k, respectively. SinceP is low for NP and

coNP, we have thatΣp
1 = NP andΠp

1 = coNP. In the next level, we haveΣp
2 = NPNP

and Πp
2 = coNPNP. The OSH behaves similarly. Theorem 108 shows thatOp

2 is low for

NOp
2 andYOp

2. It follows thatNO(1)
2 = NOp

2 andYO(1)
2 = YOp

2. At the next level, we have

NO(2)
2 = NONOp

2
2 andYO(2)

2 = YONOp
2

2 .

We present a simpler characterization of the classes inOSH. The theorem is proved using

induction, along with our observation thatNOA
2 ⊆ ONPA

2 , for any oracleA.

Theorem 116. For anyk > 1, NO(k)
2 = NO

Σp
k−1

2 andYO(k)
2 = YO

Σp
k−1

2 .

We note thatOSH andPH are intertwined. We show this by extending Proposition 101 to

higher levels of the hierarchy.

Theorem 117. For anyk > 1,

Σp
k ⊆ NO(k)

2 ⊆ Σp
k+1 ∩Πp

k+1 and Πp
k ⊆ YO(k)

2 ⊆ Σp
k+1 ∩Πp

k+1.

Using Theorem 117 we can show that ifPH is infinite thenOSH is infinite.

Theorem 118. (i) If OSH = NO(k)
2 thenPH = Σp

k+1.

(ii) If PH = Σp
k thenOSH = NO(k)

2 .

It is well known that ifΠp
k = Σp

k, thenPH collapses to thekth level: PH = Σp
k ∩ Πp

k. The

following theorem provides a similar result forOSH. It can be proved via a generalization of

Theorem 103.

Theorem 119. If NO(k)
2 = YO(k)

2 thenOSH = NO(k)
2 ∩YO(k)

2 .

7.7 Application to the Two Queries problem

In this section, we consider the two queries problem. Can two queries toNP be simulated by

only one query? In other words, isPNP[1] = PNP[2]? We refer the reader to an excellent article
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by Hemaspaandra et al. [HHH98] for a survey on the above and related issues. In particular, it is

known that ifPNP[1] = PNP[2], then the polynomial time hierarchy collapses. The best known

collapse under the above assumption is thatPH = Sp
2, which was proved by Fortnow, Pavan

and Sengupta [FPS03], building on the work of Buhrman and Fortnow [BF99]. We strengthen

the collapse as the following theorem.

Theorem 120. If PNP[1] = PNP[2] thenPH = NOp
2 ∩YOp

2.

For this, as in [FPS03], we use the following theorem from [BF99]:

Theorem 121. (Buhrman-Fortnow) IfPNP[1] = PNP[2], then there exists a polynomial-time

predicateR and a constantk > 0 such that for everyn, one of the following holds:

1. Locally NP = coNP: For every unsatisfiable formulaφ of lengthn, there is a short

proof of unsatisfiabilityw, i.e. φ 6∈ SAT ↔ ∃w R(φ,w) = 1, where|w| is polynomial

in n.

2. There exists a circuit of sizenk that decidesSAT at lengthn.

We also use the key lemma in [FPS03]. The following notation is needed in the lemma and

rest of the proof. LetC be a (possibly incorrect) circuit claimed to computeSAT at certain

lengthm. We say thatC is nice, if C does not accept unsatisfiable formulas. The following

observation is well-known. Via self-reducibility ofSAT, we can convert any circuitC into a

nice circuitC ′, while preserving correctness: ifC is a correct forSAT at lengthm, so isC ′.

Lemma 122. (Fortnow-Pavan-Sengupta) Fixn > 0. For everyk > 0, if SAT does not have

nk+2 size circuits at lengthn, then there exists a setS of satisfiable formulas of lengthn, called

counterexamples, such that every nice circuit of sizenk is wrong on at least one formula from

S. The cardinality ofS is polynomial inn.

Proof. (of Theorem 120)

The intuition behind the proof is clear. Buhrman and Fortnow [BF99] prove that under the

premise, it holds that eitherNP is (locally) like coNP or SAT has small circuits. Now under

the first condition, clearlycoNP ⊆ NOp
2 , while under the second condition, the NO-PROVER
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can give the existing small circuit forSAT to provecoNP ⊆ NOp
2 . Altogether, we would have

aNOp
2 collapse of the hierarchy. We formalize this intuition in the following.

We show thatΣ2 ⊆ NOp
2. Let languageL be a language inΣ2. So, for anyx, we have that

x ∈ L : ∃y ϕx,y 6∈ SAT

x 6∈ L : ∀y ϕx,y ∈ SAT,

whereϕx,y is a formula computable in polynomial time (via Cook reduction), givenx andy. In

the following we denote the length ofϕx,y bym, noting that we can make the lengths ofϕx,y

corresponding to differenty’s uniformlym.

YES-PROVER gives the following strings: bitb1, y,X. If b1 = 0 then that implies that

YES-PROVER claims there is a circuit of sizemk computingSAT on inputs of lengthm, and

thenX = C1, a circuit of sizemk (purportedly solvingSAT). On the other hand, ifb1 = 1,

that means YES-PROVERclaims that there is no such circuit, so it givesX = w corresponding

to Case 1 of Theorem 121.

NO-PROVERgives the following strings: bitb2,X. If b2 = 0 then it means that NO-PROVER

claims there is a circuit of sizemk+2 solvingSAT on inputs of lengthm, and thenX = C2, a

circuit of sizemk+2 (purportedly solvingSAT). If b2 = 1, then NO-PROVERclaims that there

is no such circuit, and it givesX = a list L of counterexamplesψ as guaranteed by Lemma

122. Formally,L is a list of satisfiable formulas along with proof of satisfiability (satifying

truth assignments).

For the the verifier’s computation, we have the following cases:

1. b2 = 0. In this case, the verifier uses the circuitC2 to check ifϕx,y is satisfiable (by

selfreducibility ofSAT). If C2(ϕx,y) = 1, then the verifier rejectsx, else acceptsx.

2. b2 = 1. This breaks down into two subcases

(a) b1 = 0. In this case, the verifier considers the circuitC1 given by YES-PROVER

and converts it into a nice circuit (while preserving correctness). The verifier then

checks ifL is valid, meaning all the formulas in the list are satisfied by the corre-

sponding truth assignments. If this check fails, the verifier accepts the input and

halts. The next step is the main one: the verifier checks ifC1 is correct against the



165

counterexamples inL, i.e. it checks if for everyψ ∈ L, if C1(ψ) = 1. If C1 fails

this test, then the verifier rejectsx, else acceptsx.

(b) b1 = 1. In this case, neither YES-PROVER nor NO-PROVER is claiming that there

are small circuits forSAT. So the verifier just checks ifR(ϕx,y, w) = 1. If so, then

it acceptsx, else rejectsx.

Let us prove that this proof system indeed accepts the languageL. Again we have cases:

1. x ∈ L. This case breaks down into two subcases.

(a) There exists circuits of sizemk solvingSAT. In this case, YES-PROVERgives the

appropriatey, b1 = 0, and a circuitC1 of sizemk solving SAT. Sincex ∈ L,

NO-PROVER cannot make the verifier rejectx by showing a circuitC2 such that

C2(ϕx,y) = 1, because thenC2 has to exhibit a satisfying assignment forϕx,y and

in this case of the case analysis,ϕx,y 6∈ SAT. So then the verifier checksC1 against

the list of counterexamplesψ in L, andC1 will pass all these tests. So the verifier

acceptsx.

(b) There does not exist circuits of sizemk solving SAT, and YES-PROVER givesw

satisfying Case 1 of Theorem 121. Ifb2 = 0, and NO-PROVERgives a circuitC2

of sizemk+2 solving SAT, then clearlyC2(ϕx,y) = 0. On the other hand if both

b2 = b1 = 0, thenR(ϕx,y, w) = 1 and the verifier acceptsx.

2. x 6∈ L. Again, the two subcases are as follows:

(a) There exist circuits of sizemk solvingSAT, and so also circuits of sizemk+2. In

this case, NO-PROVERgivesb2 = 0 and one such circuitC2. Sincex 6∈ L, for any

choice ofy, it holds thatϕx,y ∈ SAT. SoC2(ϕx,y) = 1 and the verifier rejectsx.

(b) There does not exist circuits of sizemk+2 solvingSAT. NO-PROVERgivesb2 = 1

and a list of counterexamplesL which catches any ”spurious” circuitC1 of sizemk

given by YES-PROVER(in case YES-PROVERgivesb1 = 0). If Y ES-PROVERgives

b1 = 1, thenR(ϕx,y, w) = 0 and the verifier rejectsx.

Clearly we observe that in the above, NO-PROVERneeds to give only a single ”proof” for

anyx 6∈ L. Thus,Σ2 ⊆ NOp
2. By Prop. 101, we therefore have thatPH = NOp

2 ∩YOp
2.
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Buhrman and Fortnow in their paper [BF99], leave as an open question whether the premise

BPPNP[1] = BPPNP[2] collapses the polynomial hierarchy. Noting thatBPP ⊆ Op
2, we can

prove instead that

Theorem 123. If ONP[1]
2 = ONP[2]

2 thenPH = O2 · PNP[2].
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