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We would like to show that monotone circuits for 3-clique require approx-
imately n® gates. Here n is the number of vertices in the given graph. We
do this by proving a lower bound on the minimum size of a cover (defined
below) required to cover a subset of all the monotone functions defined on
the power set of a subset (see below) of zeros of the 3-clique function. Let
us make these notions precise using the following definitions.

Let n be the number of vertices in the given graph. The input is a <§>

bit vector  where x; 1s 1 if and only if edge e; belongs to the given graph.
Let us call such an input vector an edge incidence vector.

Definition 1 Let U = {z|z is an edge incidence vector for a complete bi-
partite graph }. So Vo € U 3clique(z) = 0.

Definition 2 Qprrrers = {wlw : 2V — {0,1} and w is monotone and

w(¢p) =0 and w defines a 1 of 3-clique }

Definition 3 Let C C 2V x2Y. C is called a cover for Qrirrers if and only
if for each w € Qrirrers, 3(f,g) € C such that

w(f)Aw(g) #w(fNg)
Definition 4 Let S C U. The measure of S is defined as
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Definition 5 Let us define the size of a minimum cover as follows.

prirTERs (3clique) = min{|C||C is a cover for QpirrERS}
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Claim 1 prirrErs (3clique) > 182(102n4'




Proof: Let C be a given cover of size . If ¢ is less than the above bound,
we will show that there exists a member wy of QprrrERS, Which is not covered

by C (ie. V(f.9) € Cwn (g) Awi (f) =wi (91 F).

We construct w; as follows.
First we construct a set () as follows:

Begin
Q=U
Initially all (g,h) € C are “unmarked”.
Repeat
If there is some “unmarked” (g,h) € C
such that 119 1 Q) > 1 (Q) —
(or i (g01Q) > p(Q)— 2]
then
Q = Q N g (respectively, @ = Q N h)
mark (g, h)
Until no more pairs can be marked
End.

Remark: (Q) > 1 — 4. This is because the loop executes at most t

’I’L3
times, and in each iteration p (Q) reduces by —.

Definition 6 Let e;,e;, e, be a triangle. Here e;,e; and e, are edges. For
each edge ¢; <1 <1< <§>>, let X; ={y|lycUande; €y} Let wp :2V —
{0,1}.

walg)=1,if XiNQ C g forl e {i,j,k}. Otherwise itis0

Now we try to find a wa which belongs to QrrrrErRs and is consistent
with C (i.e not covered by C). This will show that C fails to cover QrirrERS
and hence give us a lower bound for ¢.

Claim 2 Any wa is monotone.
Proof : Obvious from the definition of wa.

Claim 3 wa is consistent with any “marked” pair (g, h).



Proof : wa 1s monotone. This means the only way it can be inconsistent

18 :
wa (h) =wa (9) =1landwa (gNh) =0

Since (g, h) is “marked”, @ C g (or @ C h). Now suppose wa (h) = 1.
This means 31 € {7, 7, k} such that X; N Q Ch. But Q@ Cg. So X;NQ C g
and therefore X; N Q C g N h. Hence wa (9N h) = 1.

So we need to find a wa which i1s consistent with the “unmarked” pairs
in C. This i1s made possible by the following lemma.

Definition 7 Let Hy = {e; : X;NQ CgNQ}.
Lemma 1 If |H,| > 2r? then p(gN Q) > n(Q) — 5.
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Proof: Suppose |H,| > 2r%. Let us view each edge as a subset consisting
of two vertices. The “Sunflower” lemma (proved in the next lecture) implies
that one of the following two holds (these two situations are not mutually
exclusive):

1. H, contains at least r edges which are incident on the same vertex.
2. H, has at least r disjoint edges (i.e no two edges are incident on a
common vertex).

First consider the first situation. Let for simplicity ej,es, -+, ¢, be the
edges which have a vertex in common. Let |J;_; X; = X. Now,

p(Q)=p(QNnX)+u(QNnX)
= p(QNX)=p(Q) —p(QNnX)

= p(@NX) = p(Q)—p
gn—r-1 _ 1

Also, p(X) = 57 <5
Further, gNQ 2 QNX

= pu(gNQ)=Zp(@NX)>1-—

We can argue similarly for the second situation.
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Let » = 3log n. Thus for each “unmarked” pair (g, k),
1
plgn@Q) <p(@) ——=p(@) -5

So by the above lemma |H,| < 18 (logn)® (|Hy| < 18 (logn)?).

Counsider any wa. Suppose for a “unmarked” pair (g, h)

wa (9) Awa (h) # wa (g0 1)

= wa(9) =wa (h) =landwa(gNh)=0
As wa is monotone. This also means Je;,e; € A such that e; € H; and
e; € Hy. I e; = ej, wa(gNh)=1. So e; # e;. Hence at most 18 (log n)4
wa’s can be inconsistent with (g, 7). So the number of wa’s which are incon-
sistent with at least one of the “unmarked” pairs is < t(18)? (logn)*. Since

t(18)2 (log n)4 < <§>, there exists a /A T such that wr is consistent with C.

Let w = wr.
Claim 4 w; (¢) = 0.

Proof: Let e; € T. pu(X;) > 3. Also for large enough n, p(Q) > 1— %5 >
3. = n(QNX;) #0. = QNX; # ¢. The claim now follows by the definition
o

f wa = Wwr.
Claim 5 w; defines a 3-clique.

Proof. Obvious from the construction.

So wi € Qprrrers and it is not covered by C. This is a contradiction.
So t must be greater than or equal to the required bound. As shown in
the previous lecture the minimum monotone circuit size is greater than or
equal to prrrrERs. Hence the minimum monotone circuit size for computing

n
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3-clique is > TSlognt



