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Abstract. We show that there are families of polynomials having small depth-
two arithmetic circuits that cannot be expressed by algebraic branching pro-
grams of width two. This clarifies the complexity of the problem of comput-
ing the product of a sequence of two-by-two matrices, which arises in several
settings.
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1. Introduction

The n'" Iterated Matrix Multiplication polynomial of degree d, denoted
IMM,, is the multilinear polynomial with d?n variables that is the re-
sult of multiplying n d-by-d matrices of indeterminates. This family
plays a central role in the study of algebraic complexity. Ben-Or and
Cleve showed that IMM3 ,, is complete (under projections) for the class
of polynomials that can be expressed by arithmetic formulae of poly-
nomial size Ben-Or & Cleve (1988, 1992). This class is sometimes
denoted VNC! Mahajan & Rao (2013) (as the analog of the Boolean
class NC! in the setting of algebraic complexity initiated by Valiant
Valiant (1979)) and is also sometimes denoted VP, (corresponding to
the subclass of Valiant’s class VP of polynomials of polynomial degree
that have arithmetic circuits of polynomial size, where we restrict the
circuits to be expressions — i.e., formulae).
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It is natural to wonder if Ben-Or and Cleve’s construction is opti-
mal, in terms of dimension. That is: What can one say about IMM; ,,?

Our main result answers this question, by showing that even the
simple polynomial xyxy + X374 + ... + X15716 1S not expressible as
a projection of IMM,,,. (A somewhat more general statement of the
result is presented later.)

In order to appreciate the significance of this theorem, it is useful
to review the historical context.

1.1. Historical Context and Related Work. There were some indi-
cations that IMM, ,, should be nearly as powerful as IMMj3 ,,. For in-
stance, Ben-Or and Cleve’s completeness argument proceeds by show-
ing that arithmetic formulae can be efficiently evaluated by a restricted
type of straight-line program with three registers (and this translates
into an implementation with 3-by-3 matrices). In the original confer-
ence publication of their results Ben-Or & Cleve (1988), Ben-Or and
Cleve credit Coppersmith with the observation that if the underlying
ring is commutative and has an element £ such that § + 1 = 1, then
in fact two registers suffice to evaluate any arithmetic formula (albeit
via straight-line programs that do not immediately lend themselves to
implementation as IMM; ,, computations).

Perhaps the first study of the complexity of evaluating IMM, ,, arose
in the work of Lipton and Zalcstein Lipton & Zalcstein (1977), who (in
modern terminology) showed that the word problem over the free group
with two generators (also known as the two-sided Dyck language) is
AC-reducible to the problem of determining if a product of n two-by-
two integer matrices evaluates to the identity matrix. Since the two-
sided Dyck language is hard for NC! Robinson (1993), this gives a
lower bound, showing that evaluating IMM ,, instances is also hard for
NC.

This lower bound is rather close to the best known upper bound.
The problem of evaluating integer instances of IMMj3 ,, is complete for
the Boolean complexity class GapNC! Caussinus et al. (1998) (con-
sisting of functions that have arithmetic circuits of polynomial size and
logarithmic depth), and every problem in this latter class has Boolean
circuits of polynomial size, bounded-fan-in, and depth O(lognlog™ n)
Jung (1985). The closeness of these bounds has led some researchers
to wonder whether the classes of functions in NC! and GapNC! are in
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fact equal Allender (2004), in which case IMM,;,, and IMM3 ,, would
be interreducible under AC° reductions.

The NC!-hardness of IMM, ,, over the integers holds even for re-
stricted cases of the problem. In Ambainis et al. (1999), it is asserted
that counting paths in planar width-two graphs (a restricted case of
IMM,,, over the integers) is hard for NC' under ACC® reductions.
(Mahajan, Saurabh, and Sreenivasaiah Mahajan et al. (2012) have iden-
tified and corrected an error in the proof of this claim in Ambainis et al.
(1999).)

On the other hand, there have also been indications that IMM; ,,
should be weaker than IMM3 ,,. Ben-Or and Cleve point out that prob-
lems over GF(2) having what they called “LBS” straight-line programs
(i.e., restricted straight-line programs which they used as a tool in pre-
senting their completeness result) that use only two registers translate
into permutation branching programs of width three Ben-Or & Cleve
(1992), which Barrington showed require exponential size in order to
compute the AND function Barrington (1985). However, this does not
strictly rule out more general computations over IMM, ,,.

It is important to note that the known AC reductions from NC!-
complete problems to IMM; ,, Lipton & Zalcstein (1977); Robinson
(1993) are not projections, which are the usual type of reductions that
are used in studying algebraic complexity classes. To illustrate the dif-
ference, consider functions in the class GapAC?; this class consists of
functions computed by polynomial-size constant-depth arithmetic cir-
cuits over the integers, where the input variables take only Boolean
inputs. GapAC® C TC" C NC! Agrawal et al. (2000), and hence any
bit of any function f € GapAC® can be computed by an AC° reduc-
tion to the problem of multiplying a sequence of 2-by-2 integer matri-
ces. However, any such function f can also be viewed as a polynomial
f(x1,...,x,) in its input variables, and the AC° reduction does not
allow us to obtain f from IMM, .« by substituting field elements and
the variables x4, ..., z, for the variables of IMM, even though this is
possible for IMM; .x. It follows from our main result that, even for
some fairly simple functions f € GapAC®, no such reduction is possi-
ble — even if we allow projections to arbitrarily large IMM instances,
and even if we allow the projections to consist of a much more gen-
eral class of substitutions (beyond the type of projections that is usually
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considered in the framework of Valiant’s algebraic complexity classes).

1.2. Algebraic Branching Programs. If we expand the notion of
projection, to allow not only variables and field elements to be plugged
in for the variables of a polynomial, but also allow variables of IMM
instances to be replaced by arbitrary linear expressions, then we obtain
an alternative characterization of algebraic branching programs, which
were introduced by Nisan in order to study the complexity of determi-
nant and permanent computations in various settings Nisan (1991).

DEFINITION 1.1. An Algebraic Branching Program over some field ¥
and variables {x; | 1 <1i < n} is a layered directed acyclic graph with
a single source vertex s and exactly one sink vertex t. The layers are
numbered as 0,1,2,...,d; let V; denote the set of vertices in the ith
layer. The source (the sink, respectively) is the unique vertex in Vi (Vy,
respectively). Edges exist only between vertices in adjacent layers (i.e.,
each edge (a,b) hasa € V; and b € V;, for some 0 < i < d). Each
edge e is associated with a linear function [, over F in the variables
{z; | 1 < i < n}. Every directed path p = ejes . .. ey represents the
product f, = H?:l le,. For every vertex v, the polynomial represented
by v, denoted by f,, is ZpePs,v fp,» where P, is the set of all paths
from s to v. The output of the algebraic branching program is f;. The
width of the program is max; |V;|.

It follows from Ben-Or & Cleve (1992) that polynomial-size al-
gebraic branching programs of width three (or of any constant width
w > 3) characterize exactly the polynomials in VNC!. Algebraic
branching programs of constant width have been studied by several au-
thors; we cite some recent examples Agrawal et al. (2015); Jansen et al.
(2013). We show that width three is optimal; the expressive power of
width two algebraic branching programs is severely limited.

THEOREM 1.2. Let [(T) be an arbitrary linear function, and let k be
any integer such that k > 8. Then the polynomial

k
F@) = w170 + 1(T)
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can not be computed by algebraic branching programs of width two
over any field F. This implies that IMM, ,, is not complete for VNC*
under regular projections (defined in Section 2).

The limitations of width-two algebraic branching programs were
also explored by Saha, Saptharishi and Saxena Saha et al. (2009). They
considered “degree-restricted” algebraic branching programs (meaning
that, if the output polynomial has degree n, then no intermediate poly-
nomial in the branching program has degree greater than n). Their
Theorem 16 shows that degree-restricted width-two algebraic branch-
ing programs compute polynomials only if they belong to an ideal
generated by at most five linear forms (and thus they cannot com-
pute the polynomial f in our Theorem 1.2 Saha (2011)). We do not
know whether width-two algebraic branching programs can be sim-
ulated by width-two degree-restricted branching programs. Thus our
Theorem 1.2 is incomparable with (Saha et al. 2009, Theorem 16);
our impossibility result for the polynomials listed in Theorem 1.2 is
stronger, since it is for the unrestricted model. However, their result
applies to a larger class of polynomials, showing that they cannot be
computed by the restricted model.

An obvious direction for future work is to provide a tighter charac-
terization of the class of polynomials that can be computed by algebraic
branching programs of width two. In particular, we mention the ques-
tion of whether the constant 8 in Theorem 1.2 can be reduced to 3.

1.3. Organization. The remaining part of the paper is organized as
follows: Section 2 provides the formal definitions and terminology that
we use. In Section 3, we study homogeneous projections (defined in
Section 2) of IMM, ,, and prove a structural theorem for this type of
computation as well as an impossibility result. Finally, we extend these
results to more general settings in Section 4, to obtain our Theorem 1.2.

2. Preliminaries

Let the underlying field be F. Let ¢(Z) € F[z] be a multivariate polyno-
mial over a set of variables 7. The polynomial ¢ can be used to express
other polynomials, by means of projections. A projection is described
by a set of assignments p = {z; < v;}, where the values v; come from
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a particular set (to be specified later), and each variable x; € T appears
at most once on the left-hand-side of a rule in p; furthermore, variables
on the left-hand-side never occur on the right-hand-side. The size of a
projection is the number of rules in the set; equivalently it is the num-
ber of variables that appear on the left-hand side of a rule. We get the
new instance ¢(T)|, by replacing all occurrences of x; in ¢(T) with its
counterpart v; and leaving untouched those variables that are not in p.
We may simplify ¢(7)|, according to the commutative polynomial ring
algebra. In this way, we say that ¢(¥)|, is obtained from q(T) under the
projection p.

We will be interested in three classes of projections. To define these
classes, let us first consider three classes of terms:

o Let H be the set of homogeneous linear terms {c-z; | ¢ € F*,i €
N} where F* is the set of units (i.e., non-zero elements).

o Let S be the set of simple affine forms {c - z; + w | c € F*,i €
N,w € F}.

o Let L be the set of general affine forms {}"" ¢;-z; +w |n €
N, ¢;,w € F}.

We define a projection p = {z; < v;} to be a homogeneous projection
if Vi, v; € HUF. Itis a simple projection if Vi, v; € SUF. If Vi, v; € L,
then p is a regular projection. We mention that the most restrictive
of these three types of projections, homogeneous projections, are the
usual types of projections studied in algebraic complexity Ben-Or &
Cleve (1992); Valiant (1979).

Let my, mo, ..., m, be square matrices of dimension two, the en-
tries of which are distinct variables. The (1, 1)-entry of their product
H?:l m; 1s a multi-linear polynomial, denoted as IMM,,,, which is
called the nth iterated matrix multiplication polynomial of dimension
two. The matrix m, |, is obtained from m; under the projection p, which
means that the entries of m; are substituted by the corresponding val-
ues in p. Given a polynomial f(7), it follows immediately from the
definitions that f(7) is obtained from IMM, ,, under some projection p
if and only if f(7) is the (1,1)-entry of [[}_, m;|,. Note that f(T) is
computable by some algebraic branching program of width two if and
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only if there exists n € N such that f(Z) can be obtained from IMM,,,
under regular projections.

Let M be a set of square matrices of dimension two. We say a poly-
nomial f(T) is computable by M if there is an integer n and a projection
p such that f(Z) = IMM,,|, and furthermore, Vi < n, m;|, € M. In
other words, f(Z) can be computed by the product of matrices in M.

Let Hy- denote the set of square matrices of dimension two with
entries from H U F. Similarly, let Soyo (Roxo2, respectively) denote the
set of square matrices of dimension two with entries from S U F (L,
respectively). Obviously, Hoyxo C Sowo C Royo.

We partition all matrices in Ry into three blocks: Indg, Idg and
Pdg. The matrices in Indg are called inherently non-degenerate ma-
trices and their determinants evaluate to a fixed element in * while
Idg consists of inherently degenerate matrices with zero determinants.
Pdg = Ray» \ (IndgUIdg) is the set of potentially degenerate matrices.
Obviously the determinants of matrices in Pdg are nonzero polynomi-
als of degree at least one.

Our results deal with some simple degree-two polynomials; the fol-
lowing facts are easy to verify.

FACT 2.1. Over any fieldF, x1x9 + x314 is an irreducible polynomial.

FACT 2.2. LetF be any field, k > 2 and let [(T) be an arbitrary linear
function. Then ¥¥_ x9; 129; + I(T) is an irreducible polynomial, and
furthermore, its degree-two homogeneous part is irreducible as well.

Many of our proofs involve applying projections to polynomials
of the form Elexzi_lx% + [(Z). It is convenient to restrict attention
to projections that carry out certain sorts of simplifications to these
polynomials. To this end, we introduce several definitions:

We group the variables z9; 1 and x5; together, and call each the
other’s partner variable.

DEFINITION 2.3. In a regular projection p given by {x; < v,}, the
partner variables xo; 1, xo; are called matched if

o Both of x4;_1 and x2; appear on the left-hand-side.
@) {1)21'_1, 1)21'} NF 7& @
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DEFINITION 2.4. A regular projection p given by {x; < v;} is well-
formed if every left-hand-side variable x; is matched.

We will make use of the fact that any projection can be “extended”
to obtain a well-formed projection. However, we must first be precise
about what it means for one projection to be an “extension” of another.
(To see what the issue is, consider the projection {x1 < x3, X2 < x4}.
The partner variables x; and x5 are not matched, since neither of them
is assigned a field element. Thus we need to consider how to “extend”
projections, by not only adding new rules, but also by changing existing
rules appropriately.)

DEFINITION 2.5. A regular projection p is an extension of a projection
p if there is a projection p” such thatp = p' o p”.

Thus to continue the example above, the projection p' = {z; <
T3, Ty <— x4} can be extended by p” = {z4 < 0} to obtain the projec-
tion p = {1 < x3, 15 < 0,24 < 0} (which is still not well-formed).

PROPOSITION 2.6. Any regular projection of size k with | unmatched
left-hand-side variables can be extended to a well-formed regular pro-
jection of size at most k + [. Thus any regular projection of size k can
be extended to a well-formed regular projection of size at most 2k.

PROOF. The proof proceeds by induction on [. The basis, when [ = 0,
is trivial.

Now consider a regular projection p with [ unmatched left-hand-
side variables, where we inductively assume that any regular projection
of size &’ with I’ < [ unmatched variables can be extended to a well-
formed regular projection of size at most &’ + [’. There are two cases:

Case 1: If there is an unmatched variable x whose partner variable
y does not appear on the left-hand-side of any rule, then then we simply
add the rule y <— 0. (If y appeared on the right-hand-side of any rule,
then any such rule must also be simplified by setting y to zero. Such
changes do not increase the size of the projection.) This yields a pro-
jection p’ with at most [ — 1 unmatched variables, where we have added
one rule. (It is possible that there will be fewer than [ — 1 unmatched
variables, if there were some unmatched variable z such that z <— ¢ - y
was a rule.) Now the claim follows by induction.
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Case 2: If Case 1 does not hold, then there must be a pair of un-
matched variables that are partners (without loss of generality call them
21 and x9) such that the projection has rules x; < v; and x5 < vo,
where {v1, v2}NF = (). Since p is a regular projection, v; is of the form
co+ ZZ=1 crYk, where none of the variables y; appear on the left-hand-
side of any rule in p. Note that the rule y; <+ (—1/c1)-(co+>_p_; CkUr)
has the effect of setting x; to 0. Let 2 be the partner variable of y;; note
that 2 does not appear on the left-hand side of any rule (because oth-
erwise Case 1 would have applied). Thus removing the rule z; < v,
and adding the rules x1 < 0,41 < —1/c1 - (co + Y p_; Ckyr), 2 < 0
has at most [ — 2 unmatched variables (since x; and x, are now both
matched, as are y; and 2), and it has two more rules than p. As above,
it is now necessary to simplify any rule in which y; or z appeared on
the right-hand-side, but this does not increase the size of the projection.
Now the claim follows by induction. U

The definition of “well-formed projection” is designed to make the
following proposition obvious:

PROPOSITION 2.7. Letk,n € N, withn — k > 2. Consider the poly-
nomial f = X' ,x9;,_179;. Then under any well-formed regular pro-
jection p of size 2k, f(7)|, is an irreducible polynomial of the form
E?;lkxgi,lscgi + [(T) (that is, up to re-numbering the variables), where
(%) is a linear function. Furthermore, its degree-two homogeneous
part is also irreducible.

In this work, we will show that certain constant-size polynomi-
als are not computable by various families of matrices over any al-
gebraically closed field. By the following fact, we may as well assume
that the underlying field [F is algebraically closed.

FACT 2.8. Let ' be the algebraic closure of F and let M be a set of
matrices. For any polynomial f(Z), if f(T) is computable by M over
IF, then it is computable by M over F’ as well.

3. IMM; ,, under homogeneous projections

In this section, we will show that the computational power of the fam-
ily {IMM,,, | n € N} under homogeneous projections is very limited.
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In subsequent sections, we will see that the tools that we develop to
deal with homogeneous projections also suffice when considering sim-
ple and regular projections. However, it is convenient to focus on the
homogeneous case first.

Recall that H,.> denotes the set of square matrices of dimension
two with entries from H U [F. We will show that it causes no loss of
computational power, if we restrict the type of matrices that are used
in Hs .o computations. First, however, it is very useful to observe that
Hs .o computations correspond exactly to a type of straight-line pro-
grams.

Let 1 be a set of allowable straight-line program instructions (rules),
and let R! denote the contents of the register R; at time ¢. A straight-
line program P over the rule set p using 2 registers (u-SLP) is a se-
quence of pairs of instructions from p, denoted as {(st,s4) |1 < ¢ <
|P], (s, sb) € u}, where | P| is the size of the program. P computes
a function p(Z) in the natural way: Initially, R} = 1 and R = 0. At
the ¢-th step, R; is updated according to the rule st. The final output
p(T) is stored as R|1P|. In this section, we consider only instructions
that come from the set gy, = {(R"' < a- R, +b-RY, RET <
a R4+ - RY) |a,bd, b € HUF, t € N}. Under these assump-
tions, each R! is a polynomial over the variables {z; | j € N}. Itis not
hard to see that NHQXQ'SLPS and IMM,; ,, under homogeneous projec-
tions compute the same set of polynomials. (Similar observations were
made by Ben-Or and Cleve Ben-Or & Cleve (1992).) Furthermore, for
any subset N C Hsy», there is a corresponding rule set pny C HH,,.

such that a polynomial f(7) is computable by products of matrices in
N if and only if there is a pun-SLP for it. Hence, given an arbitrary
un-SLP P, we may abuse the notations and identify the ith pair of in-
structions with its matrix representations miP, which means that P can
also be characterized by a sequence of matrices {m% | 1 < i < |P|}.
That is, the contents of the j-th register at time ¢ is the 7-th component
of the column vector of

t t—1 2 1 1
mP.mP ...mP.mP.|: :|

0

3.1. Classification of H,,> NIndg. Now, we present a collection py
of rules (corresponding to a subset /N of matrices in Hy.5) that we
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claim is sufficient to simulate any straight-line program using the rules
HH,,onIndg: Leta,b,c,d e F~.

1. Transposition rule.

Rt+1 — Rt

Rt+1 — Rt

: . 01
given by matrix { 10 ]

2. Scalar rules.
R+ a- R

r1 given by matrix a 0

0 b

3. Offsetting rules of degree one.

(a)

R« a-Rt+c-x;- R} ven by matrixc | ¢ € i
Rt+1<_b Rt gve y Imatrix 0 b

(b)

R« a- R

i1 " , given by matrix a 0
Ry «+—c-z;-Ri+b- R, c-

4. Offsetting rules of degree zero.

(a)
R '« a R +c- R} ven by matri a c
R\« b-RY SIVER DY Hattix -1 g,
(b)
R« a- R ven by matri a 0
RSV e c Ry +b- Ry SVOROYIEEE oy

5. Other non-degenerate linear transformations.

R« a- R +c- R}

RS« d-RU+b- R

. . a c
given by matrix [ d b}

where ab — cd # 0.
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OBSERVATION 3.1. Any straight-line program using HH,,.onIndg €3N
be simulated by a straight-line program using (. This is because:

o The only rules that are missing from jiy are the rules in the fol-
lowing list:

el (8 la (8 [

o Each of these rules is a transposition of a rule in py, hence can
be replaced by a pair of rules from pi, via the following substi-
tutions:

v ou] [u v 0 1]
2y | |y = 1 0]
fy 2] [0 1 u v
uw v ] |10 y z

o Without loss of generality, one can assume that any straight-line
program P has the property that if the transposition matrix ever
appears in P, it is applied only once as the final pair of instruc-
tions. This is because we can cancel adjacent transpositions, and
shift any single transposition toward the end of the program via
the following transformation:

z 0 1] 101 U v
vou 1 0| |10 Yy oz
3.2. Structure of HHL,, mIndg'SLPS and its implications.

DEFINITION 3.2. Let deg(f) denote the degree of the polynomial f.
For any straight-line program P, let deg(P,t) = deg(R}) + deg(R%) be
the degree of P at time t. We call deg(P,0), deg(P,1),...,deg(P,|P|)
the degree sequence of P.

An ordered pair of non-negative integers (t1,t5), where t; + 1 < to,
is called a mesa in the degree sequence of P if there exists d > 0 such
that

o Forallt; <t <ty deg(P,t') =d;
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o deg(P,t,) < d;
o deg(P,ty) < d.

The number d is called the height of this mesa. Note that P has no
mesas if and only if the degree sequence of P is nondecreasing.

FACT 3.3. Recall that, by Observation 3.1, any straight-line program
P over M, onIndg €30 be converted into an equivalent straight-line
program P’ over pi. The conversion outlined in Observation 3.1 has
the property that P has a mesa of height d iff P' does. Thus we may

restrict attention to straight-line programs over iy .

Now we are ready to show our structural theorem for HH,, onIndg”
SLPs.

THEOREM 3.4. If a polynomial f is computable by H,» N Indg, then
there is a HH, o Indg'SLP P for f with the property that there are no
mesas in the degree sequence of P.

PROOF. By our assumption, there is some HH,, mIndg'SLP P’ com-

puting f. If P’ does not contain any mesas in its degree sequence, then
we are done. Otherwise, we will show how to obtain P from P’ by
a series of transformations. At every step, we turn the current P’ into
an equivalent :“]I-]szgmlndg'SLP while reducing the total height of all
mesas by at least one. Ultimately we will obtain a HHL, mIndg'SLP P
with the desired property. Hence, it suffices to verify the correctness of
a single step.

Let (t1,t2) be the first mesa in the current P’ and d be its height.
There are three cases to consider.

1. deg(R}™) > deg(RL ).

We claim that the only instruction that can produce this outcome
at time ¢; + 1 is the degree-one offsetting rule 3(a). Rule 2 is
impossible since it only scales the registers by a constant factor
respectively. Now we wish to show that Rule 3(b) is also impos-
sible. Assume that the instruction at time ¢, is Rule 3(b). Thus
deg(R!"*") = deg(R!'). There are two subcases to consider:
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o If deg(RY) > deg(RY), then deg(RY ") < deg(RyY™).
But we are assuming that deg(R\* ™) > deg(Ry ™).

o If deg(R') < deg(RY), then deg(RY ™) < deg(RY'). This
runs counter to our assumption that deg( P, t;) < deg(P, t;+

1.

For similar reasons, one can show that rules 4(a) and 4(b) are not
applicable either. There are two cases that arise, in dealing with
rule 5:

o If deg(R!') # deg(RY'), then under rule 5, deg( R ') =
deg(RLth), counter to our assumption that deg( R} ™) >
deg(Ry")

o Ifdeg(R}) = deg(RY), thendeg(P’,t;) > deg(P',t; +1),
which contradicts our assumption that (¢, t5) is a mesa.

b

For every time ¢ such that t; < t' < t5, we have that deg(P’,t')
= d. This, combined with the fact that deg(P’,t2) < d im-
plies that rules 3(b), 4(b) and 5 are impossible at time ¢’ (and at
time ¢5), since under our assumptions these rules would increase
the degree of IR, while maintaining the degree of ;. Hence,
for all ¢’ such that t; < t' < ty, the product H:lztl 4 m}/ is
a gy +w
0 b

w € F, a,b € F* and gy is a linear homogeneous polyno-
mial. In other words, RY = a - R + (gy + w) - RY and
RY =b- RY. Since deg(P’, t,) < d = deg(P',t, + 1), it follows
that deg(R}") < deg(R!**™") and g,, = 0. Thus, we can replace
the whole computation between ¢; and ¢, by a simple application
of rule 2 or 4(a) while avoiding the mesa (1, ).

an upper triangular matrix of the form [ ], where

. deg(RI'™) < deg(RY ).

This is completely analogous to case 1.

. deg(Ry ) = deg(Ry).

We argue that neither of rules 3(a) and 3(b) can happen at time
t1 + 1. We present here the argument that rule 3(a) does not hap-
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pen at time ¢; + 1; the argument for 3(b) is symmetric. Assume
that rule 3(a) happens at time 1 + 1.

o If deg(R!") < deg(RY'), then deg(R! ') > deg(RyY ™), a
contradiction to our assumption deg( R ') = deg( Ry ™).

o If deg(R") > deg(R%'), then deg(P',t, + 1) < deg(P', t;)
since deg(RY') = deg(Ry ™). This contradicts our assump-
tion that (t1, t) is a mesa.

Furthermore, since for all ¢’ such that t; < t' < ty we have
that deg(P’,t') = d, this implies that rules 3(a) and 3(b) are im-
possible at time ¢’ (and at time ¢5). Thus, we obtain that for all
t, < t' < to, the product Hf:tl 1 ™M, is a non-degenerate linear
transformation, which can be captured by one of the other rules
or their transposed counterparts. The analysis of this case can
now be completed similarly to Case 1, by appealing to Observa-
tion 3.1 and Fact 3.3.

In all cases, we are able to reduce the total height of all mesas in P’
by at least one, which concludes our proof. U

COROLLARY 3.5. Ifapolynomial f(Z) is computable by Hs oM Indg,
then there exists a HH, , on Indg’SLP for f(Z) with a nondecreasing de-
gree sequence.

Via a similar analysis, we can obtain the following lemma:

LEMMA 3.6. For any “H2xgmlndg'SLP P with a nondecreasing de-

gree sequence, at all times t, |deg(R:) — deg(R%)| < 1. Furthermore,
VO < t < |P|, if deg(P,t) > deg(P,t — 1), then only one of the
following two scenarios can happen.

o Ifeither3(a) or3(b) is applied at time t, then |deg( R} )—deg(R})|
=1.

o If the other rules are used at time t, then deg(R%) = deg(R%).

PROOF. We prove the lemma inductively, observing that at time ¢ =
0, both registers have degree zero.
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If we assume inductively that |deg(R.™') — deg(R, )| < 1, note
first that if deg(P,t) = deg(P,t — 1), then either the degrees of each
register are unchanged, or else they have swapped. Thus in either
case the invariant holds. Thus we need only deal with the case where
deg(P,t) > deg(P,t— 1). Note that the rule at time ¢ cannot be of type
1 or 2, since these rules do not increase the degree.

Consider first the case where deg(R!™!) = deg(R5 ™). In this case,
rules 4 and 5 cannot occur at time ¢ since they don’t increase the degree,
and thus the rule at time ¢ is of type 3. The conclusion of the lemma
holds in this case and the invariant is maintained.

If deg(RY™") — deg(RS™") = 1, then if rule 5 or 4(b) is used at
time ¢ then deg(R!) = deg(R%). If rule 3(b) is used then deg(R%) =
deg(R!) + 1. Rules 3(a) and 4(a) cannot be used in this case, since
they do not increase the degree.

The case when deg(R.™') — deg(R,™) = 1 is symmetric. This
completes the proof. U

Note that, for every time ¢ > 0, deg(P, t)—deg(P,t—1) € {0,1,2}.
(Only one register’s degree can increase at any step, but it might in-
crease by 2.)

DEFINITION 3.7. For any polynomial f, let H(f) denote the polyno-
mial consisting of all of the monomials of f having degree deg( f); that
is, H(f) is the highest-degree homogeneous part of f.

LEMMA 3.8. Let P be a MH,yonIndg

gree sequence. Then at all times t, for all i € {1,2}, if deg(R!) > 0,
then H(R!) is a product of homogeneous linear forms. Furthermore, if
deg(R!) = deg(RY), then there exists some a € T such that H(RY) =
a- H(RL).

-SLP with a nondecreasing de-

PROOF. We prove the claim by induction on ¢. The claim clearly
holds for all ¢ such that deg(P,t) = 0. Consider the first time ¢ such
that deg(P,t)) = 1. At time ¢, either rule 3(a) or 3(b) is applied (by
Lemma 3.6). Assume without loss of generality that it is rule 3(a).
(The other case is symmetric.) Thus H(R!) = a - ;; for some x; and
some a. This establishes the basis.
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To establish the inductive step, we again employ an inductive argu-
ment. Assume that the claim holds at time ¢ — 1, and let ¢’ be the largest
number less than or equal to ¢ such that deg(R!) = deg(R}). (Since
this condition holds at time zero, ¢’ must exist.) We show that the claim
holds at time ¢, by induction on ¢ = ¢t — t’. In fact, we will prove the
additional claim that, at time ¢, there are polynomials p; and p, that are
either elements of [F or are products of (zero or more) homogeneous lin-
ear forms, such that { H(R%), H(RS)} = {p1- H(RY),pa-p1- H(RY)}.
(Of course, this additional claim is trivial when e = 0.)

To establish the basis, when ¢ = 0, we deal first with the case
when deg(R: ') # deg(R5 ™). In this case, we assume without loss of
generality that deg(R.™") > deg(R5 ™). (The other case is symmetric.)
Thus, by Lemma 3.6 the rule applied at time ¢ is of type 4(b) or 5. In
both cases, there exist a and d in F such that H(RY) = a- H(R}™') and
H(RL) =d- H(R!™"). This establishes the basis for this case.

If deg(RY™) = deg(RL ™), then by our (outer) inductive hypothesis
H(R!™") and H(R, ') are multiples of each other. Since, in this case
deg(P,t—1) = deg(P,t), the rule applied at time ¢ must be of type 1, 2,
4, or 5. These rules result in no significant change to the highest-degree
homogeneous part of the registers in this case, and this completes the
proof of the basis case e = 0.

The case when e = 1 is different than the case when ¢ > 1, and
thus we separate that case out as part of the basis, too. When e = 1 we
have that deg(R!) # deg(R}%) and deg(R}™') = deg(R4 ™). Again, we
assume without loss of generality that deg(R}) > deg(R%). We will
show that there is a polynomial p, that is a product of homogeneous
linear forms, such that H (R%) = py - H(RY) = py - H(R™"). (The last
equality holds since ¢ = ¢ — 1 in this case.) Since our inductive hypoth-
esis states that F(R!) is a product of homogeneous linear forms, this
will suffice to establish the case when e = 1. This is because H(R})
does not change significantly in this step, and we will choose p; to be
merely a field element.

Since the degree increases at time ¢, it follows from Lemma 3.6
that the rule that is applied at time ¢ is of type 3(a). Thus H(R}) =
c-x;- HRYY) = (c-x;-a) - H(R{™) for some c and a in IF, where
the first equality follows from the definition of rule 3(a) and the second
equality is from the basis case e = (0. This completes the proof of the
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basis case e = 1.

Now, to complete the inductive argument, assume that the claim
holds at time ¢’ + e — 1, and consider what happens at time t = ' + e.
Note that, by the way that time ¢’ is chosen, we have deg(R}) #
deg(R%). Again, we assume without loss of generality that deg(R!) >
deg(R%). We need to show that there are polynomials p; and p,, each
a product of homogeneous linear forms, such that H(R}) = ps - p; -
H(RY)and H(RY) = p, - H(RY). (The fact that the inductive hypoth-
esis holds at time ¢’ thus suffices to establish the rest of the (inner and
outer) inductive claims.)

If deg(P,t) = deg(P,t — 1), then the only rules that are possible
at time ¢ are of type 1, 2, and 4(a). These rules make no significant
changes to H(R;) or H(R>), and thus the hypothesis holds in this case.

If deg(P,t) > deg(P,t — 1), then the rule at time ¢ is either of
type 3(a) or 3(b). Since e > 1, we have deg(R' ') # deg(R5™'). The
argument is symmetric for the two cases deg(R, ™) > deg(R5™') and
deg(R™) < deg(R5™), so once again we present only the proof for
the case deg(R!™!) > deg(R.™'). By the induction hypothesis, there
are polynomials ¢; and ¢», each a product of homogeneous linear forms,
such that H(RY™) = ¢y -1 - H(RY ) and H(RY™) = ¢, - H(RY).

If rule 3(a) is applied at time ¢, then H(R%) does not change sig-
nificantly (it is multiplied by some field element b), whereas H(R}) =
a-H(RT ') +c-a;-HRy ') = a-qa-qi- H(RY) +c-x;-q1- HRY) =
(a-qy+c-x;)-q- H(RY). This satisfies the induction claim, by letting
pr=">0-q and p, = (a/b) - g2 + (c/b) - ;.

If rule 3(b) is applied at time ¢, then H(R}) does not change sig-
nificantly (it is multiplied by some field element a), whereas H(R%) =
c-x; - HRIY) =c-2;-qo-q - H(RY). This satisfies the induction
claim, by letting p; = (c¢/a) - x;and p, = a - ¢ - ¢1. O

The following theorem is the main contribution of this section. It
presents serious limitations of the expressive power of IMM;,, when
restricted to (inherently) non-singular matrices. Subsequent sections
will deal with the limitations that are encountered when also incorpo-
rating singular matrices.

THEOREM 3.9. Let f(T) be a polynomial of total degree at least two
whose highest-degree homogeneous part is irreducible. Then f(T) is
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not computable by Hy > N Indg.

PROOF. The proof is by contradiction. Suppose that there is some
Mngngndg'SLP P for f(). By Corollary 3.5, we may assume that

P has anondecreasing degree sequence. By definition, f = R|1P|. How-
ever, by Lemma 3.8, (R|1P|) factors completely into a product of ho-
mogeneous linear forms, in contradiction to our hypothesis that H(f)
is irreducible. 0

3.3. Limitation of #H2X2'SLPS- In the previous section, we saw that
potentially-degenerate matrices are essential, if one wants to express
irreducible polynomials of degree greater than one as projections of
IMM; ,,. The limitations of incorporating potentially-degenerate matri-
ces ultimately come down to the following simple observation:

OBSERVATION 3.10. If a nonzero polynomial f(Z) is computable by
a straight-line program P, then P does not contain any matrix of the

form [ 0

0 0

PROOF. Suppose P does have at least one such matrix, then the prod-
) ) 0 0 ..
uct of matrices in P evaluates to 00l a contradiction to our as-

sumption about f (7). O

Our goal in this section is to show that certain polynomials of the
form Zle T9;—1T2; cannot be expressed as projections of IMM, ,,. We
note that some of the lemmas apply to more general polynomials f as
well. To avoid repeating the conditions that f must satisfy, we intro-
duce the following convention:

Convention: All of the polynomials f considered in this and later
sections satisfy the property that f|,(Z) # 0 for any regular projection
of size at most four. Any straight-line program P that we consider
computes such a polynomial f.

Recall in this regard that, by Proposition 2.6, any regular projec-
tion p of size at most four can be extended to a well-formed regular
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projection p’ of size at most eight, with the property that

H((Z Toi-1T9:)|p)

is irreducible if £ > 6 (by Proposition 2.7).

Given a projection p and a straight-line program P = {mi | 1 <
i < |P|} computing a polynomial f(Z), we obtain the straight-line pro-
gram P|, = {mb|, | 1 < i < |P|}, which is a new straight-line pro-
gram (not incorporating any simplifications). Moreover, P|, computes
f(Z)|,- Note that this definition applies for any type of projections.

Our conventions imply some limitations on the type of potentially-
degenerate matrices that we can utilize:

LEMMA 3.11. There does not exist a matrix in P such that all of its
entries belong to H. This implies that all matrices in P must contain an
entry from [F*,

PROOF. Suppose P does have one such matrix, and without loss of
€11 Cok

PP 2272 where V1 <
C3T3 Cyq4

1 < 4,c¢; € F* and the x;’s need not be distinct. Consider the projection
p={x; < 0|1 <i <4} Then f(7)|, is nonzero while P|, contains

generality, assume that it has the form

[ 8 8 } , in contradiction to Observation 3.10. O

LEMMA 3.12. For any matrix m € P that belongs to Hs, >N Pdg, there
exists a homogeneous projection p of size at most three such that m/|, is
degenerate and all of the entries in m/|, belong to IF. Moreover, there is
a well-formed homogeneous projection q of size at most six extending

.

PROOF. The determinant of m, denoted as det(m), is a polynomial
of degree at least one. Since [F is algebraically closed, the variety of
det(m) is always non-empty and furthermore, by Lemma 3.11, det(m)
contains at most three variables. This gives us the projection promised
in the first claim. Proposition 2.6 implies the correctness of the second
claim. U
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DEFINITION 3.13. We call such a well-formed homogeneous projec-
tion q as in Lemma 3.12 a degenerating projection for the potentially
degenerate matrix m. (If m is an inherently degenerate matrix, then
we consider the empty projection to be a degenerating projection for m
This is justified by Proposition 3.14, which tells us that it is no loss of
generality to consider only inherently degenerate matrices that contain
no variables.)

PROPOSITION 3.14. If a matrix m € Hs.o N Idg contains at least one
entry from Hl, then m can be factored into a product of matrices, exactly
one of which, denoted as my, belongs to Idg and furthermore, all m;’s
entries are from IF.

PROOF. If m has a zero column, then without loss of generality, m is
a-xz; 0 a-x;
or
O b . I’j O

a-x; 0 z; O a 0 a-x; 0

Notethat[ w O}:[O 1] [w O}and{b_xj 0]:

z; O a 0

0 .fL'j b 0
for m. The case where m has a zero row is symmetric.

For the other cases, it is not hard to see that under our assumption,

m can be turned into a matrix with either a zero column or a zero row

via multiplication by a non-degenerate linear transformation. Our proof

is completed by referring to the previous case analysis. U

either where a,b € F* and w € F.

. In both cases, we obtain the desired factorization

NOTE 3.15. The statement of Proposition 3.14 can be generalized for
matrices in Soxo N Idg and Ryy.o N Idg with almost the same proof.
Hence, we can assume that for any MSQXQ'SLP (NR2X2‘SLR respec-
tively) P and any inherently degenerate matrix m in P, the entries of
m all belong to IF.

LEMMA 3.16. Let f(T) be a polynomial and P be one of its L, 5"

SLPs. Suppose that there exists 0 < ¢t < |P| such that m’, is a (poten-
tially or inherently) degenerate matrix. Let p be one of its degenerating
projections. Let P’ = P|, and let R:(P’) be the contents of R; at time t
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in P'. Then either R{(P’) # 0 or R4(P") # 0, and for all i € {1, 2}, if
RY(P') # 0, then for all j € {1,2} and for all t' such thatt < t' < |P],
it holds that RY (P') is a multiple of R!(P') (and, in particular, R(P")
divides f(T)|,).

PROOF. Note first that it cannot be the case that both R%(P’) = 0 and
RL(P") = 0, as this would imply that f|p = 0, contrary to our con-
vention. Our assumption is that mY, is a degenerate matrix; let us say

that it is { } , Where ab — c¢d=0. Assume for now that ¢ # 0. Let

a c
d b
h and g be the polynomials given by R, *(P’) and Ry '(P’), respec-
tively. Thus R:(P’) = ah + cg and R5(P’) = (b/c)(ah + cg). Thus
RL(P’) is a multiple of R (P’) (and vice-versa), and an easy induction
shows that R’ (P’) will stay as a common factor of both registers from
that point on (and thus R!(P’) also divides f(T)|,).

If c =0, then ab = 0, soeithera = Oorb = 0. If @ = 0 then
RY(P") = 0 and R5(P") = (dh + bg). An easy induction shows that
any register from that point on will be a multiple of R5(P’). The case
when b = 0 is similar. O

COROLLARY 3.17. If f(%)|, is a nonzero irreducible polynomial and
the other hypotheses of Lemma 3.16 hold, then R:(P') = c¢- f(T)|, for
some c € F*.

DEFINITION 3.18. Let f(T), P, m', and P’ satisfy the conditions of
Lemma 3.16. If there is an i € {1, 2} such that R.(P') is a polynomial
of degree at least one, then we call p a finishing projection for m’, in
P. Otherwise, we call p a cutting projection for m} in P.

The motivation for these names comes from the fact that we can
essentially terminate the straight line program P’ at time ¢ if p is a
finishing projection, whereas we can essentially cut off the start of P’ if
p is a cutting projection. The following observation makes this precise.

OBSERVATION 3.19. Let f(T) be a polynomial such that under any
well-formed homogeneous projection q of size at most six, f(Z)|, is al-
ways a nonzero irreducible polynomial. Let P be a MH2X2'SLP for

f(Z), and let mt,, p and P’ be as in Lemma 3.16. Depending on
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whether p is a cutting or finishing projection, we can obtain a HHL, 5"
SLP for f(T)|, from P that either starts or ends at time t:

o If the projection p is a cutting projection for m', in P, then we
can simply ignore the instructions in P’ before time t (including
the t-th instruction), and concatenate a single instruction, which
is a linear transformation from the initial condition (R, RY) =
(1,0) to the current status (R%(P’), R5(P")), with the remaining
segment of P’. This produces a 1H,, ,~SLP of size at most |P|—

t+ 1 for f(T)|,.

o If p is a finishing projection for m', in P, then there is some i
such that RY(P’) # 0. Then by Lemma 3.16 and Corollary 3.17,
RE(P') is a nonzero multiple of f ()|, and moreover, R!(P') =
a- REYP)Y + b - RYYP'), where a,b € H U T, since by
Lemma 3.12, all of the entries in m’)|, are field elements. One
of a and b must be a unit, since R:(P') # 0. Therefore, we
can throw away the portion of P’ after time t (including the t-th
instruction) and generate the desired output, as follows:

We have that R.(P’) is some non-zero multiple of f(Z)|,, say
RY(P') = s f(T)|,- We also have that R{(P') = a - R\ (P') +
b- RyY(P'). If a is a unit, then the desired output f(7T)|, is
produced by the assignment R!(P') < (a/s)- R (P")+(b/s) -
R5Y(P'), which can be accomplished by a rule of type 3 or 4
(since we do not care what value is placed in the other register).
If'b is a unit, then the desired assignment instead is produced by
a transposition of a rule of type 3 or 4. Thus, in either case, we
obtain a pugy,  -SLP of size at mostt + 1 for f(T)l,.

DEFINITION 3.20. Let f(Z) be a polynomial and let P be one of its
MHQXQ—SLPS. We classify the (potentially or inherently) degenerate

matrices m’, in P, if they do exist, according to the following criterion:
If m%, has at least one finishing projection, then m', is good; Other-
wise, mﬁ; is bad. (Of course, for inherently degenerate matrices, the
only degenerating projection that needs to be considered is the empty
projection.)
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Note that the notions of badness and goodness apply only to poten-
tially and inherently degenerate matrices.

OBSERVATION 3.21. Let p be an arbitrary homogeneous projection
and let P' = P|,. If m} is bad in P, then m,, can not be good in P’
(This is because, if mﬁ; is bad, then under any extension of p, at time t
both registers compute field elements which are constant polynomials
with no variables). More precisely, m’, either stays as a bad matrix or
becomes an inherently non-degenerate matrix. Furthermore, inherently
non-degenerate matrices will never be turned into some other type by
any projection.

Now we are ready to present our main impossibility theorem of this
section.

THEOREM 3.22. If k > 8, then f(T) = Zle Toi_1T9; 1S not com-
putable by Hy,». That is, for every n, f(Z) can not be obtained from
IMM, ,, under homogeneous projections.

PROOF. We prove the theorem by contradiction. Suppose P is a
MHQXQ—SLP for f(Z). We define the set G of time steps as:

G = {t | m% is a good matrix}.
There are two cases to consider.

o The first case is that G = (). Define the set B similarly as:
B = {t | m% is a bad matrix}.

If B is empty as well, then P is indeed a ”nggmlndg'SLP By
Fact 2.2, the highest-degree homogeneous part of f(Z) is irre-
ducible, and by Theorem 3.9, we have reached a contradiction.
Otherwise, let tp = max(B). Note that, by Proposition 2.7,
the output at time |P| is a non-zero polynomial under any well-
formed regular projection of size at most six, which means that
mllfl cannot be bad, and hence tg < |P|. Let p be one of the
cutting projections of mﬁf. Consider P|, and the polynomial
f(T)|, it computes. Since the size of p is bounded by six, by
Proposition 2.7, f(7)|, is again an irreducible polynomial and
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moreover, its degree-two homogeneous part is irreducible. For
all t such that tg < ¢t < |P|, ml is an inherently non-degenerate
matrix. By the first item of Observation 3.19, we now have a
“nggmlndg‘SLP for f(7)|, which is a contradiction to Theo-
rem 3.9. Notice that by Proposition 2.7, the above arguments
apply to any polynomial of the form Zflzl Toi_1%9; + [(T) where
[(T) is an arbitrary linear function, and £’ > 5.

o We assume that G # (). Let t¢ = min G. Suppose first that m'S
is an inherently degenerate matrix. Since m? is good, we have
by Lemma 3.16 that, at time ¢, register ; computes a nonzero
multiple of f. Hence by the second item of Observation 3.19
with p = (), we obtain a new 1, ,-SLP for f (T), consisting
of only the matrices before {5 — none of which are good. This
brings us back to the first case and a contradiction.

Otherwise, assume that m'S is a potentially degenerate matrix
and let p be one of its finishing projections of size at most six.
Consider P|, and the polynomial f(7)|, it computes. By the
second item of Observation 3.19, we obtain a new pHQXQ—SLP

P’ for f(7)|, and furthermore, by Observation 3.21, P’ does not
contain any good matrices. Hence, this reduces us to the first
case, since f(T)|, is of the form

k/
Z T2;—1T2; + l(f)
i=1

where [(T) is an arbitrary linear function, and &’ > 5. It is not
hard to see that we will arrive at a contradiction for f(7)|,, which
completes our proof.

]

The proof of Theorem 3.22 leads to the following corollary.

COROLLARY 3.23. Ifk > 8, then f(T) = S)F | &0 129; + [(T) is not
computable by Hyo, where [(T) is an arbitrary linear function.



26  Allender & Wang

4. Extensions to simple and regular projections

In this section, we show that in the seemingly more powerful models,
it is still hard to compute simple polynomials. We start by extending
the result of Section 3 to the case of simple projections. Then by sim-
ilar techniques and some extra observations, we will prove that certain
polynomials are not regular projections of IMM; ,,, and thus, they are
not computable by algebraic branching programs of width two.

4.1. Impossibility result for simple projections. In order to show
that an analogue of Theorem 3.9 holds in the setting of simple projec-
tions, we first show that, for nondegenerate matrices, the simple case
reduces to the homogeneous case.

LEMMA 4.1. Every matrix in So2MNIndg can be represented by a prod-
uct of matrices in Hs o N Indg.

PROOF. Let m be a matrix in Sy and

C11Y11 W11 CiY12 + Wip
C2,1Y2,1 T Wa1 Co2Y22 + Wa2

where ¢; j,w; ; € Fand y,; ; € {x) | k € N}.

We say that the variable x;, = y; ; occurs in m if ¢; ; # 0 and that
Y;.j 1s an occurrence for xj. Assume that m € Sy, MNIndg and consider
the following cases.

1. If there are no occurrences of any variables, then m is a linear
transformation over F. So m € Hyy, N Indg.

2. If there are at least three distinct variables occurring in m, then
det(m) is a nonzero polynomial and m € Pdg, a contradiction to
our assumption.

3. If there is only a single variable x; occurring in m, then x; has
either two or four occurrences in m (since otherwise m ¢ Indg)
which can be divided into two subcases.

o If x;, has two occurrences in m, then these two occurrences
can not be placed at the diagonal or anti-diagonal positions.
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Hence, without loss of generality, assume that m has the
following form.

wi,1 W12

m fr—
C21Tk + Wa1 C22%k + Wapo

where co1 # 0 and ¢35 # 0.

The determinant of m is equal to (ca 2wy 1 — C21W12)T) +
(wy1we s — wyoway). Thus since m € Indg, coowig —
Co1W12 = 0. If Wy = Wiz = 0, then m € Idg, a
contradiction to our assumption. If exactly one of them
is equal to zero, then this contradicts our assumptions that
ca1 # 0,c02 # 0, and copw; 1 — coqw1 2 = 0. Hence, we

can assume that EZ—T = % =d # 0. Thus,

m — wW1,1 0 1 d
o C21Tk + Wa1 W22 — dwg,l 01 '

Note that wy 2 — dwy 1 # 0 since det(m) # 0.
Thus

% O 0271 0 1 d
m = 21 w2,1 1
Tk w2,2 - dw?,l w2,2—d’w271 O 1

This verifies that m is a product of matrices in Hy o M Indg.

If x; has four occurrences in m, then assume m has the
following form.

m— [ C11%TE + Wi C12Tk + Wi ]
C21Tk + Wa1  C22Tk + W22
where each ¢; ; # 0.
The determinant of m is equal to (cy 125 + w1 1)(c22mk +
Wao) — (€120k + w1 2)(c212k + wa,1). Because m € Indg,
C1,1C22 — C12C21 = 0. Letd = 2—:? = zz—’j 7& 0. Then, there
exists u, v € [F such that

m— C11Tr + W11 U 1 d
o Co1Tk +Wo1 U 01
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Obviously the second matrix belongs to Indg because its
determinant belongs to F*. By the first subcase, the first
matrix is a product of matrices in Hsyyo N Indg, and hence
SO 1s M.

4. If there are exactly two distinct variables z; and x; occurring in
m € Indg, then they must have the same number of occurrences
inm. Let ¢;; € F*. It is clear that for all u,v € F, up to
the permutation of rows and columns, the following matrices can
not belong to Indg.

C1,1%k + w1 U C1,1Tk + wi,1 u
Co1T; + W1 U ’ v C21%; + Wa,1 )

Hence, each of x; and x; has two occurrences. Without loss of
generality, m has the following form.

m— | G117k + w11 CrLaTE + W2
C21T; + Wa,1 €227 + Wa 2

Since det(m) € F*, we have C1,1C22 — C12C21 = 0. Let d =
2 — 22 £ (), Then, there exists u, v € [ such that

C1,1 c2.1
C11Tp + W11 U 1 d
m =
C217; + W1 U 0 1
This implies that m can not be an inherently non-degenerate ma-

trix, a contradiction.

In conclusion, we have proven our claim that every matrix in Sg oM
Indg is equal to a product of matrices in Hsyyo M Indg. U

The preceding lemma, together with Theorem 3.9, immediately
yield the following corollary:

COROLLARY 4.2. Let f(Z) be a polynomial whose highest-degree ho-
mogeneous part is irreducible. Then f(T) is not computable by Sy.o N
Indg.

Next we show how to adapt the machinery in Section 3.3 and prove
a similar impossibility theorem in terms of simple projections.



Algebraic branching programs of width two 29

THEOREM 4.3. Let [(T) be an arbitrary linear function. If k > 8, then
f(@) = Zle To;_129; + (T) is not computable by Ssy, namely, for
any n, f(T) can not be obtained from IMM, ,, under simple projections.

PROOF. We prove the theorem via contradiction. Suppose there is a
ps, . ,-SLP P for f(@).
Similar to Lemma 3.11, we prove the following lemma.

LEMMA 4.4. There does not exist a matrix m in P such that each entry
of m contains a distinct variable. This implies that all matrices in P
must contain at most three variables.

PROOF. Suppose the statement is not true, and without loss of gen-
C1T] — Wy CaTy — W .

1 o2 2,whereV1§z§4,ci€
C3ly — W3 C4ly — Wy
F*,w; € F and the z;s are all distinct. Consider the projection p =
{x; + 2|1 < i < 4}. Then f(T)|, is nonzero while P|, contains

erality, m = [

[ 8 8 } By Proposition 2.6 and Proposition 2.7, f(7) is nonzero

under any regular projection of size at most four. Thus by Observa-
tion 3.10, we have reached a contradiction. U

A direct consequence of Lemma 4.4 is an analogue of Lemma 3.12.
The proof of the following lemma proceeds in the same way as that of
Lemma 3.12, so we omit it here.

LEMMA 4.5. For any matrix m € P which belongs to So.s N Pdg,
there exists a homogeneous projection p of size at most three such that
ml|, is degenerate and all of the entries in m|, belong to F. Moreover,
there is a well-formed homogeneous projection q of size at most six
extending p.

The notions of degenerating projections, and of good and bad ma-
trices, thus carry over also to the setting of simple projections, and the
rest of the proof follows exactly as in Section 3.3. U

4.2. Impossibility result for regular projections. Letm € Ry, be
of the following form:

| haFwig Lo wio
log +wey lag+wao



30  Allender & Wang

where w; ; € IF and the [; ;s are homogeneous linear forms in

{) i |n €N, ¢ € F}.
k=1

We will pay attention to the rank — denoted as r(m) — of the subspace
spanned by {l; ; | 7,5 € {1,2}}. In some sense r(m) characterizes the
number of “independent variables” among the [; ;’s.

The following lemma illustrates the sense in which we can treat
linearly-independent homogeneous linear forms as independent vari-
ables.

LEMMA 4.6. Let ly,ls,...,l; be linearly independent homogeneous
linear forms, and let wy, ..., wy be elements of F. Then there is a
regular projection p of size k such that, for all i,l;|, = w,. (Thus we
can think of p as a “projection” of the form {l; < w;}.)

PROOF. The homogeneous linear form /; is of the form 7, c;x;,
where each ¢; € F*. Start building the projection p with the rule z; <
(w1 — D75y ¢jxj)/er. This clearly has the effect that [;|, = w;. If
k = 1, then the construction ends here.

Otherwise, let [, = Z;il d;y;, where each d; € F*}. If the vari-
able x; appears as one of the variables y;, then replace x; with the
expression (w; — 2?22 ¢;x;)/cq and simplify. By linear independence,
there must still be some variable remaining in the resulting expression.
Without loss of generality, let the resulting expression be of the form

Z;L; a;jx;. Then we add a new rule xq < (wy — Z;L;,, a;x;)/as (and
if this variable x5 occurs in the right-hand-side of the rule for x, then
substitute this expression in for x5 in that rule, and simplify). At this
point, we have [, |, = w; and l5|, = ws.

We continue in this way for all of the remaining linear forms. The
crucial observation is that there will always be a variable in each linear

form [;|p when we first consider it, because of linear independence. [

Our next lemma is a generalization of Lemma 4.1.

LEMMA 4.7. Every matrix m in R,y M Indg can be represented by a
product of matrices in Hyyo N Indg.



Algebraic branching programs of width two 31

PROOF. If r(m) = 0, 3 or 4, then the proof is completely analogous
to the cases 1 and 2 in Lemma 4.1, where we do our case analysis based
on r(m) instead of the number of variables that occur in .

If r(m) = 1, then there exists a homogeneous linear form [ such
that all /; ;s in m are multiples of /. By treating [ as a single variable,
the analysis of the third case in Lemma 4.1 reveals that m is a product
of matrices from Hy ., N Indg as well as matrices having the following

form:
c 0 c 1
I 1710 & |°

Thus the case when r(m) = 1 is completed by appealing to the follow-
ing claim:

CLAIM 4.8. Any matrix having the following form can be expressed
as the product of matrices in Hyy5 N Indg.

c 0 c 1
I |10 ¢
where ¢, € F* and [ € L.

PROOF. We prove the claim by induction on the number of variables
appearing in [. If [ contains at most one variable, then the claim follows
from Lemma 4.1.

Otherwise, [ is of the form dx; + I’. Observe that

el e

(The other case is similar.) The claim now follows by induction. U

If r(m) = 2, then let ly,ly € {l;; | i,7 € {1,2}} be a basis. If
every [; ; is a multiple of either [; or [y, then the proof of the fourth
case of Lemma 4.1 provides us a contradiction. Thus, we only need to
consider the case where there is at leastone I € {l; ; | 7,7 € {1,2}} and
¢, € F* such that I’ = cl; + ¢/l5, which means that [’ is a non-trivial
linear combination of /; and /,. Therefore, without loss of generality,
we assume that m has the following form.

ll + W11 l2 + W12

m= Cll + C/lg + W2 1 dl1 + d,lg + W2 2
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where ¢, € F*,d,d € F.

But then the degree-two homogeneous part of det(m) is equal to
di? + (d' — ¢)l1lo — 13, which is nonzero since ¢’ # 0. This contradicts
our assumption that m € Indg. U

The preceding lemma, together with Theorem 3.9, immediately
yield the following corollary:

COROLLARY 4.9. Let f(Z) be a polynomial whose highest-degree ho-
mogeneous part is irreducible. Then f () is not computable by Ryy5 N
Indg.

Now we are ready to prove our main theorem.

THEOREM 4.10 (Theorem 1.2 restated).If k > &, then

k
f(@) = Z T9;—1T2;
i=1

is not computable by Ry, namely, for any n, f(Z) can not be obtained
from IMM, ,, under regular projections.

PROOF. The proof is by contradiction. Suppose P is a :“RQXQ'SLP
for f(7).

By Proposition 2.6 and Proposition 2.7, f(Z) is nonzero under any
regular projection of size at most four, which leads to the following
lemma.

LEMMA 4.11. For any potentially degenerate matrix m', in P, r(m’)
<3

PROOF. Suppose r(m}) = 4, then there exists a regular projection p

of size four such that for all 7 and j in {1,2}, /;; = —w; ;. In other
words, m}]p = { 8 8 } By Observation 3.10, this contradicts the

property that f(7) is nonzero under any regular projection of size at
most four. U
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LEMMA 4.12. Any potentially degenerate matrix m', in P has a reg-
ular projection p of size at most three such that m',|,, is degenerate and
all of the entries in m/|, belong to F. Moreover, there is a well-formed
regular projection g of size at most six extending p.

PROOF. Note that det(m?) is a polynomial of degree at least one.
Let 7 be a zero of det(m’,). By Lemma 4.11, we know that r =
r(mb) < 3. Letly,...,1, be linearly-independent linear forms. Let
wy = L(%),...,w, = [.(7). By Lemma 4.6, there is a projection p of
size r that satisfies the first part of the lemma. The second part of the
claim follows from Proposition 2.6. U

By Lemma 4.12, we can define degenerating projections in terms of
well-formed regular projections. Note that the proofs of Lemma 3.16
and Corollary 3.17 hold, regardless of the type of projections. Thus we
can also extend the definitions of cutting and finishing projections to
well-formed regular projections. The following observation is a slight
variant of Observation 3.19.

OBSERVATION 4.13. Let f(Z) be a polynomial such that under any
well-formed regular projection q of size at most six, f(T)|, is always
a nonzero irreducible polynomial. Let P be a ,uRQXQ—SLP for f(T)

and let m', be a potentially degenerate matrix in P. Let p be one of
degenerating regular projections of m%, and let P = P|,. Then, a
MR, ,~SLP can be constructed for f (T)|,-

o If p is a cutting projection for m}, in P, this case is identical to
the first case in Observation 3.19.

o Ifp is a finishing projection for m', in P, this case is identical to
the second case in Observation 3.19.

Now the remaining part of the proof proceeds exactly as in Sec-
tion 3.3, since it does not depend on the type of underlying projections
at all, namely, regardless of whether they are homogeneous, simple or
regular. U
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