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InterpolationThmforPropositional Logic


Craig�	���
gavestrongerversionfor�rstlogic�

Thm� Let A
�p� �q
 and B
�p� �r
 be propositional

formulas involving only the indicated variables�

Suppose

A
�p� �q
 � B
�p� �r


is a tautology� Then there is a propositional for�

mula C
�p
 using only the common variables� so

that

A � C and C � B

are tautologies�

Pf� Since A
�p� �q
 j� B
�p� �r
� if we have already

assigned truth values to �p � p�� � � � � pk� then

it is not possible to extend this to a truth as�

signment on �p� �q� �r such that both A
�p� �q
 and

�B
�p� �r
 hold�������

�



Let ��� � � � � �n bethetruthassignmentstop�� � � � � pk
for which it is possible to make A
�p� �q
 true by

furtherassignmentof truth values to �q�

Let C
�p
 say that one of ��� � � � � �n holds for �p�

i�e��

C �
n��

i��

�
p
�i�
� � p

�i�
� � � � � � p

�i�
k

�

where

p
�i�
j �

�
pj if �i
pj
 �True

�pj otherwise

Thenclearly� A
�p� �q
 j� C
�p
�

Also� by the comment from the previous slide�

C
�p
 j� B
�p� �r
� �

NotethatC
�p
 maybeexponentially larger than

A
�p� �q
 andB
�p� �r
�

�



Example� Let p�� � � � � pk code the binary repre�

sentationofa k�bit integer P �

Let A
�p� �q
 be a formula which is satis�able i� P

is composite 
e�g� q codes two integers� 	 with

product P 
�

Let B
�p� �r
 be a formula which is satis�able i� P

is prime
i�e�� �r codesaPratt�primalitywitness
�

P is prime � ��rB
�p� �r


� ���qA
�p� �q
�

andA
�p� �q
 � �B
�p� �r
 is a tautology�

An interpolant C
�p
 must express ��p codes a

composite��

Open� Is primality expressible by a polynomial

size formula�

�



Generalizing this examplegives�

Thm� 
Mundici������
 If there isapolyonomial

upperboundonthecircuit sizeof interpolants in

propositional logic� then

NP�poly � coNP�poly � P�poly

Pf� Let ��qA
�p� �q
 express an NP�poly property

R
�p
 and ��rB
�p� �r
 express R
�p
 in coNP�poly
form� Then

��qA
�p� �q
 j� ��rB
�p� �r
�

which is equivalent to

A
�p� �q
 � B
�p� �r


beinga tautology� LetC
�p
 beapolynomial size

interpolant s�t��

A
�p� �q
 � C
�p
 and C
�p
 � B
�p� �r


are tautologies� Thus

��qA
�p� �q
 j� C
�p
 j� ��rB
�p� �r
�

I�e��R
�p
 � C
�p
 andR
�p
 hasapolynomialsize

circuit� soR
�p
 is in P�poly� �

�



Defn� Let PK be thepropositional fragment of

the Gentzen sequent calculus� Size of a proof

jP j is the number of steps in P � jP jdag is used for

non�treelikeproofs� V 
A
 denotesthesetoffree

variables inA� ForC aformula� jCj isthenumber

of��s and��s inC �

Thm� Let P be a cut�free PK proof of A�B�

where V 
A
 	 f�p� �qg and V 
B
 	 f�p� �qg� Then

there is an interpolant C such that


	
A � C andC � B are valid�


�
 V 
C
 	 f�pg�


�
 jCj 
 jP j and jCjdag 
 jP jdag�

I�e�� tree�like cut�free proofs have interpolants

of polynomial formula size� andgeneral cut�free

proofs have interpolants of polynomial circuit

size�

Remark� The theorem also holds for proofs

which have cuts only on formulas D such that

V 
D
 	 f�p� �rg or V 
D
 	 f�p� �rg

�



Pf� We prove by induction on the number of in�

ferences in P aslightly more general statement�

Claim� If P is a proof of ����������� and

if V 
�����
 	 f�p� �qg and V 
�����
 	 f�p� �rg�

then there is an interpolant C so that


	
 ������ C andC������ are valid�


�
 V 
C
 	 f�pg� and


�
Thepolynomial size boundshold too�

BaseCase� Initial sequent�

If the initial sequent if qi�qi� take C to be �

since

qi�qi�� and ��

are valid�

For initial sequent ri�ri� takeC tobe��

For an initial sequent pi�pi� C will be either ��

�� pi or 
�pi
 dependingonhowthe pi�s are split

into ������������

�



InductionStep�Thereareanumberofcases�de�

pending on the type of the last inference in the

proof�


	
For last inferencean �right

���� A�B
���� A �B

the interpolant for the upper sequent still works

for the lower sequent� i�e�� useC such that


a
 ������ A�B�C andC�������

or


b
 ������ C andC������� A�B�

depending on if A � B is in �� or �� 
respec�

tively
�

�




�
For last inferencean ��right�

���� A ���� B
���� A �B


��a
 If A � B is in ��� apply the induction hy�

pothesis twice to have interpolants CA and CB
so that

�����
� � A� CA CA������

�����
� � B� CB CB������

are valid� Nowthederivations

�����
� � A� CA

�����
� � A� CA � CB

�����
� � B� CB

�����
� � B� CA � CB

�����
� � A �B�CA � CB

and

CA������ CB������
CA � CB������

show 
CA � CB
 is an interpolant�

	




�b
If A � B is in �� applying the induction hy�

pothesis twice givesCA andCB so that

������ CA CA������
� � A

������ CB CB������
� � B

are valid� Now the following derivations show


CA � CB
 is an interpolant�

CA������
� � A

CA � CB������
� � A

CB������
� � B

CA � CB������
� � B

CA � CB������
� � A �B

������ CA ������ CB
������ CA � CB

The other cases are similar and the size bounds

onC are immediate� �

�




InterpolationTheoremsforResolution

Defns� A literal is a propositional variable p or a

negatedvariable �p�

p is �p� and 
�p
 is p�

A clause is a set of literals� its intended meaning

is thedisjunctionof its members�

A set of clauses represents the conjunctionof its

members� Thusasetofclauses�is�a formula in

conjunctivenormal form�

Resolution Inference� C 
 fpg D 
 fpg
C 
D

Weassumew�l�o�g� p� p �� C and p� p �� D�

A resolution refutation of a set � of clauses is a

derivation of the empty clause � from � by reso�

lution inferences�

Thm� Resolution is refutation�complete 
and

sound
�

��



InterpolationTheoremLetfA�
�p� �q
� � � � � Ak
�p� �q
g

and fB�
�p� �r
� � � � � B�
�p� �r
g be a sets of clauses�

so that their union � is inconsistent� Then there

is a formula C
�p
 such that for any truth assign�

ment � � domain
�
 � f�p� �q� �rg�


	
 If �
C
�p

 � False� then

�
Ai
�p� �q

 � False� for some i�


�
 If �
C
�p

 � True� then

�
Bj
�p� �q

 � False� for some j�

Pf� From � unsatis�able�wehave

A�
�p� �q
� � � � � Ak
�p� �q
��B�
�p� �r
� � � � ��B�
�p� �r


is valid� Thus there is an interpolant C
�p
 such

that

A�
�p� �q
� � � � � Ak
�p� �q
�C
�p


and

C
�p
��B�
�p� �r
� � � � ��B�
�p� �r


are valid� �

��



Thm
Kraj���cek���
 Let fAi
�p� �q
gi

n
Bj
�p� �r


o
j

have a refutation R of n resolution inferences�

Then an interpolant� C
�p
� can be chosed with

O
n
 symbols in dag representation�

IfR is tree�like� thenC
�p
 is a formula withO
n


symbols�

Pf� �Pudl�ak�WeviewRasadagorasatree�each

node corresponding to an inference and labeled

with the clause inferred at that inference� For

eachclauseE inR� de�neCE
�p
 as follows�


	
ForE � Ai
�p� �q
� ahypothesis�

setCE � � 
False
�


�
ForE � Bj
�p� �q
� ahypothesis�

setCE � � 
True
�


�
For an inference F 
 fqig G 
 fqig
F 
G

setCF�G � CF�fqig � CG�fqig�

��




�
For an inference F 
 frig G 
 frig
F 
G

setCF�G � CF�frig � CG�frig�


�
For an inference F 
 fpig G 
 fpig
F 
G

setCF�G � 
pi � CF�fpig
 � 
pi � CG�fpig
�

Lemma For all clauses F � R� CF
�p
 satis�es

the following condition�

If � isatruthassignmentand �
F 
 � False� then


a
 if �
CF
 � False� then

�
Ai
�p� �q

 � False for some i


b
 if �
CF
 � True� then

�
Bj
�p� �r

 � False for some j

Pfof lemma is by inductionon thedef�nofCF �

Q�E�D�LemmaandTheorem�

��



Resolutionwith limited extension

�Extension� � introduction of variables that

representcomplexpropositionalformulas� When

A isa formula� �A is theextensionvariable forA�

For p avariable� �p is just p�

For otherA� �A is anewvariable�

Defn� When A is a formula� LE
A
 is a set of

clauses which de�ne the meanings of the exten�

sionsvariables forall subformulasofA� towit�


	
LE
p
 � �


�
 LE
�A
 � LE
A
 
 f f��A� �Ag� �z �
��A���A

� f��A� �Ag� �z �
��A���A

g


�
LE
A �B
 � LE
A
 
 LE
B



ff�A�B� �Ag� �z �
�A�B��A

� f�A�B� �Bg� �z �
�A�B��B

� f�A�B� �A� �Bg� �z �
�A��B��A�B

g


�
LE
A �B
 � LE
A
 
 LE
B



ff�A� �A�Bg� �z �
�A��A�B

� f�B� �A�Bg� �z �
�B��A�B

� f�A� �B� �A�Bg� �z �
�A�B��A��B

g

��



Defn� LetA beaset of formulas� Then

LE
A
 is 
A�AfLE
A
g�

LE
�p� �q
 � 
fLE
A
 � V 
A
 	 f�p� �qgg�

LE
�p� �r
 � 
fLE
A
 � V 
A
 	 f�p� �rgg�

Thm� Let � be the set of clauses

fAi
�p� �q
gi 
 fBj
�p� �r
gj 
 LE
�p� �q
 
 LE
�p� �r


andsuppose � hasa refutationR of n resolution

inferences�

Then there is an interpolant C
�p
 for the sets

fAi
�p� �q
gi and fBj
�p� �r
gj ofcircuit sizeO
n
�

Pf� LetC
�p
 be the interpolant for

fAi
�p� �q
gi 
 LE
�p� �q


and

fBj
�p� �r
gj 
 LE
�p� �r


givenby the earlier interpolation theorem�

��



Claim� C
�p
 is thedesired interpolant�

Pf� Any truth assignment � with domain f�p� �qg

canbeuniquely extendedto satisfy LE
�p� �q
�

Suppose �
C
�p

 � False� Extend � so as to

satisfy LE
�p� �q
� By choice of C
�p
� � makes a

clause from fAi
�p� �q
gi 
 LE
�p� �q
 false� hence

makesoneof theAi�s false�

A similar argument shows that if �
C
�p

 �

True� then � falsi�es someBj
�p� �r
�

Q�E�D�Claim andTheorem� �

��



NaturalProofs 
Razborov�Rudich���


Defn� RepresentaBooleanfunction fn
x�� � � � � xn


by its truth table 
this has sizeN � �n
�

C � fCngn is quasipolynomial�time natural

against P�poly i� eachCn is a set of truth tables

of n�ary Boolean functions� and the following

hold�

Constructivity� �fn � Cn�� is decidable in

TIME
��logN�O���
�poly� and

Largeness� jCnj � ��cn � ��
n
for some c � ��and

Usefulness� If fn � Cn for all n� then the family

ffngn is not in P�poly 
i�e�� does not have poly�

nomial size circuits
�

Motivation  Constructive� proofs that NP ��
P�poly ought to give 
quasi
polynomial time

propertywhich is natural against P�poly�

Remark� Note that  quasipolynomial time�� is

measured as a function of the size of the truth

table of fn�

��



TheStrongPseudo�RandomNumber

Generator�SPRNG�Conjecture

Defn� Let Gn � f��	gn � f��	g�n be a

pseudo�random number generator� The hard�

ness� H
Gn
� of Gn is the least S � � such that�

for somecircuit C of size S ������ Prob
x�f���gn

�C
Gn
x

�	�� Prob
y�f���g�n

�C
y
�	�

����� � 	

S

SPRNGConjectureThere are pseudorandom

number generators Gn� computed by polyno�

mial size circuits� with hardness H
Gn
 � �n
�
�

for some 	 � ��

Thm� 
Razborov�Rudich
 If the SPRNG con�

jecture is true� then there are no properties

which are quasipolynomial time!poly natural

against P�poly�

Pf� omitted�

�	



SplitBoundedArithmeticTheories

Let 
 and � benewunarypredicate symbols�

Si�

� �
 andT i�

� �
 arede�nedasusual�allow�

ing inductionon "b
i

� �
�formulas�

Let "b
�


 denote all bounded formulas in the

languageof S� plus 
� De�ne�

S"b
i � "b

i
"
b
�


�"b

�
�



where "b
�
X
 indicates the closure of X under

�� �� sharply bounded quanti�cation and exis�

tential bounded quanti�cation� where #b
�
X
 is

de�nedsimilarly and

"b
i��
X
 � "b

�
#
b
i
X



and #b
i��
X
 is similarly de�ned�

Defn� Split versionsof Si� and T i��

SSi� � BASIC $ S"b
i�PIND

ST i� � BASIC $ S"b
i�IND

�




Supposesuperpolynomial lowerboundsareprov�

able in S��


 as follows�

LetN � � and n � jN j � logN � 
n � jxj
�

Also suppose t
n
 � n���� 
a superpolynomial

lowerbound
�andthatS
N� x
 isa"b
��formula�

LetLB
t� S� 

 be the statement

��
 codesa circuit of size
 t
n
 s�t�

�x � f��	gn



x
 � 	 � S
N� x

�


	
ThefreevariablesofLB
t� S� 

 areN and
�


�
 By �
 encodes a ciruit� we mean that 
 en�

codes gate types and gate connections in some

straightforwardmanner�plus�
mayencodethe

full truth tabledescriptionof the functionscom�

putedbyeverygate in the circuit%

��



Thm� If S��


 � LB
t� S� 

� then

SS�� � SLB
t� S� 
� �


where SLB
t� S� 
� �
 is

��
 codesa circuit of size
 t
n
��� 	and
� codesa circuit of size
 t
n
��� 	 s�t�
�x � f��	gn


� �

x
 � 	 � S
N�x

�

Pf� If �SLB
t� S� 
� �
� then the circuit 
	

�
�
�
�
��

L
L
L
L
LL

�
�
�
�
��

L
L
L
L
LL

�
�
��

�
��


 �

	



�




�

	

satis�es�LB
t� S� 

� �

��



By rephrasing SLB
t� S� 
� �
� we let � be a new

predicate symbol andwehave that if

SS�� � SLB
t� S� 
� �
�

then

SS�� � �CC
t���	� �� 

��CC
t���	� S��� �


whereCC
t� T
x
� 

 states�

�
 codesa circuit of size
 t
n
 s�t�
�x � f��	gn


x
 � 	 � T
x

�

or� in sequent form� SS��


 proves

CC
t��� 	� �� 

� CC
t��� 	� S � �� �
�

Since CC is a "b
� formula� this sequent is also

provable in ST�� by �"b
��conservativity� 
By the

same proof that shows S�� is conservative over

T�� �


��



Thm� 
Razborov���
 If SS�� � SLB
t� S� 
� �


for some t � n���� and S � "b
�� then the

SPRNGconjecture is false�

Corollary� If the SPRNG conjecture holds�

then S�� does not prove superpolynomial lower

bounds on circuit size for any bounded formula


i�e�� for any polynomial time hierarchy predi�

cate
�

Pf� 
rest of slides
 Weshall prove that� if

ST�� � CC
t� �� 

� CC
t� S � �� �
��

thentherearequasipolynomialsizecircuitswhich

arenatural against P�poly�

First Step� Convert the ST�� proof and the se�

quentintoaconstant�depthpropositionalproof�

��



Toconvert topropositional logic

Usevariables �q for thevaluesof 
� i�e�

qi denotes
i

Likewise use variables �r for the values of �
x


andvariables �p for the valuesof �
x
�

By expanding the language to include the �
function and using S#b

��IND and applying free

cut�elimination� we may assume that every for�

mula in the ST�� proof is of the form


�y 
 r

�z 
 jr	j

� � �


where 
� � �
 is a Boolean combination of "b
�




formulas and #b
�
�
 formulas and of formulas

�
� � �
�

When translated into propositional logic by the

Paris�Wilkie translation� this becomes

�n
O���


i��

nO����
j��

Ei�j

whereeachEi�j is 
	
�pi or 
�
 involvesonly �p� �q

or 
�
 involves only �p� �r�

��



Fixing N and f
x
 � S
N�

� we obtain a

propositional sequentcalculusproofof�


i

Ai
�p� �q
�



j

Bj
�p� �r
�

where�


	
 fAi
�p� �q
gi is a set of clauses stating that �q

codes a circuit of size t computing the function

� withgraphgivenby �p�


�
 fBj
�p� �q
gj is a set of clauses stating that �r

codes a circuit of size t computing the function

� � f �


�
 f doesnothaveacircuit of size �t$ 	


�
 Each formula in theproof is a conjunctionof

disjunctionsof formulas involving just �p� �q or just

�p� �r 
ason last slide
�


�
 Each sequent has only c many formulas� c a

constant independentofN �


&
Theproofhasonly �n
O���

many symbols�

��



SecondStep� Removethe
VV

�s fromtheproofas

follows�


a
Givenasequent

p�


i��

E��i� � � � �

pc�


i��

Ec��i�

q�


i��

F��i� � � � �

qc��


i��

Fc���i

replace it with the q� � q� � � � � � qc�� sequents

E���� E���� � � � � E��p�� E���� � � � � Ec��pc�
�

�F��i�� F��i�� � � � � Fc���ic��

Since each qi � �n
O���

and c		 � O
	
� this still

only �n
O����

many sequents�


b
 Build a new proof of all these sequents� The

hardest case of making this a valid new proof� is

thecaseofa cuton
pVV

i��
Fi� For this� an inference

����
pVV

i��
Fi

pVV
i��

Fi����

���

��



is replacedby p cuts� i�e�� by

�
��
� F�

�
��
� F�

�
��
� F� F�� F�� � � � � Fp��


��


F�� F�� � � � � Fp��


��


F�� � � � � Fp��


��


�
�
�

�
��


At the end of the second step� we have a treelike

sequentcalculusproofof

A�
�p� �q
� � � � � Ak
�p� �q
� B�
�p� �r
� � � � B�
�p� �r
�

such that every formula in in the proof is a dis�

junction of formulas which either involve just �p

and �q or involve just �p and �r�

��



ThirdStep� Convert to a resolution with limited

extension refutation�

Eachsequent intheproofobtained inthesecond

stephas the form

p�W
i��

E��i� � � � �
puW
i��

Eu�i��
q�W
i��

F��i� � � � �
qvW
i��

Fv�i 
A


whereeachEa�i�Fa�i involvesonly f�p� �qgor f�p� �rg�

Associate with sequent 
A
� the following set


B
of clauses�n
fE��ig

p�
i��� � � � � fEu�ig

pu
i��� 
B


f�F���� g� f�F���� g� � � � � f�Fv�qv� g
o

Now
B
isnotreallyapropersetofclauses�since

clausesare supposedtocontain literals 
not for�

mulas
�

�	



So instead of using 
B
� we introduce extension

variablestoformthefollowingset
C
ofclauses�

n
f�E��i

g
p�
i��� � � � � f�Eu�i

g
pu
i��� 
C


f��F���� g� f��F���� g� � � � � f��Fv�qv � g
o

If sequent 
A
 is ���� then the set 
C
 of

clauses is denoted 
���
LE � It is important

that all the extension variables used in 
C
 are

'fromLE
�p� �q
 andLE
�p� �r
�

Lemma� If ��� is derived in m lines of the

sequent calculus proof constructed in Step 
�


above� then


���
LE 
 LE
�p� �q
 
 LE
�p� �r


hasa resolution refutation
notnecessarily tree�

like
 ofO
m�
 resolution inferences�

Proof� by induction on m� ( splits into cases

dependingonthe last inferenceof theproof�

�




Case
	
 ��� isA�A�

IfA �
W
Ai� thenn

f�A�
� � � � � �Au

g� f��A�
g� � � � � f��Au

g
o

 LE
A


hasa resolution refutationofO
u
 inferences�

Case 
�
� Suppose A �
W
i
Ai involves only �p� �q�

Then f�Ag and f�A�
� � � � � �Au

g can be derived

from each other 
in the presence of LE
A

�

Therefore it isnot importanthowweexpress for�

mulas asdisjunctionswhenthere is achoice�

Case 
�
� ��left and ��right inferences involve

only fomulas that use just �p� �q or just �p� �r� these

arethereforestraightforward
the��right isa lit�

tle harder than the ��left case
�

Case 
�
� An��left inference canbe�

W
i
Ei����

W
j
Fj����

�fEi� Fjgi�j����

��



Case
�
 cont�d� The inductionhypothesesgive

refutationsR� andR��


���
LE

f�Ei
gi

LE
�p� �q

LE
�p� �r


	


�



�

R�
�� �

and


���
LE

f�Fjgj
LE
�p� �q

LE
�p� �r


	



�




�

R�
�� �

Combine theseas�


���
LE

f�Ei
gi 
 f�Fjgj

LE
�p� �q

LE
�p� �r


	



�




�

R�

�
�� f�Fjgj


���
LE

LE
�p� �q

LE
�p� �r


	



�




�

R�
�� �

where R	� is like R� but uses f�Ei
gi 
 f�Fjgj in

placeof f�Ei
gi�

Remark� Note the refutation is not tree�like

since f�Fjgj maybeusedmultiple times inR��

��



Case�� Last inference is cut�

����
W
i
Ai

W
i
Ai����

���

The induction hypotheses give refutations R�
andR��


���
LE

f��A�
g� � � � � f��Au

g
LE
�p� �q

LE
�p� �r


	


�



�

R�
�� �

and


���
LE

f�A�
� � � � � �Au

g
LE
�p� �q

LE
�p� �r


	


�



�

R�
�� �

Combine these as below� with R	� equal to R�
minusanyusesof f��Ai

g�s�


���
LE

LE
�p� �q

LE
�p� �r


	
�

�

R�

�
�� f�A�

� � � � � �Au
g


���
LE

LE
�p� �q

LE
�p� �r


	


�



�

R�
�� �

Q�E�D�Lemma�

��



FromtheLemma�InterpolationThm�

There is acircuit C
�p
 of size �n
O���

such that


	
 IfC
�p
 � �� then fAi
�p� �q
gi is unsatis�able


�
 IfC
�p
 � 	� then fBj
�p� �q
gj is unsatis�able

Note the size of C
�p
 is ��logN�O��� which is

quasipolynomial inN � �n�

In case 
	
� when C
�p
 � �� the function �
x


doesnothaveacircuit of size t � n���� �

In case 
�
� when C
�p
 � 	� the function


� � f

x
 does not have a circuit of size t �

n�����


Recall f
x
 does not have a circuit of size

�t$ 	�


Defn� Let

C

�p

df
� 
�C
�p

 � C
�p� f
�

where �p� f is p� � f
�
� � � � pN�� � f
N � 	
�


Each f
i
 is �or 	�of course�


��



Claim� Undertheaboveassumptions�C

�p
 isa

quasipolynomial time property against P�poly�

Pf� Thereare three things to show�


	
�Constructivity�

C
 hascircuits of size ��logN�O��� sinceC does�


�
�Largeness�For all � �

either C

�
 or C

� � f
 holds 
since either

�C
�
holds�orC

��f
�f
holds
� Therefore�

C

�
 holds for at least half of the � �s�


�
 �Usefulness� We must show that if C

�


holds� then � does not have a polynomial size

circuit�


��a
 If �C
�p
� i�e�� C
�p
 � �� then � � �p does

nothaveacircuit of size t� by choiceofC �


��b
 If C
�p � f
� i�e�� C
�p � f
 � 	� then


�p � f
 � f � �p 
� �
 likewise does not have

acircuit of size t�

Q�E�D�Razborov�sTheorem		

The proof presented above is essentially a sim�

pli�cation ofRazborov�sproof�due toKraj���cek�

��


