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Interpolation Thm for Propositional Logic
(Craig,1957)gavestrongerversionforfirstlogic.

Thm: Let A(p,q) and B(p,7) be propositional
formulas involving only the indicated variables.
Suppose

A(p, @) D B(p,T)
isatautology. Thenthereis apropositional for-

mula C(p) using only the common variables, so
that

ADC and C OB
aretautologies.

Pf: Since A(p,q) = B(p,7); if we have already
assigned truth values to p = p1,...,pr, then
it is not possible to extend this to a truth as-
signment on p, g, 7 such that both A(p,q) and
-B(p,7) hold.......



LetT,..., ™ bethetruthassignmentstopq,...,px
for which it is possible to make A(p, ¢) true by
furtherassignment oftruth valuesto q.

Let C'(p) say that one of 7q,...,m holds for p,
i.e.,
c =\ (p(lz) /\pg) /\.../\p](:)>
i=1
where
p(-i) _ | pj if 7;,(p;) =True
3 —p; Otherwise

Then clearly, A(p, q) = C(p).
Also, by the comment from the previous slide,
C(p) = B(p,7). O

Notethat C'(p) may beexponentially largerthan
A(p, @) and B(p,T).



Example: Let py,...,pp codethe binary repre-
sentationofa k-bitinteger P.

Let A(p,q) be aformula which is satisfiable iff P
iscomposite (e.g. g codestwointegers > 1 with
product P).

Let B(p, ) beaformula which is satisfiable iff P
isprime (i.e., ¥codesa Pratt-primality witness).

Pisprime < 3rB(p,r)
& —37AP, 9)-

and A(p,q) D —-B(p, ) isatautology.

An interpolant C(p) must express “p codes a
composite”.

Open: Is primality expressible by a polynomial
size formula?



Generalizing thisexample gives:

Thm: (Mundici’'83-84) Ifthereisapolyonomial
upper boundonthecircuitsizeofinterpolantsin
propositional logic, then

N P/poly N coN P/poly = P/poly

Pf: Let 37A(p, ¢) express an N P/poly property
R(p) and V7B(p,r) express R(p) in coN P/poly
form. Then

3GA(P, @) = V7B(p, T),
whichis equivalentto
A(p,q) D B(p,T)

being atautology. Let C(p) beapolynomialsize
interpolants.t.,

A(p,q) D C(p) and C(p) D B(p,7)
aretautologies. Thus
37A(P, ¢) = C(p) = V7B(p,T),

I.e., R(p) & C(p)and R(p) hasapolynomialsize
circuit, so R(p) isin P/poly. O



Defn: Let PK bethepropositional fragment of
the Gentzen sequent calculus. Size of a proof
|P|isthe numberofstepsin P. |P|y,, is used for
non-treelikeproofs. V(A) denotesthesetoffree
variablesin A. For C aformula, |C|isthenumber
of A’'sand Vv’sin C.

Thm: Let P beacut-free PK proofof A— B,
where V(A) C {p,q} and V(B) C {p,q}. Then
thereisaninterpolant C suchthat

(1) A D CandC D B arevalid,

(2) v(C) C {p},
(3) |C| < |P| and |C|dag < |P|dag'

I.e., tree-like cut-free proofs have interpolants
of polynomial formula size, and general cut-free
proofs have interpolants of polynomial Circuit
size.

Remark: The theorem also holds for proofs
which have cuts only on formulas D such that
V(D) C{p,7}or V(D) C {p,7}



Pf: We prove by induction on the number of in-
ferencesin P aslightly more general statement:

Claim: If Pisaproofofl{,o—A1,A> and
it V(ry,A1) C{p,q} and V(I'2, Ao) C {p,7},
thenthereisaninterpolant C' sothat

(1))IF'{—A,Cand C, I >— A5 arevalid,
(2) V(C) C {p},and
(3) Thepolynomial size bounds hold too.

Base Case: Initial sequent.

If the initial sequent if ¢;,—>¢q;, take C' to be L
since

¢;i—¢qi,L and L1—

arevalid.
Forinitial sequent r,—r;, takeC' tobe T.

For aninitial sequent p,— p;, C will be either T,
1, p; or (—p;) dependingon how the p;’s are split
intolMq,IM>, A1, A>.



Induction Step: Thereareanumberofcases, de-
pending on the type of the last inference in the
proof.

(1) Forlastinferencean Vvright

r— A, A B
r— A, AV B

theinterpolant for the upper sequent still works
forthelower sequent,i.e., use C' suchthat

(a) 11— A1,A, B,Cand C, o— Ao,
or
(b) 11— A1, Cand C, o— A5, A, B,

dependingonif AV Bisin A1 or A (respec-
tively).



(2) Forlastinferencean A:right:

r—A,A T—A,B
r— A, AAB

(2.a)If A A Bisin A1, apply the induction hy-
pothesis twice to have interpolants C'4 and Cp
sothat

1—A,A,Cy Cp,To— A
1—A7,B,Cp Cp,[>— A
arevalid. Now thederivations
r1_>AI7A70A r1_>AI,B,CB

I‘1—>AI,A,CA\/CB |_1_>AI,B,CA\/CB
|_1_>AI,A/\B,CA\/CB

and
Cp,To—As Cpg,Io— A>
CpaVvCp,ITo— As

show (C 4 vV Cpg)isaninterpolant.



(2b)If A A Bisin A5 applying theinduction hy-
pothesistwicegives C' 4 and Cgsothat

[1—A1,Cy Cp,To—A5,A

1—A1,Cp Cp,o—A,,B

are valid. Now the following derivations show
(C4 N Cpg)isaninterpolant:

C4, |_2_>A§,A CB7r2_>AgaB
CA/\CB,FQ_>A5,A CA/\CB,FQ_>A§,B
CA/\CB,FQ_>A5,A/\B

1— A47,04 71— A4,Cp
(1— A1, CaNCp

T he other cases are similar and the size bounds
on C areimmediate. O
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Interpolation T heorems for Resolution

Defns: A literalis a propositional variable p or a
negatedvariable —p.

pis—p,and (—-p)isp.

A clauseis a set of literals; itsintended meaning
iIsthedisjunction ofits members.

A set of clausesrepresentsthe conjunction of its
members. Thusasetofclauses “is” aformulain
conjunctive normal form.

Resolution Inference: CU{p} DU {p}
cCJUbD

Weassumew.l.o.g.p,p € Candp,p & D.

A resolution refutation of aset [ of clausesis a
derivation of the empty clause @) from I" by reso-
lution inferences.

Thm: Resolution is refutation-complete (and
sound).
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Interpolation TheoremLet{A1(p,q),...,Ar(p,q)}
and {B1(p,7),...,By(p,7)} be a sets of clauses,
sothattheirunion [ isinconsistent. Thenthere
isa formula C(p) such that for any truth assign-
ment 7, domain(r) O {p, q, 7},
(1) Ifr(C(p)) = False, then

T7(A;(p,q)) = False, forsome 1.
(2)If7(C(p)) = True, then

T7(B;(p,q)) = False,forsomej.
Pf. From [ unsatisfiable, we have

Al(ﬁ) (T)a R 7Ak(ﬁa (T)_>_'Bl(ﬁa ’F)a sy _'Bf(ﬁa ’F)

isvalid. Thusthereis aninterpolant C(p) such
that

Al(ﬁa i)a I 7Ak(ﬁa (T)_>C(ﬁ)

and

C(ﬁ)_>_'Bl(ﬁa 'F)a SIS _'Bf(ﬁa ’F)
arevalid. O
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Thm (Krajitek’9?) Let {A;(5,q)};U{B; (%, F)}j
have a refutation R of n resolution inferences.
Then aninterpolant, C(p), can be chosed with
O(n) symbolsindagrepresentation.

If Ristree-like, then C'(p) isaformula with O(n)
symbols.

Pf: [Pudlak] Weview Rasadagorasatree,each
node corresponding to an inference and labeled
with the clause inferred at that inference. For
eachclause Ein R, define Cg(p) asfollows:

(1)For E = A,(p,q),ahypothesis,
set Cp = 1 (False).

(2) For E = B;(p,q), ahypothesis,
setCgp = T (True).

(3) Foraninference FYUid¢i} GU{g}
FuG

set Crua = CFrufq} vV Couig}-
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(4) For aninference Fu{r;} GU{r;}
FUG

set Cpug = CFU{TZ-} A CGU{FZ-}'

(5) Foraninference £ U {p:} GU{pi}
FUdG

set Crug = (Bi A Crugp)) V (i A Caugp)) -

Lemma For all clauses F' € R, Cp(p) satisfies
thefollowing condition:

If risatruthassignmentand r(F') = False, then

(a)ifr(Cgr) = False, then

7(A;(p,q)) = Falseforsome
(b)ifr(Cgr) = True, then

T(B;(p, 7)) = Falseforsome j

Pfoflemmaisbyinductiononthedef’'nof Cp.

Q.E.D.Lemmaand T heorem.

14



Resolution with limited extension

“Extension’ = introduction of variables that
representcomplexpropositionalformulas. When
Aisaformula, o4 istheextensionvariablefor A:
For p avariable, op isjust p.
Forother A, 04 isanew variable.

Defn: When A is a formula, LE(A) is a set of
clauses which definethe meanings of the exten-
sionsvariables for all subformulas of A; to wit:

(1) LE(p) =0
(2) LE(~A) = LE(A)U{{0-4,04},{0-4,04} }
TIOADO 4 O ADT04
(3) LE(AANB)=LE(A)ULE(B)
U{{carB,04},{0arB,08},{04rB,04,08} }
TANBDOA  OAABDOB  OANCBIOANB
(4) LE(AV B) = LE(A)ULE(B)
U{{oa,04vB},{0B,04vB},{04,08,04vE} }
0AD0AyB  OBDOAVB  OAvBOTAVOR

15



Defn: Let . 4Abeasetofformulas. Then
LE(A)isUgca{LE(A)}.

LE(5,§) = U{LE(A) : V(4) C {5, q}}-
LE(5,7) = U{LE(A) : V(A) C {5, 7}}.

Thm: Letl bethesetofclauses

{A;(P, @)} U{B;(p,7)}; ULE(p,q) U LE(p,T)
andsupposel hasarefutation R of n resolution
inferences.

Then there is an interpolant C(p) for the sets
{A;(P,q)}; and {B;(p, )}, of circuit size O(n).

Pf: Let C(p) betheinterpolant for

{A;(P,q)}; U LE(p, )
and
{B;(p,7)}; U LE(p,T)

given by the earlierinterpolation theorem.

16



Claim: C(p) isthedesiredinterpolant.

Pf: Any truth assignment = with domain {p, ¢}
can beuniquely extended to satisfy LE(p, q).

Suppose 7(C(p)) = False. Extend 7 so as to
satisfy LE(p,q). By choice of C(p), = makes a
clause from {A;(p,q¢)}; U LE(p,q) false, hence
makesoneofthe A;'sfalse.

A similar argument shows that if 7(C(p)) =
True, then 7 falsifiessome B;(p, 7).

Q.E.D.Claimand Theorem. O
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Natural Proofs (Razborov-Rudich’94)

Defn: RepresentaBooleanfunction fn(x1,...,2n)
byitstruth table (this hassize N = 2").

C = {Cu}n is quasipolynomial-time natural
against P/poly iffeach C, isaset of truth tables
of n-ary Boolean functions, and the following
hold:

Constructivity: “fn, € Cr?" Is decidable in
TIME209 N)°Dy 101y, and
Largeness: |Cp| > 27¢". 22" forsomec > 0, and

Usefulness: If f,, € C), for all n, then the family
{fn}n isnotin P/poly (i.e., does not have poly-
nomial size circuits).

Motivation ‘Constructive’ proofs that VP ¢
P/poly ought to give (quasi)polynomial time
property whichis natural against P/poly.

Remark: Note that ‘quasipolynomial time’, is
measured as a function of the size of the truth
table of f,.
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The Strong Pseudo-Random Number
Generator (SPRNG) Conjecture

Defn: Let G, : {0,1}* — {0,1}?"” be a
pseudo-random number generator. The hard-
ness, H(Gy), of G istheleast S > 0 such that,
forsomecircuit C' ofsize S,

1
n(T))= — u)— >
556?1[)}71[0((; (7)) =1] 561{307“7(1)1}9%[0(?4) 1]} > o

SPRNG Conjecture There are pseudorandom
number generators G, computed by polyno-
mial size circuits, with hardness H(Gy) > 2™,
forsomee > 0.

Thm: (Razborov-Rudich) If the SPRNG con-
jecture is true, then there are no properties
which are quasipolynomial time/poly natural
against P/poly.

Pf: omitted.
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Split Bounded Arithmetic Theories

Let o and B benewunary predicatesymbols.

St (a, B) and T4(«, B) aredefined as usual, allow-
inginduction on Z%(«, B)-formulas.

Let =% (a) denote all bounded formulas in the
language of S> plus a. Define:

55t = U=t (@), =2 (8))

where ¥%(X) indicates the closure of X under
A, V, sharply bounded quantification and exis-
tential bounded quantification, where M4 (X) is
defined similarly and

T (X) = Zh(ni(x))
and I_Iz—l—l(X) issimilarly defined.

Defn: Split versions of S, and T%:

S5y = BASIC + S¥!-PIND
ST, = BASIC 4 S¥%IND

20



Supposesuperpolynomiallowerboundsare prov-
ablein S2(a) asfollows.

Let N > 0andn = |N| ~log N. (n = |z|).

Also suppose t(n) = n¥(1) (a superpolynomial
lowerbound),andthat S(N, z)isa X% -formula.

Let LB(t,S,«) bethestatement

—[a codesa circuit ofsize < t(n)s.t.
(Ve € {0,1}")(a(z) =1 < S(N,z))]

(1) Thefreevariablesof LB(t,S,a) are N and «.

(2) By “a encodes a ciruit” we mean that a en-
codes gate types and gate connectionsin some
straightforward manner, plus, a may encodethe
full truth tabledescription ofthe functionscom-
puted by every gatein thecircuit!

21



Thm: If S3(a) F LB(t, S,a), then
SS2 + SLB(t, S, o, 3)
where SLB(t,S,a, 3)is

—[acodesacircuit ofsize< t(n)/2 — 1 and
B codesacircuit ofsize<t(n)/2 — 1s.t.
Vz € {0,1}"((a® B)(z) =1 < S(N,z))]

Pf: If -SLB(t,S,a, 3),thenthecircuit o/

\

>

o 5
satisfies - LB(t,S,«a). O

22



By rephrasing SLB(t, S,a,3), we let v be a new
predicatesymboland we havethatif

SS2 + SLB(t,S,a, B),
then
SS2+ -~CC(t/2—1,7,0)V-CC(t/2—1,5®,3)
where CC(t,T(x), o) states:

[acodesacircuit ofsize < t(n) s.t.
vz € {0,1}"(a(z) =1 < T(z))]

or,in sequentform, SS%(a) proves
CC(t/Q T 1777 Oé), CC(t/Q T 17 S D ’77/8)_>

Since CC is a X% formula, this sequent is also
provablein ST by VX5-conservativity. (By the
same proof that shows S% IS conservative over

T1.)

23



Thm: (Razborov'95) If SS2 + SLB(t, S, a,3)
for some t = n¥(1) and S € X8, then the
SPRNG conjectureis false.

Corollary: If the SPRNG conjecture holds,
then S2 does not prove superpolynomial lower
bounds on circuit size for any bounded formula
(i.e., for any polynomial time hierarchy predi-
cate).

Pf: (rest ofslides) Weshall provethat, if

ST3 + CC(t,y,a),CC(t,S®~,B)—,

thentherearequasipolynomialsizecircuitswhich
are natural against P/poly.

First Step: Convert the ST5 proof and the se-
quentintoaconstant-depth propositional proof.

24



To convert to propositionallogic

Usevariables g forthevaluesofa,i.e,

q; denotesq;

Likewise use variables 7 for the values of G(x)
andvariables p'forthevaluesof v(x).

By expanding the language to include the g
function and using SN4-IND and applying free
cut-elimination, we may assume that every for-
mulainthe ST proofisofthe form

(Vy <)@z < Do)

where (---) is a Boolean combination of X2 («)
formulas and M% (3) formulas and of formulas

When translated into propositional logic by the
Paris-Wilkie translation, this becomes

>nO(1) 0o(1)

NV Eij
i=0 =0

whereeach E; ;is(1) £p; or(2)involvesonly p, g
or (3)involvesonly p, 7.

25



Fixing N and f(z) = S(N,«a), we obtain a
propositional sequent calculus proof of:

2 J
where:

(1) {A;(p,q)}; is a set of clauses stating that ¢
codes a circuit of size t computing the function
~v with graph given by p.

(2) {B;(p,q)}; is a set of clauses stating that
codes a circuit of size t computing the function
vy f.

(3) f doesnot haveacircuit ofsize 2t + 1

(4) Eachformulain the proofisaconjunction of
disjunctionsof formulasinvolvingjust p, gorjust
p, 7 (asonlastslide).

(5) Each sequent has only ¢ many formulas, ¢ a
constantindependentof N.

(6) Theproofhasonly onO) many symbols.

26



Second Step: Removethe M\'sfromtheproofas
follows.

(a) Given asequent

P1 Pt q1 q.n
mEl,iw“a/)(\Ec’,i_) /)(\Fl,iw“a ch”,i
i=1 i=1 i=1 i=1
replaceitwiththegy -go - -- - q.n sequents
Ei1,B12,.--,E1 5, E21,..., E, f,pc

_>F1,z'17 Fl,i27 RN 7

& Z ol
O(1)

Since ea(c)h) = 2" and ¢’ = O(1), this still

only 2” many sequents.

(b) Build a new proof of allthese sequents. The
hardest case of making this a valid new proof, is

p
thecaseofacuton M\ Fj;. Forthis,aninference
i=1

p p

— A, \ F;, M F,I A
=1 =1
[[— A

27



isreplaced by p cuts;i.e., by

*— A* Fy Fl,FQ,...,Fp,I’*—>A*

*— A* F> Fo, F3,..., Fp, [*— A*
*— A*, F3 F3,...,Fp,|_*_>A*

At the end of the second step, we have a treelike
sequent calculus proof of

Al(ﬁa i)a e 7Ak(ﬁa i)a Bl(ﬁa 'F)a R Bf(ﬁa ’F)_>

such that every formula in in the proofis a dis-
junction of formulas which either involve just p
and gorinvolvejust pand r.

28



Third Step: Convert to aresolution with limited
extension refutation.

Eachsequentintheproofobtainedinthesecond
step hastheform

\/ Elza°°°7 \/ Euza_> \/ Flza°°°a \/ sz(A)

1=1 1=1 1=1 1=1

whereeach E, ;, F,, ;involvesonly {p, ¢} or {p, 7} .

Associate with sequent (A), the following set
(B) of clauses:

{B Ly, (B}, (B)

{_'F1,17 }7 {_'F1,27 }7 sy {_'Fv,q'va }}

Now (B)isnotreallyapropersetofclauses, since
clauses are supposed to contain literals (not for-
mulas).

29



Soinstead of using (B), we introduce extension
variablestoformthefollowingset (C) ofclauses:

{{UEl,i fi]_?"'?{o-Eu’i fi]_a (C)
{o-m 1 3 {000 oo {0-Fy g 3

If sequent (A) is T— A, then the set (C) of
clauses is denoted (T— A)LE | Itis important
that all the extension variables used in (C) are
cfrom LE(p,q) and LE(p, 7).

Lemma: If [ — A is derived in m lines of the
sequent calculus proof constructed in Step (2)
above, then

(r—=2)E U LE®, ¢ U LE(p,7)

has aresolution refutation (not necessarily tree-
like) of O(m?) resolution inferences.

Proof: by induction on m. — splitsinto cases
dependingonthelastinference ofthe proof.
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Case(1))I—AisA—A.
If A=V A;, then

{oags-soa b {oma b {ona,} ULE(A)
hasa resolution refutation of O(u) inferences.

Case (2): Suppose A = \/ A; involves only p, q.
1

Then {o4} and {o4,,...,04,} Can be derived
from each other (in the presence of LE(A)).
Thereforeitisnotimportant how weexpress for-
mulas asdisjunctionswhen thereis a choice.

Case(3): A:left and Vv:right inferences involve
only fomulas that use just p, g or just p, r; these
arethereforestraightforward (the A:rightisalit-
tle harderthanthe v:left case).

Case(4): An Vv:leftinferencecan be:

\/Ez-,l‘—>A \/Fj,r_>A
? J

V{E;, Fj}ij, T — A

31



Case(4) cont’d: Theinduction hypothesesgive

refutations R; and R»:

(r—2a)kE )
{og;}i Ry

LE(p, q) =0
LE(p,T) )

and

\

(Fr—a)le
{oFr.}; R

LE(#,q) =
LE(p,T)

Combinethese as:

(Fr—a)LkeE
gg(z};z %{UFj}j > :}i {oF}; \
b, q (F—>A)LE R
LE(p,7 T2 y == ()
(7, 7) ) LE(p,q)
LE(p,7) |

where R] is like Ry but uses {og }; U {oF,}; in
placeof{og,};-

Remark: Note the refutation is not tree-like
since {aFj}j may be used multiple timesin R5.
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Case 5: Lastinferenceis cut:
T— A \/A \/AZ,I‘—>A

I_—>A

The induction hypotheses give refutations R4
and R»:

(Fr—a)le ‘
{O'_lAl},...,{O'_lAu} R4

LE(F, q) = 0
LE(p,T) /

"

and
(Fr—a)le ‘
{oays-r04,} iy
o u > 0
LE(p,q)
LE(p,T) )

Combine these as below, with R} equal to Ry
minusany usesof {o_4.}'s:

(r—a)te Iy

LE(%,q) {oag, 04} )
LE(P,T) (T—=2)e | By
LE(%,q)
LE(5,T) )

Q.E.D.Lemma.
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Fromthe Lemma & Interpolation Thm:
Thereisacircuit C(p) ofsize 2% g ch that
(L) IFC(p) = 0,then {A4;(p,q)}; isunsatisfiable
(2)IfC(p) = 1,then {B;(p, q)}; isunsatisfiable
Note the size of C(7) is 2009 M°M) \which is
quasipolynomialin N = 2™,

In case (1), when C(p) = 0, the function v(x)
does not have a circuit of size t = n«(1).

In case (2), when C(p) = 1, the function

(v ® f)(x) does not have a circuit of size t =
nw(l).

(Recall f(z) does not have a circuit of size
2t +1.)

Defn: Let

@) L (~c(m) v CFEs 1),

wherep® fispo ® f(0),...pny_1 D fF(N —1).
(Each f(7)isOor1, ofcourse.)
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Claim: Undertheaboveassumptions, C*(p)isa
quasipolynomial time property against P/poly.

Pf: Therearethreethingstoshow:
(1) “Constructivity”
C* has circuits of size 2109 N)O) since C does.

(2) “Largeness” Forall ~,

either C*(v) or C*(v @ f) holds (since either
—=C(~v) holds,orC((v®f)®f) holds). Therefore,
C*(v) holdsfor atleast halfofthe «’s.

(3) “Usefulness” We must show that if C*(~)
holds, then v does not have a polynomial size
circuit.

(3.a)If =C(p),i.e., C(p) = 0,then~y = pdoes
not havea circuit ofsize t, by choiceof C'.
B3b)IfFC(pa f), ie., C(pP®d f) = 1, then
(p® f)d f = p (= ~) likewise does not have
a circuit ofsizet.

Q.E.D.Razborov’s Theorem!!

T he proof presented above is essentially a sim-
plification of Razborov’s proof, dueto Krajicek.
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