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Lengths of Propositional Proofs

Def’'n: Propositional Formulasare formed with
logical connectives A, VvV, = and DO, variables
p1,Po,...,and parentheses.

Cook’sThm: P = NP iffthereisapolynomial
timealgorithm fordeterminingifa propositional
formulaisvalid.

Def’'n: A Frege (F) proof system is a usual
proofsystem for propositional logic with a finite
set of axiom schemes and with only the modus
ponensrule. Fissoundandcomplete.

Open: Doesevery tautology have a polynomial
size F-proof? Ifso,then NP=co-NP.

Pf: The set of tautologies is co-NP complete
and having a polynomial size F-proofis an NP
property.



Def’'n: Theextended Frege (eF) proofsystem
isa Frege proofsystem plusthe extension rule:

Extension Rule: whenever ¢ is a variable which
hasnotbeenusedintheproofsofaranddoesnot
appearinthefinallineoftheprooforin ¢ thenwe
may infer

q < .
T his allows us to use g as abbreviation for .
By iterating uses of extension rule the extension

rule can apparently make proofslogarithmically
smaller by reducing the formula size.

(Tserltin, 1968) first used the extension rule, for
resolution proofs. Also, (Statman, 1977) and
(Cook, Reckhow, 1979).

Thm: (Reckhow, 1976) The choice of axiom
schemas or of logical language does not affect
the lengths of F- or eF-proofs by more than a
polynomial amount.



Def’'n: A propositional proof system is a poly-
nomial time function f with range equal to the
set of all valid formulas.

An (extended) Fregeproofsystemcanbeviewed
as a propositional proof system by letting f(w)
equal thelastline of w if wis a valid (e)F-proof.
Similarly, any theory (e.g. set theory) can be
viewed as a propositional proofsystem.

Thm: (Cook, 1975)
NP =coNP iffthereisa proofsystem f forwhich

tautologies have polynomial size proofs.

Suchaproofsystem f, ifit exists, iscalled super.



Def’'n: Let S and T be proofsystems (with the
same propositional language). S simulates T iff
thereisa polynomial psothat forany T-proofof
size n thereisan S-proofofthesame formula of
size < p(n). S p-simulates T iff the S-proofis
obtainableasan FP function ofthe T'-proof.

Open: Does Fsimulate eF7?

Thisisrelated to the question of whether Bool-
ean circuits have equivalent polynomial size for-
mulas. By (Ladner, 1975) and (Buss, 1987) this
iIsa non-uniform version of

“DoesP=ALOGTIME?"

Open: Is there a maximal proof system which
simulates all other propositional proofsystems?

(Krajicek, Pudlak, 1989): If NEXP=co-NEXP
then “Yes’ .



Def’'n: The propositional pigeon hole principle
PHP, istheformula

AV pijDd V V' @i APm.j)
0<i<n 0<j<n 0<i<m<n 0<j<n
states that n + 1 pigeons can’t fit singly into n
holes. p; ; means “pigeonzisin hole 3" .

Thm: (Cook-Reckhow, 1979) There are poly-
nomial size eF-proofsof PHP,.

Thm: (Buss, 1987) There are polynomial size
F-proofsof PHPy.

Thm: (Haken, 1985) The shortest resolution
proofsof PH P, are of exponential size.

Cook and Reckhow had proposed PHP, as an
example for showing that F could not simulate
eF .

Problem: Find a combinatorial principle that
might separate F from eF.



Proofthat PHP,, has polysize eF-proofs

Conceptual Version -(by contradiction)
Given f: [n] [n — 1]
define f: [k] [k — 1]
as fn(i) = f(1),
(1) = { fre4+1(2) if fro1(2) <k

fr+1(k+ 1) otherwise.
Fork =1, f1 : [1] -1 [0] — contradiction.

eF-proof: Uses ¢/ for “ fi,(i) = j"

Q?ijz,]
k+1 k+1 . k+1
R APV C AP i )
Thenprovefork =n,n—1,.. 1thatqZ .'scode

a one-to-one function from [k] to [k — 1]. For
k= 1,wehave “fqistotalandone-to-one”:

1 1 1 1
2,010/ (960N 41,0)

whichisimpossible. O



TheFirst Translation
S3 and Polysize e Proofs

Part of Cook’s motivation for the introduction
ofthefeasibly constructive proofsystem PV was
that there is an intimate translation between
PV-proofsand polynomial size eF-proofs.

(Cook, 1975) showed that if A(x) is a polyno-
mial time equation provablein PV, then thereis
a family of tautologies| A[" such that

(1) [A]" is a polynomial size propositional for-
mula,

(2) [A]" saysthat A(z)istruewhenever |z| < n,

(3) [A]" haspolynomial size eF-proofs.

Generalizations have been proved by (Dowd,
1985) and (Krajicek, Pudlak, 1988).



Weshall provetheversion of Cook’stheorem for
S5 and MY-formulas A. (see Buss, 1988).

Def’'n: Lett(a) beaterm. The bounding poly-
nomialoftisapolynomial ¢;:(77) suchthat

(VZ)(|t(2)| < ge(max{|Z]})).
Theinductive definitionis:

go(n)=1
ga(n)=n foraavariable

ast)(n)=qi(n) + 1

qs4+¢(n)=gqs(n) + q:(n)
gs-t(n)=qs(n) + q:(n)

qsz¢(n)=gqs(n) - ¢t(n) + 1
qj¢|(n)= 9L (’n) = qt(n)

Def’'n: Let A(d) be a bounded formula. The
bounding polynomial of A isa polynomial g4(a)
so thatif |a;| < n forall a;in @, then A(a) refers
only tonumbersoflength < g4(n).



q4 iSinductively defined by:

(1) qs<t = qs=t = qs + ¢
(2) g4 =2qu
(3) 9AAB = 9AvB = 49A>B =94 + 4B

(4) 9Qz<t)a = at(n) + ga(n + g(n))

Next we define|[¢],,, to be a vector of polynomial
size formulas that define (compute) the term ¢
for values of length < m. For thisit is useful to
think of formulas as being circuits of fanout 1.

Let ||+, be a polynomial size, fanout 1 circuit
which accepts 2m binary inputs and outputs m
binary signals; [+ ],,, computes the bitwise sum
of two m-bit integers (and discards any over-
flow). Likewise define[-],,, [#],,. [|3z]] _ . etc.
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Def’'n: Lett(a) beatermandm > ¢:(n). [t], is
avectorofm propositionalformulasdefiningthe
lower m bits of thevalue of t(a@) when |a;| < n.

For b afreevariablein t, a propositional variable
v? represents the i-th bit of b’svalue.

(1) [O]), is a sequence of m false formulas (for
examplep A —p).

(2) For bavariable, [b]), isasequenceofm — n

false formulas followed by v® _,...,v8.

n—1>

(3) [s+tl, is [+],,{As]m,[t]y) (the formulas
corresponding to the circuit for addition ap-

plied totheoutputsof[s];, and[t]",).

(4) Andsimilarly forother cases.

Notethat[t]), isa polynomial size formula (in m
andn).
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Next: for A € MY define a propositional formula
[A]}, form > g4(n).

If B is formula, we assign new ‘existential’ vari-
ables ¢ and new ‘universal’ variables u” to B
(¢ > 0). Different occurences of B willgenerally
get assigned different such variables.

Def’'n: EQ., isacircuit forequality:

1

EQm®,d)is N (pr < ai)
k=0

LEnw(p,q) isacircuit for <:

EQuB )V \ (ar-pin N (g < p))

0<i<m 1<g<m
Def’'n: A is in negation-implication normal
form (NINF) iff all negation signs are applied to
atomic subformulas and there are no implica-
tionsin A.
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Def’'n: Assume A € MY and A isin NINF and
m > qa(n). Define[ A]], inductively by:

(1)
(2)

(8) [

Notethat |t| < m (by ourassumptlon onm).

[s = t]y is EQm([s]m,[t]m)
ls < tlp is LEm([s]m,[t])
(3) [
(4) [
(5) [
(6) [
(7 [

—AJ is [ A], for A atomic.
A A BI is[ATL ALBI,
Av BI, is[ATL, VIBI,

3z < ) A@) [y is[z < t A A(2) T, ({ef /P )}

(Ve < t)A(z)], is[-x <tV A(z)]), ({,ufl/vx}n__

(Vo < [t)A(z) ], is /\ [ﬂk < |t| v A(k) ],

(9) [Ge < [thA() ], is kY_o [k < [t] A AE)],
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Prop: The formula [A];, is equivalent to A in
that A(a) istrue (|a;| < n) iffforall truth assign-
ments to the universal variables in [A]], thereis
an assignment to the existential variables which
satisfies[A],,. O

We can extend the definition of [A] in the obvi-
ousway to formulasnotin NINF.

Def’'n: An eF-proof of [A] is defined like an
ordinary eF-proof except now we additionally
allow the existential variables (but not the other
variables) in[A]}, to bedefined by the extension
rule (each existential variable may be defined
only once).

Theorem: (essentially Cook, 1975).

If A € NS and S3 - (V&) A(F) thenthereare poly-
nomial size (in n) eF-proofs of [[A]ZA(n). These
eF-proofsareobtainablein polynomial time.
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Proof: of Cook’stheorem. If[ — A is provable
in S5, we prove the theorem for

[[ﬂl‘ \% A]

By free-cut elimination it will suffice to do it for
r c % and A C N%. We proceed by induction
on the number of inferences in a free-cut free
proof.

Case(1): Alogical axiom B— B. Obviously

[-BVvB| = -[B|V|[B]

hasa polynomial size eF-proof.

Case(2): ABASIC axiom. Forexample,

[(z+y)+z=2+(y+2)]3,

has straightforward polynomial size F-proofs
using techniques of (Buss, 1987).
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Case(3) Theproofendswith a contraction:

r—A,B,B

—A,B
Recall that all three B’s are assigned different
existential and universal variables. The induc-
tion hypothesis says there are polynomial size
eF -proofsof

I-F'vAvVBYVvYB].

Modify these proofs by (1) identifying the uni-
versal variables for different B's; (2) at the end
of the proof useextension to define

ej «— ([BI(&) nej) v (HLBIE) A €))

where €' are the existential variables for the
lower B and the others are the existential vari-
ablesfortheupper B’s; and (3) thenextendtoa
proofof

[-r]vIAa]vIB](E).
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Case(4) Theproofendswith a Cut:

[—A,B B, M—A
LIT—A,A
By free cut elimination, B € X%: so B has exis-
tential variables €and =B has universal variables

. By induction hypothesis, there are polyno-
mial size eF-proofsof

[-rlvIiAa]vIB(e)

and
[0 VIALVI-B](f&)
Thepolynomial size eF-proof of
[-Cv-NvVvAVA]

consists of the first proof above followed by the
second proof except with the i’s changedto €’s
followed by a (simulated) cut.

Case(5) For Z’i—PIND inferences, iterate the
construction for Cut and contractions.
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Case(6) Ifthe proofendswith:

T— A, A(t)
t<s,T—A,(Jz < s)A(x)

Let € be the existential variables for (dz < s)A.
Thedesired eF-proofcontains:

(a) Extension: € « [t].
(b) Theprooffromtheinduction hypothesisof

I-FTvAVA~®)]

(c) Afurtherderivation of

[-t<sVaITVAV((t<sAA())]

(d) A derivation of

[-t<sv-aTVAV 3z <s)A(z)]

by changingsome|t]|’'stoe’s. O
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Corollariesto Cook’s Theorem
Thm'sA-Caredueto (Cook, 1975)—for PV

Thm A: Let G O F be a propositional proof
system. If S1 - Con(G) then eF p-simulates G.

ThmB:If S3 FNP=coNP then eF issuper.

Thm C: eF has polynomial size proofs of the
propositional formulas Conegr(n) which assert
thatthereisno eF-proofofp A =poflength < n.

Thm D: (Buss, 1989) F has polynomial size
proofsoftheself-consistency formulas Conx(n).
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Pfof Thm A from Thm C: (Idea) Suppose
thereis a G proof P of a tautology ¢. A poly-
nomial size e proof of ¢ is constructed as fol-
lows: Let p'bethefreevariablesin o(p). Reason
inside eF. First show that if = then thereis an
F-proof Py of ~p(p) where pdenotes a vector of
T’'sand L’'s: thetruth valuesof p. By substitut-
ing p for p'in P and combining this with Py, we
constructa G-proof P> of a contradiction. This
proofhassize polynomialin | P| since P; hassize
polynomialin |p| < |P|.

By Thm C there is a polynomial size efF-
proof of Cong(|P>|) so the assumption that —¢
iIsimpossible;i.e., pistrue. O

Pfof Thm C: S3 - Con(eF). O

Pfof Thm D: The F-self-consistency proofis
a “brute-force” proofthat truth is preserved by
axioms and modus ponens using the fact that
the Boolean formula value problemisin ALOG-
TIME. O

20



Def’'n: Asubstitution Frege sF proofsystem s
a Frege proofsystem plusthesubstitution rule:

¥(p)
V()

for ¢, ¢ arbitrary formulas, all occurences of p
substituted for.

Thm: (Cook, Reckhow, 1979), (Dowd, 1985),
(Krajicek, Pudlak, 1989)
sF and eF p-simulate each other.

Pf: sF p-simulates eF is not hard to show di-

rectly. eF p-simulates sF since S3 F Con(sF).
u
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Constant Depth Frege Proofs

Let propositional formulas use connectives A
and Vv with negations only on variables. The
depth of a formula is the maximum number
of blocks (alternations) of A's and Vv’s on any
branch ofthe formula, viewed as a tree.

The depth of a Frege proof is the maximum
depth of formulasoccuringin the proof.

Completeness Thm: Constant-depth Frege
systems are complete (for constant depth tau-

tologies.

Proof: By thecut-elimination theorem. O
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The Second Translation
IAg/S> and constant depth F

(Paris-Wilkie’'85) developedthefollowing trans-
lation between provabilityin IAg (orIAg+$21)
and thelengthsofconstantdepth Frege proofs.

First, we shall work with IAg(a, f) or So(a, f)
where a and/or f are allowed to be new pred-
icate or function symbols (resp.) which may
be used in induction axioms. We translate
closed (=variable-free) arithmetic formulas A
into propositional formulas A" : thisis defined
inductively as follows.

(1) (a(t))t™ is ¢q;, whereiisthenumericvalue
ofthevariable-freetermt.

(2) (f(t) =)™ is p;;, whereiandjarethe
numericvaluesoftands. WIlog, f occursonlyin
this context.

23



(3) Forotheratomic formulas,

P(t)""W is defined to be either the constant T or
theconstant L.

(4) Boolean connectives are translated without
anychange. E.g., (A A B)"Wis AW A BYW,

value(t)

(5) [(Ve <)A(@)]™ s N [AD]™.

=0
value(t)

(6) [Gz <)A(@)]™ s \f [A@]™.

1=0

24



Thm: (essentially Paris-Wilkie'85)

Suppose IAg(a, f) proves (Vx)A(z). Thenthe
formulas {A(n)"Y : n > 0} are tautologies
and havepolynomialsize, constant-depth Frege
proofs.

Pf-idea: Givena IAg(a, f) proof P(xz) of A(x)
and given n > 0, replace x everywhere with n,
to get a proof P(n) of A(n). W.l.o.g., P(z) is
free-cutfree,sohasonly bounded formulas. Re-
place every formula B in P(n) with its transla-
tion B . Thus every sequent T— A in P(n)
becomesa propositional sequent W — AW,

(a) Size of new formulas. A simple size analysis
givesthatthereisaconstantcsuchthatforevery
formula A € P(n), the formula AW as at most
n® many symbols. Thisis since every term t(n)
is bounded by n© and there are finitely many for-
mulas Ain P(n).

25



(b) Sizeofpropositional proofsof FTtW — AW is
likewise bounded by n? for some constantd. To
prove this, consider how the propositional proof
is obtained from the proof P(n): the general
idea is to work from the bottom of the proof up-
wards, always considering sequentsin P(n) with
values assigned to all the free variables.

(b.i) A3 <:rightinferencein P(n):

— A, B(s) .
s<t,T—A,(Jz < t)B(x)

If s <t,thepropositional translation ofthisis:

rPW_> APW, B(S)PW

V:iright’s

t
|—PW_> APW, \x/ B(Z)PW

1=

t
T,rPW_> APW, \x/ B(Z)PW
1=0
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(b.ii) AV <:rightinferencein P(n):

a<t,T— A, B(a)
— A, (Vz < t)B(x)

has propositional translation:

. t
{T,r" — A", B>)™ }i—o

A:right’s

t
rPW_> APW, /X\ B(Z)PW
1=0

(b.iii) Ainductioninferencein P(n)

,B(a)—™ B(a+1),A
I, B(0)— B(%), A

has propositional translation

{FPW, B(i)™ — B(i+ 1)V, APV}IZ4
FPW_B(0)P"W — B(t)PW, APW Cuts
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Otherinferencesare handledsimilarly. Sincethe
proof P(n) has constant size, and since the val-
ues ofterms are < n%, forsome constant «, the
sizeboundis proved. O

When Q1 is used the function z — z'°9 7 js total,
thegrowth rateis alittlelarger:

Thm: (essentially Paris-Wilkie'85)

Suppose IAp(a, f)+21 proves (Vz)A(x). Then
the formulas {A(n)™ : n > 0} are tautologies
and havequasi-polynomialsize, constant-depth
Frege proofs.

Pf: Verysimilar argument works.
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For S% and T4 weget thefollowingimprovement:

First, at the cost of adding a finite set polyno-
mialtimefunctionssuchasthe Godel g function,
we may assume that every formula in Z%(a, f)
or I‘If(a, f) consistsof exactly i bounded quanti-
fiers, then asharply bounded quantiferand then
a Boolean combination of atomic formulas of
theform a(t) or f(t) = sorwhichdonotusea or
f. [Basically, becauseofthequantifierexchange
property and by contracting like quantifiers.]

With this convention, thenif A € Z2or A € N?
thenthetranslation AW isadepth i+ 1 proposi-
tionalformulawherethebottomdepth haspoly-
logarithmic fanin.
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Thm: Suppose T4 - M — A, sequentof 2 U MY
formulas. Thenthesequents MW — AFW have
polynomial size propositional sequent calculus
proofsofdepth: 4+ 1 inwhich every formula has
polylogarithmic fanin atthe bottom level.

Furthermore, there is a constant ¢ such that
every sequent in the propositional proof has at
most ¢ formulas.

If every formula in the T4-proof is in MY, then
every formula in the propositional proofs starts
with a (topmost) block of A’s.

Proof: Asabove. O

30



