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LengthsofPropositionalProofs

Def�n� PropositionalFormulasare formedwith

logical connectives �� �� � and �� variables

p�� p�� � � �� andparentheses�

Cook�sThm� P 
 NP i� there is a polynomial

timealgorithmfordetermining ifapropositional

formula is valid�

Def�n� A Frege �F
 proof system is a usual

proof system for propositional logic with a �nite

set of axiom schemes and with only the modus

ponensrule� F is soundandcomplete�

Open� Does every tautologyhaveapolynomial

size F �proof� If so� thenNP
co�NP�

Pf� The set of tautologies is co�NP complete

and having a polynomial size F �proof is an NP

property�

�



Def�n� The extendedFrege �eF 
 proof system

is aFregeproof systemplus the extension rule�

ExtensionRule� whenever q is a variable which

hasnotbeenused intheproofsofaranddoesnot

appear inthe�nal lineoftheproofor in � thenwe

may infer

q � ��

This allows us to use q as abbreviation for ��

By iterating usesof extension rule the extension

rule can apparentlymake proofs logarithmically

smaller by reducing the formula size�

�Tse��tin� 	���
 �rst used the extension rule� for

resolution proofs� Also� �Statman� 	���
 and

�Cook�Reckhow�	���
�

Thm� �Reckhow� 	���
 The choice of axiom

schemas or of logical language does not a�ect

the lengths of F � or eF �proofs by more than a

polynomial amount�

�



Def�n� A propositional proof system is a poly�

nomial time function f with range equal to the

setofall valid formulas�

An�extended
Fregeproofsystemcanbeviewed

as a propositional proof system by letting f�w


equal the last line of w if w is a valid �e
F �proof�

Similarly� any theory �e�g� set theory
 can be

viewedasapropositional proof system�

Thm� �Cook�	���


NP
coNP i� there is aproofsystem f forwhich

tautologies havepolynomial size proofs�

Suchaproof system f � if it exists� is called super�

�



Def�n� Let S and T be proof systems �with the

samepropositional language
� S simulates T i�

there is apolynomial p so that for any T �proofof

size n there is an S�proof of the same formula of

size � p�n
� S p�simulates T i� the S�proof is

obtainable asanFP functionof the T �proof�

Open� DoesF simulate eF�

This is related to the question of whether Bool�

eancircuits have equivalent polynomial size for�

mulas� By�Ladner�	���
and�Buss�	���
this

is anon�uniformversionof

�DoesP
ALOGTIME��

Open� Is there amaximal proof system which

simulates all other propositional proof systems�

�Kraj���cek� Pudl�ak� 	���
� If NEXP
co�NEXP

then�Yes��

�



Def�n� The propositional pigeon hole principle

PHPn is the formula

�
��i�n

�
��j�n

pi�j �
�

��i�m�n

�
��j�n

�pi�j � pm�j


states that n � 	 pigeons can�t �t singly into n

holes� pi�j means�pigeon i is in hole j��

Thm� �Cook�Reckhow� 	���
 There are poly�

nomial size eF �proofsof PHPn�

Thm� �Buss� 	���
 There are polynomial size

F �proofsof PHPn�

Thm� �Haken� 	���
 The shortest resolution

proofsof PHPn areof exponential size�

Cook and Reckhow had proposed PHPn as an

example for showing that F could not simulate

eF �

Problem� Find a combinatorial principle that

might separateF from eF �

�



Proof that PHPn haspolysize eF �proofs

ConceptualVersion� �by contradiction


Given f � �n�
���
��	 �n� 	�

de�ne fk� �k�
���
��	 �k � 	�

as fn�i
 
 f�i
�

fk�i
 


�
fk���i
 if fk���i
 � k
fk���k� 	
 otherwise�

For k 
 	� f� � �	�
���
��	 ����contradiction�

eF�proof� Uses qki�j for �fk�i
 
 j��

qni�j� pi�j

qki�j� qk��i�j � �qk��
i�k

� qk��
k���j


Thenprovefork 
 n� n�	� � � � �	 that qki�j �scode

a one�to�one function from �k� to �k � 	�� For

k 
 	�wehave�f� is total andone�to�one��

q���� � q���� � ��q
�
��� � q����


which is impossible� �

�



TheFirstTranslation

S�� andPolysize eF Proofs

Part of Cook�s motivation for the introduction

ofthefeasiblyconstructiveproofsystemPVwas

that there is an intimate translation between

PV�proofsandpolynomial size eF �proofs�

�Cook� 	���
 showed that if A�x
 is a polyno�

mial time equation provable in PV� then there is

a family of tautologies A n suchthat

�	
 A n is a polynomial size propositional for�

mula�

��
 A n saysthatA�x
 is truewhenever jxj � n�

��
 A n haspolynomial size eF �proofs�

Generalizations have been proved by �Dowd�

	���
and�Kraj���cek�Pudlak�	���
�

�



WeshallprovetheversionofCook�s theoremfor

S�� and�
b
��formulasA� �seeBuss�	���
�

Def�n� Let t��a
 be a term� The boundingpoly�

nomialof t is a polynomial qt��n
 such that

�
�x
�jt��x
j � qt�maxfj�xjg

�

The inductive de�nition is�

q��n

	
qa�n

n foraavariable

qS�t��n

qt�n
 � 	

qs�t�n

qs�n
 � qt�n

qs�t�n

qs�n
 � qt�n


qs�t�n

qs�n
 � qt�n
 � 	
qjtj�n

q

b��tc
�n
 
 qt�n


Def�n� Let A��a
 be a bounded formula� The

boundingpolynomial of A is a polynomial qA��a


so that if jaij � n for all ai in �a� then A��a
 refers

only tonumbersof length� qA�n
�

	



qA is inductively de�nedby�

�	
 qs�t 
 qs�t 
 qs� qt

��
 q�A 
 qA

��
 qA�B 
 qA�B 
 qA�B 
 qA� qB

� 
 q�Qx�t�A 
 qt�n
 � qA�n� qt�n



Nextwe de�ne t m to be a vector of polynomial

size formulas that de�ne �compute
 the term t

for values of length � m� For this it is useful to

thinkof formulas asbeingcircuits of fanout	�

Let � m be a polynomial size� fanout 	 circuit

which accepts �m binary inputs and outputs m

binary signals! � m computes the bitwise sum

of two m�bit integers �and discards any over�

"ow
� Likewisede�ne � m� # m� b
�
�xc m

� etc�

�




Def�n� Let t��a
 bea termandm � qt�n
� t n
m is

avectorofmpropositionalformulasde�ningthe

lowerm bits of thevalue of t��a
 when jaij � n�

For b a free variable in t� a propositional variable

vbi represents the i�thbit of b�s value�

�	
 � n
m is a sequence of m false formulas �for

example p � �p
�

��
 For b a variable� b n
m is a sequence ofm � n

false formulas followedby vbn��� � � � � v
b
��

��
 s� t n
m is � m� s

n
m� t

n
m
 �the formulas

corresponding to the circuit for addition ap�

plied to theoutputsof s n
m and t n

m
�

� 
 Andsimilarly forother cases�

Note that t n
m is a polynomial size formula �inm

and n
�

��



Next� for A 
 �b
� de�ne a propositional formula

A n
m form � qA�n
�

If B is formula� we assign new $existential� vari�

ables �Bi and new $universal� variables �Bi to B

�i � �
� Di�erentoccurencesofB will generally

getassigneddi�erent suchvariables�

Def�n� EQm is a circuit for equality�

EQm��p� �q
 is
m���
k��

�pk � qk


LEm��p� �q
 is acircuit for��

EQm��p� �q
 �
�

��i�m

�
qi � �pi �

�
i�j�m

�qi � pi

�

Def�n� A is in negation�implication normal

form �NINF
 i� all negation signs are applied to

atomic subformulas and there are no implica�

tions inA�

��



Def�n� Assume A 
 �b
� and A is in NINF and

m � qA�n
� De�ne A n
m inductively by�

�	
 s 
 t n
m isEQm� s

n
m� t

n
m


��
 s � t n
m isLEm� s

n
m� t

n
m


��
 �A n
m is � A n

m forA atomic�

� 
 A �B n
m is A n

m � B n
m

��
 A �B n
m is A n

m � B n
m

��
 ��x � t
A�x
 n
m is x � t �A�x
 n

m�f	
A
i 
v

x
i g

n��
i��


��
 �
x � t
A�x
 n
m is �x � t �A�x
 n

m�f�
A
i 
v

x
i g

n��
i��


��
 �
x � jtj
A�x
 n
m is

m��V
k��

�k � jtj �A�k
 n
m

Notethat jtj � m �byourassumptiononm
�

��
 ��x � jtj
A�x
 n
m is

m��W
k��

k � jtj �A�k
 n
m

��



Prop� The formula A n
m is equivalent to A in

thatA��a
 is true �jaij � n
 i� forall truthassign�

ments to the universal variables in A n
m there is

an assignment to the existential variables which

satis�es A n
m� �

We can extend the de�nition of A in the obvi�

ousway to formulasnot inNINF�

Def�n� An eF �proof of A n
m is de�ned like an

ordinary eF �proof except now we additionally

allow the existential variables �butnot the other

variables
 in A n
m to bede�nedby the extension

rule �each existential variable may be de�ned

onlyonce
�

Theorem� �essentiallyCook�	���
�

IfA 
 �b
� andS

�
� � �
�x
A��x
 thentherearepoly�

nomial size �in n
 eF �proofs of A n
qA�n�

� These

eF �proofsare obtainable inpolynomial time�

��



Proof� ofCook�s theorem� If %�& isprovable

in S�� �weprove the theoremfor

�% �& �

By free�cut elimination it will su'ce to do it for

% � (b
� and & � �b

�� We proceed by induction

on the number of inferences in a free�cut free

proof�

Case �	
�A logical axiomB�B� Obviously

�B �B 
 � B � B

hasapolynomial size eF �proof�

Case ��
�ABASICaxiom� For example�

�x� y
 � z 
 x� �y� z
 n
	n

has straightforward polynomial size F �proofs

using techniquesof �Buss�	���
�

��



Case��
Theproofendswith a contraction�

%�&� B�B
%�&� B

Recall that all three B�s are assigned di�erent

existential and universal variables� The induc�

tion hypothesis says there are polynomial size

eF �proofsof

�% �& �B �B �

Modify these proofs by �	
 identifying the uni�

versal variables for di�erent B�s! ��
 at the end

of theproofuseextension tode�ne

���j � � B ���
 � �j
 � �� B ���
 � ��j


where ���� are the existential variables for the

lower B and the others are the existential vari�

ables for the upperB�s! and ��
 then extend to a

proofof

�% � & � B �����
�

��



Case� 
Theproofendswith aCut�

%�&� B B���)

%���&�)

By free cut elimination� B 
 (b
�! so B has exis�

tential variables�� and�B hasuniversal variables

��� By induction hypothesis� there are polyno�

mial size eF �proofsof

�% � & � B ���


and

�� � ) � �B ���


Thepolynomial size eF �proofof

�% � �� �& � )

consists of the �rst proof above followed by the

secondproof except with the ���s changed to ���s

followedbya �simulated
 cut�

Case ��
 For (b
��PIND inferences� iterate the

construction forCutandcontractions�

��



Case��
 If theproof endswith�

%�&� A�t

t � s�%�&� ��x � s
A�x


Let �� be the existential variables for ��x � s
A�

Thedesired eF �proof contains�

�a
Extension� �� � t �

�b
Theproof fromthe inductionhypothesisof

�% �& �A�t


�c
A further derivation of

�t � s � �% �& � �t � s �A�t



�d
Aderivation of

�t � s � �% �& � ��x � s
A�x


bychangingsome t �s to ��s� �

��



Corollaries toCook�sTheorem

Thm�sA�Caredue to �Cook�	���
�forPV

Thm A� Let G � F be a propositional proof

system� If S�� � Con�G
 then eF p�simulatesG�

ThmB� If S�� �NP
coNPthen eF is super�

Thm C� eF has polynomial size proofs of the

propositional formulas ConeF�n
 which assert

that there isno eF �proofof p��p of length� n�

Thm D� �Buss� 	���
 F has polynomial size

proofsoftheself�consistencyformulasConF�n
�

�	



Pf of Thm A from Thm C� �Idea
 Suppose

there is a G proof P of a tautology �� A poly�

nomial size eF proof of � is constructed as fol�

lows� Let �p be the free variables in ���p
� Reason
inside eF � First show that if �� then there is an

F �proof P� of����p
 where �p denotesa vector of

��s and��s� the truth values of �p� By substitut�

ing �p for �p in P and combining this with P�� we

construct aG�proof P� of a contradiction� This
proofhas size polynomial in jP j since P� has size

polynomial in j�j � jP j�

By Thm C there is a polynomial size eF �

proof of ConG�jP�j
 so the assumption that ��
is impossible! i�e�� � is true� �

PfofThmC� S�� � Con�eF
� �

Pf of ThmD�The F �self�consistency proof is

a �brute�force� proof that truth is preserved by

axioms and modus ponens using the fact that

theBoolean formula value problem is in ALOG�

TIME��

�




Def�n� A substitution Frege sF proof system is

aFregeproof systemplus the substitution rule�

��p


���


for �� � arbitrary formulas� all occurences of p

substituted for�

Thm� �Cook�Reckhow� 	���
� �Dowd� 	���
�

�Kraj���cek�Pudl�ak�	���


sF and eF p�simulate eachother�

Pf� sF p�simulates eF is not hard to show di�

rectly� eF p�simulates sF since S�� � Con�sF
�

�

��



ConstantDepthFregeProofs

Let propositional formulas use connectives �

and � with negations only on variables� The

depth of a formula is the maximum number

of blocks �alternations
 of ��s and ��s on any

branchof the formula� viewed asa tree�

The depth of a Frege proof is the maximum

depthof formulasoccuring in theproof�

Completeness Thm� Constant�depth Frege

systems are complete �for constant depth tau�

tologies�

Proof� Bythecut�elimination theorem� �

��



TheSecondTranslation

I&��S� andconstantdepth F

�Paris�Wilkie���
developedthefollowingtrans�

lationbetweenprovability in I&� �or I&��*�


andthe lengthsof constantdepthFregeproofs�

First� we shall work with I&���� f
 or S���� f


where � and+or f are allowed to be new pred�

icate or function symbols �resp�
 which may

be used in induction axioms� We translate

closed �
variable�free
 arithmetic formulas A

into propositional formulas APW � this is de�ned

inductively as follows�

�	
 ���t

PW is qi� where i is thenumericvalue

of thevariable�free term t�

��
 �f�t
 
 s
PW is pi�j � where i and j are the

numeric valuesof t and s� Wlog� f occursonly in

this context�

��



��
For other atomic formulas�

P��t
PW is de�ned to be either the constant � or

theconstant��

� 
Boolean connectives are translated without

anychange� E�g�� �A �B
PW isAPW �BPW �

��
 ��
x � t
A�x
�PW is

value�t���
i��

�A�i
�PW �

��
 ���x � t
A�x
�PW is
value�t���
i��

�A�i
�PW �

��



Thm� �essentiallyParis�Wilkie���


Suppose I&���� f
 proves �
x
A�x
� Then the

formulas fA�n
PW � n � �g are tautologies

andhavepolynomialsize�constant�depthFrege

proofs�

Pf�idea� Given a I&���� f
 proof P�x
 of A�x


and given n � �� replace x everywhere with n�

to get a proof P�n
 of A�n
� W�l�o�g�� P�x
 is

free�cut free� sohasonlyboundedformulas� Re�

place every formula B in P�n
 with its transla�

tion BPW � Thus every sequent %�& in P�n


becomesapropositional sequent %PW�&PW �

�a
 Size of new formulas� A simple size analysis

givesthatthereisaconstant c suchthatforevery

formula A 
 P�n
� the formula APW as at most

nc many symbols� This is since every term t�n


is boundedby nc and there are �nitely many for�

mulasA in P�n
�

��



�b
Sizeofpropositionalproofsof%PW�&PW is

likewise boundedby nd for some constant d� To

prove this� consider how the propositional proof

is obtained from the proof P�n
� the general

idea is towork from the bottomof the proof up�

wards� alwaysconsidering sequents inP�n
 with

valuesassigned toall the free variables�

�b�i
A � ��right inference in P�n
�

%�&� B�s

s � t�%�&� ��x � t
B�x


�

If s � t� thepropositional translation of this is�

%PW�&PW � B�s
PW
��right�s

%PW�&PW �
tWW

i��
B�i
PW

��%PW�&PW �
tWW

i��
B�i
PW

��



�b�ii
 A 
 ��right inference in P �n
�

a � t�%�&� B�a

%�&� �
x � t
B�x


haspropositional translation�

�
��%PW�&PW � B�i
PW

�t
i�� ��right�s

%PW�&PW �
tVV

i��
B�i
PW

�b�iii
 A induction inference in P�n


%� B�a
�B�a� 	
�&
%� B��
�B�t
�&

haspropositional translation

�
%PW � B�i
PW�B�i� 	
PW �&PW

�t��
i��

Cuts
%PW � B��
PW�B�t
PW �&PW

��



Other inferencesarehandledsimilarly� Sincethe

proof P�n
 has constant size� and since the val�

ues of terms are � n�� for some constant �� the

sizebound is proved� �

When*� is usedthe function x �	 xlogx is total�

thegrowth rate is a little larger�

Thm� �essentiallyParis�Wilkie���


Suppose I&���� f
�*� proves �
x
A�x
� Then

the formulas fA�n
PW � n � �g are tautologies

andhavequasi�polynomialsize�constant�depth

Fregeproofs�

Pf� Very similar argumentworks�

��



ForSi� andT
i
�wegetthefollowingimprovement�

First� at the cost of adding a �nite set polyno�

mialtimefunctionssuchastheG,odel
 function�

we may assume that every formula in (b
i��� f


or �b
i��� f
 consistsof exactly i boundedquanti�

�ers� then a sharply boundedquantifer and then

a Boolean combination of atomic formulas of

theform��t
 or f�t
 
 sorwhichdonotuse� or

f � �Basically�becauseofthequanti�erexchange

property andbycontracting like quanti�ers��

With this convention� then if A 
 (b
i or A 
 �b

i

thenthetranslationAPW isadepth i�	proposi�

tionalformulawherethebottomdepthhaspoly�

logarithmic fanin�

�	



Thm� Suppose T i
� � %�&�sequentof(b

i ��
b
i

formulas� Then the sequents %PW�&PW have

polynomial size propositional sequent calculus

proofs of depth i� 	 inwhich every formula has

polylogarithmic fanin at thebottom level�

Furthermore� there is a constant c such that

every sequent in the propositional proof has at

most c formulas�

If every formula in the T i
��proof is in �b

i � then

every formula in the propositional proofs starts

witha �topmost
blockof
V
�s�

Proof� Asabove� �

�



