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Feasibly Constructive Proof Systems

A constructive proof system is one in which
proofs of existence contain, or imply the exis-
tence of, algorithms for finding the object which
isprovedtoexist. Forafeasiblyconstructivesys-
tem, the algorithm will be feasible, not merely
effective.

I.e.,ifVx3dyA(z,y) is provable then there should
beanalgorithm tofind y asafunctionof x.

Effective versus Feasible:

“Effective’” means “recursive” - Church’s the-
SiS.

“Feasible” means “Computable with a reason-
ableamount oftimeorspaceresources”.

The usual mathematical model for feasible is
“polynomial-time computable’”.



PRELIMINARIES:
COMPUTATIONALCOMPLEXITY

Def’'n: Pisthesetofpolynomialtimerecogniz-
able functions. F'Pistheset of polynomial time
computable functions.

Functions and predicates are arithmetic. poly-
nomial time means in terms of the length |z| of
the input . (Instead of having functions and
predicates operateonstrings ofcharacters.)

lz| = [logs(z + 1)] = thelength of the binary
representation of x

|f| — |$1|7 |$2|7 s ey |$k|



Cobham (1964) defined FP as the closure of
some base functionsundercompostion and /im-
ited iteration on notation.

Base Functions: 0, S (successor), L%xj , 2,

. 1 ife <y
TSY = { O otherwise

. ifz >0
Choice(x,y,z) = { Z otherwise

Def’'n: Let g beapolynomial. fisdefinedfrom
g and h by limited iteration on notation with
spacebound q iff

f(70) = ¢(2)
f(@y) = h(@ v, £(7 | Ly])
provided |£(Z,y)| < q(|], |y]) forall Z,y.



Def’'n: NP istheset of non-deterministic poly-
nomial time computable predicates. Co-NP is
theset of complements of NP predicates.

Def’'n: If Wisaset of predicates, PB3(WV) isthe
set of predicates A expressible as

Fe Ao (Fy < 2PB)B(z,y)

forsomepolynomialpandsome B € V.,
PBY (W) is defined similarly with universal poly-
nomially bounded quantification.

Now, NP = PB3(P) and co-NP = PBY(P).

Def’'n: If W is a set of predicates, PV (resp.,
FPVY)is the set of predicates (resp., functions)
polynomial time recognizable with oracles for a
finite number of predicatesin V.



Polynomial Time ‘“Hierarchy’”:

Uy = FP
Al = P
>, = PB3I(A])
Ny = PBY(A})
AP, = PT =P
1b., = FPT = FpM
p p
A3 Ij3
p p
I_|2 Z2
p p
AQ |]2
co-NP = N} > = NP
— NP P _
P=AY 0 = FpP

Open Question: Isthis hierarchy proper?



The Equational Theory PV

(Cook, 1975) PV - “Polynomially Verifiable”

e an equational theory analogousto PRA ex-
cept for polynomial time computability.

e based on dyadic representation of integers
asstringsofO’sand1’s.

e base functions include <, Cond, concate-
nation and iterated concatenation and two
successor functions s; and s»:

si+1(x) =2z +1

e additional function symbols definable by
limited iteration; thisgives all FP functions.



alengthinductionrule (forequations A):
A0) A1) (Va)(A(z) D A(s1(z)) A A(sa(z)))

(Va)A(x)

Statman showed that the full induction (for
equations) holds:

A(0) AN A(L) A (Vx)(A(z) D A(z + 1))
D (Vz)A(z)

Bounded Arithmetic will present more ap-
propriate induction axioms for polynomial
time/hierarchy complexity

PV can define precisely the polynomial time
functions; equations express precisely the
polynomial time predicates.

Connections between PV and polynomial
size extended Frege proofs



Language of Bounded Arithmetic

First-order language for N with function sym-
bols0, S, +, -, [3z], |z|, # and relation symbol
<, where

ety = 2lal

The # (pronounced “smash” ) function allows
us to express 24(a@) for ¢ any polynomial with
positiveinteger coefficients.

Def’'n: A bounded quantifieris a quantifier of
the form (Qx < t) with t a term. A sharply
bounded quantifierisoneoftheform (Qx < |t]).
(Vx) and (3x) are unbounded quantifiers. A
bounded formula is one with no unbounded
quantifiers.



A hierarchy of classes =%, N% of bounded for-
mulas is defined by counting alternations of
bounded quantifiers, ignoring sharply bounded
quantifiers. (Analogous to defining the arith-
metic hierarchy by counting unbounded quanti-
ifiers, ignoring bounded quantifiers.)

>% = Ny istheset of formulas with only sharply
bounded quantifiers.

If A € =% then (Vz < [t|)A and (3z < t)A arein
>?and (Vo <t)Aisin MY ;.
Dually, if A € N% then (3z < |t])A and (Vz < t)A
arein M} and (3z < t)Aisin T} _ ;.
Connectives A, V, =, D are treated in the usual

Mmanner.

Thm: Fixk > 1. Apredicate Q isin X} iff there
isa % formula which definesit.

Pf: (Stockmeyer-Wrathall, 1976),
(Kent-Hodgson, 1982)
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Reasons the # function and sharply bounded
quantifiers are natural choices:

e # hastheright growth rate for polynomial
time computation.

e the abovetheorem definesthe >, Il classes
of the polynomial hierarchy syntactically
(without use of computation),

e Quantifier Exchange Principle:

(Vz < |a])(Fy < b)A(z,y) <
— (3y < (2a 4+ )#(4(2b+ 1)) (Vz < |a])
[A(z, B(z + 1,y)) AB(z+ 1,y) < b]

e Ed Nelsonintroduced # for defining substi-
tution syntactically. Wilkie-Paris have used
Q1 (“2'997 istotal” ) similarly.
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Induction Axioms for Bounded Arithmetic

ThelIND axioms aretheusualinduction axioms.
The PIND and LIND axioms are “polynomial”
and “length” inductionaxiomsthatareintended
to befeasibly effective formsofinduction.

>P-IND: For A € 9%,

A(0) A (Vz)(A(z) D A(z + 1)) D (Vz)A(z)

>P-PIND: For A e x?,

A(0) A (V2)(A(|52]) D A(2)) D (Va) A(x)

>P-LIND: For A e 5¢,

A(0) A (Vz)(A(z) D A(z + 1)) D (Vo)A(|z])

>%-LIND and =%-PIND typically are equivalent
and are (strictly?) weaker than ={-IND.
Exponentiationisnot provably totalin Bounded
Arithmetic.
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Theories of Bounded Arithmetic

Def’n: T} isthefirst-ordertheorywithlanguage
0,5,+,-, 3], ||, # and < and axioms:

(1) A finite set, BASIC, of (universal closures
of ) open axioms defining simple properties
ofthefunctionandrelationsymbols. BASIC
properly contains Robinson’s @) since it has
to beused with weakerinduction axioms.

(2) The Z%-IND axioms.

T5 ' hasnoinduction axioms.
T, isthe union ofthe T4's.

T> is equivalent to IAg + 27 (Parikh, Wilkie-

Paris) except for differences in the nonlogical
language.
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Def’n: S is the first-order theory with lan-
guageO, S, +, -, |3z], |z|, # and < and axioms:

(1) TheBASICaxioms, and

(2) The Z?-PIND axioms.

52_1 = T2_1 hasnoinduction axioms.
S, istheunion ofthe S%’s.

Thm: (Buss,1985). Let: > 1.
TS - S5
and
Sy Tit
S0 S, =15.

Open: Aretheinclusions proper?

S5 CT3 CS5CT5C -
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Def'n: Let f:N*¥ — N. fis Z?-definable by a
theory Riff thereisaformula A(%,y) € ?anda
termtsothat

(1) Forall i € N*, A(#, f(R)) istrue.
(2) RE(VZ)(Fy < t)A(Z, y)
(3) R+ (VZ,y, 2)(A(Z,y) N A(Z,2) Dy = 2)

Def'n: Let Q C N. Q is Al-definable by a
theory R iff there is a X¢-formula A and M-
formula B that define Q so that A and B are
provably equivalentin R. A formulais A?w.r.t
R iff it is provably equivalent to a £?- and to a
nt-formula.

Bootstrapping Thm: Every polynomial time
functionis =4 -definable by S3 and every polyno-
mial time predicateis Aj-definable by S3.
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Thm: Any % -definablefunctionor A%-definable
predicate of Sg may beintroduced into the non-
logical language and used freely in induction ax-
ioms.

Pf: If fis =4 -defined by R:
RE (Ve)(3ly < r(£))Af(Z,y).
An atomicformula ¢o(f(3)) isequivalent to both

(Fy < r(8)(Ar(59) Ap(y))

and

(Vy < 7(3))(Ar(5,9) D ¢(y))

Thusany Z-formulainvolving f isequivalentto
one not involving f by tranforming atomic sub-
formulas as above (and by removing f from the
quantifierbounds). O
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Main Theorems for S5

Theorem: (Buss, 1985) Let: > 1. Let A be
a Xb-formula. Suppose S% F (VZ)(Jy)A(Z, y).
Then thereisa Z-formula B and a function f €
[” and aterm ¢ sothat

(1) Sh+ (VZ y)(B(Z,y) D A(Z,y)).
(2) Sy (vE)(3Y)B(T,y).
(3) SL - (VZ)(3y < t)B(F,v). [Parikh]

(4) Forall@, N |= B(n, f(n)).

Conversely: If f € [I? then there is a formula
B € xtandatermtsothat(2),(3)and(4)hold.
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Corollary: (i > 1) The Zt-definable functions
of S% are precisely the functionsin [17.

Torestatein terms of predicates:

Theorem: (i > 1). Suppose A(Z) € X?and
B(#) € Ntand S5 - A «— B. Then thereis a
predicate Q@ € Al sothat, forall 7,

Q(n) & N = A(ii) & N = B(#n)

Conversely, if @ € AP thenthereare A and B so
thattheaboveholds.

So, the Ab-definable predicates of S are pre-
cisely the AP-predicates.

Specialcasewhen: = 1:If Aisaformulawhichis
S3-provablyin NPNnco-NPthen A definesa poly-
nomial time predicate (provably in S3). Being
provablyin NP N co-NP means provably equiva-
lenttoa X%-andtoan$-formula.
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The Sequent Calculus

To prove the Main Theorem, we shall formalize
5% in Gentzen’ssequent calculus.

A, V,,D,V,darethelogical symbols.

—> isthesequent connective.

Def’'n: Asequentisoftheform

A1,A2,..., An—B1,Bo,..., B

where the A;’s and B;’s are formulas. Its in-
tended meaningis

(A{NA>AN---NAR) D(B1V:---V By)

Greek letters [, A, ... are used to denote finite
sequences of formulas separated by commas
(“cedents”).
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An LK-proofis a tree of sequents: the leaves or
initial sequents must be of theform A— A:; the
root, or endsequent, is what is proved; and the

valid inferences are:

[—AA AT —A
-A,IT—A [ —A,-A
[—AA [—A,B

[—mA,ANB

AT —A B, —A
ANB, —A ANB, —A
AT —A B, —A

AV B, —A
[—AA [—A,B
[—mA,AV B [—mA,AV B
[—AA B, —A

AD B II—A
AT —A,B

r—A, ADB

20



A(b),T—A T—A, A(t)

(do)A(x), T — A — A, (Jdz)A(x)
A(D),T—A r—A, A(b)
(Vz)A(z),T— A T— A, (Vz)A(x)

In the quantifier inferences the free variable b is
called the eigenvariable and must not appearin
thelower sequent.

r—A r—A

AT—A r—A, A

A B MN—A r—A, A B, A

B, AMN—A r—A, B,A, A

A A T—A r—A A A
AT—A r—A, A

r—A, A A, T—A
rN—A,A

Cut:

21



Theorem: (Gentzen)

o LKiscomplete.

o L Kwithoutthe Cutinferenceiscomplete.

Soif Pis an LK-proof of  — A then there is
a cut-free proof P* of T—A. Thereis an ef-
fective (but not feasible) proceduretoobtain P*
‘from P.

Because there are no cuts in P*, every formula
appearing in P* will be a subformula (in a wide
sense)ofaformulainT— A. Thisgivesabound
on the logical complexity of formulas needed to
provel — A.

22



ToformulatesequentcalculussystemsofBounded
Arithmetic, we enlarge LK as follows:

(1) Allowequality axiomsand BASIC axioms as
initial sequents. Aninitial sequent will con-
tain only atomic formulas.

(2) Addinferencesfor boundedquantifiers
(thevariable b occursonly asindicated):

b< s, A(b), T —A
(dx < s)A(z),T—A

T— A, A(t)
t<s,T—A, (e < s)A(x)

A(),T—A
t<s,(Ve <s)A(z),l—A

b< s, T—A, A(b)
T—A, (Ve < s)A(x)

23



(3) Allowinductioninferences: (for A € %)

Ab),T—AAb+ 1)
A(0),T— A, A(t)

>b-IND

A([5b]),T— A, A(b)

>b-PIND
A(0),T— A, A(t)

S% and T4 may beformulated assequentcalculus
systems with BASIC axioms as initial sequents
and with Z?-PIND and =?-IND inference rules,
respectively. With side formulas, the induction
inferences are equivalent to the induction ax-

ioms.
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Def’'n: Acutinference
[—AA A, TT—A

LIT—A,A
is free unless A is the direct descendant either
of a formulain aninitial sequent or of a principal
formula ofaninductioninference.

Free-Cut Elimination Theorem
(essentially dueto Gentzen and Takeuti):

If Pis an S4-proof (or T4-proof) then thereis a
proof P* in the same theory with the same end-
sequent which contains no free cuts.

In a free-cut free proof, every formula will be a
subformula (in awidesense) ofaninduction for-
mula, of a formulain an axiom or of a formulain
the conclusion. (Thewidesense allowstermsto
change.)

In S% and T4, cut formulas may be restricted to
be X’-formulas.
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Toprovethe Main Theorem

Step 1: Start with an S%-proof P of
— (3y)A(Gy).
By free-cut elimination, thereis an S proof P*

of — (dy < t)A(c, y) such that every formulain
P*isa Z¢-formula.

Step 2: Given the proof P* we will extract an
algorithm to compute a function f(¢) such that
A(n, f(i1)) istrueforall n. Thefunction f willbe
in [1¥ and will be =%-defined by S%. Furthermore,
St will prove (V&) A(Z, f(&)).

P* can be thought of as a program plus a proof
thatitis correct.

Proofof Step 2 follows...
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The Withess Predicate

Def’'n: Let B(d) be a Z-formula with all free

variables indicated. Then Witness%a(w,a) is a
formula definedinductively:

(1) IfBe =t ,un?_; then

WltneSSB (w,a) < B(a)

(2) If B = C Vv D then
W/tnessB (w, a)@W/tnes ([3(1 w),a)
\/W/tnessD (B(2,w),a)
(3) If B = C A D then

W/tnessB (w, a)@W/tnes ([3(1 w),a)
/\W/tnessD (B(2,w),a)

(4) If B = (3z < t)C(&,z) then

W/tnessB (w,d) < B(1,w) <t

t,a,b

/\WltneSSC( b)(/B(Qa ’UJ), _)7/8(17 w))

27



(5) If B = (Vz < |t|)C(&, ) then

. =

Witnessy'(w, @) <

(V& < |t|)Witnessg%’,b)(ﬁ(x +1,w),d,x)

(6) If B = —(C use prenex operations to push
the negationsigninside.

Lemma: Let B € Y.

(1) Forsometermtg, S% proves

B(d) «+ (Fw < tB)Witness%a(w,cT)
(2) Witnessi ¢ AP (= Pifi=1)

(3) Witness%a is Al with respect to S%.

Pf: Induction on complexity of B.
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T he Main Lemma

Lemma: Suppose S, - T— A where I' and
A contain only Z¢-formulas. Let ¢ be the free
variablesin [ and A. Then, thereisafunction f
suchthat

. b . y
(1) fisx;-defined by S5
(2) S% proves

Witness%r(w,é) D Witness@A(f(w,E),E)

(3) fell? (=FPifi=1)

Proof is by induction on the number of infer-
encesin a free-cut free S4-proofof I — A.
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As an example of one case of the proof of the
main lemma, suppose that P is a free-cut free
proofandendswith theinference

B(|3a])— B(a)
B(0)—B(t)

By the induction hypothesis, thereis a function
gsothat

(1) gis X/-defined by S%
(2) gisinl? (= FPifi=1)

(3) Sg = Wiltnessi’a”g1 (w,a,c) D
B §a )
Z ,a C

D Witness), )(g(w a,c),a,C).

(4) 8%+ (Va,d)[g(w,a,&) < tp(a,d)]

30



Now define f by limited iteration as

f(w,0,¢6) = g(w,0,c)
f(w,a,8) = g(f(w,|3a],8),a,2)
so f(w,a,c) < tg(a,c) andthefollowing hold:

(1) fell! (=FPifi=1)
Pf. Since f is defined by limited iteration
from g

(2) S%canx!-define f and provethat f satisfies
the aboveconditions

(3) SLF W/tnessgzg _.)(w a,c) D

D Wltnessza’cq)(f(w a,c),a,c).

Pf: Since W/tness%b(c 7 IS a >b-formula, S5

can prove this by Zz PIND directly from the
induction hypothesis.

Q.E.D. Main Lemma
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Proofof Main Theoremfrom MainLemma

Suppose Sb F (V&)(Jy)A(Z,y). By a theorem
of Parikh, there is a term t so that S, proves
— (Jy < t)A(c,y). Bythe Main Lemma,

SL - vvitnessgy <0ya(9(®, )

for some X%-defined function g. Define

B(c,y) tobe y = 3(1,9(c))

Since g is X-defined by S%, B is a X-formula
and by theproperties of Witness,

S+ (VZ,y)(B(F,y) D A(Z,y))

Finally, define f(&) = 6(1, g(¢)).
Q.E.D.Main Theorem
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Other Axioms for Bounded Arithmetic

Let W be a set of formulas. The axioms below
areschemeswhere A € b

W-MIN: (Minimization)

(Fz)A(z) O (3z)[A(z) A (Vy < 2)(=A(y))]

W-LMIN: (Length minimization)

(3z)A(z) D A0)V(32)[A(x)A(Vy < |52])(—A(y))]

V-replacement:

(Ve < |t])(Ty < 5)A(z,y) «
— (Jw < SqgBd(t,s))(Vx < |t])
(A(z, B(Sz,w)) A B(Sz,w) < s)

strong V-replacement:

(Fw < SqgBd(¢,s))(Ve < [¢])

[(Fy < s)A(z,y) <«
— Az, B(Sz,w) A B(Sz,w) < 5]
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Fori > 1, relativeto S3:

>YIND & NY-IND & Z0-MIN & Al

4
>P-PIND & M%-PIND < XP-LIND < NY-LIND

)

> LMIN & strong ?-replacement

b 1-IND

U )
b Mo
b -IND (b, nNé ,)-PIND
b b
>0 -MIN < Mb-MIN

Zf_l_l—replacement = >>PIND = ’-replacement

Syt = T
Zi—I—l

Sé"'l - TL+ Zz_l_l—replacement
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Thm: (Buss, 1985)
S3 + Z0-PIND - Ab-IND.
Hence S5 D T4 1.

Pf: Suppose A is A? w.r.t.  SL.  Assume
(Vz)(A(z) D A(x + 1)) and argueinside S5.
Let B(z,z) betheformula

(Vw < z)(Vy < 2+ 1)(A(w = y) D A(w)).

So Bisequivalent to a M?-formula. Now by def-
inition of B, (Vz, 2)(B(z, L%zj) D B(z,z)) and
hence by N?-PIND on B(z,z) w.r.t z,

(Vz)(B(z,0) D B(z,z)).

Bytheassumption, (Vx)B(x,0); hence (Vx)B(x, x),
fromwhence

(Vz)(A(0) D A(z))
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Conservation Results

Thm: (Buss,1987)Let: > 1.
SZQ'H is conservative over T4 with respect
to Zi?_l_l—formulas, and hence with respect to

b
VHZZ._l_l—sentences.

Pf: (Idea). Fixi > landlet Zbe PV orT: ! as
appropriate. First show that every [I?-function
is definable in Z in an appropriate sense. For
1 = 1, thereis a functionsymbol for every poly-
nomial time function; for: > 1, we show that
every [I”-function can be “Q;-defined” — this
is stronger than “>?-defined”. Second, prove a
stronger version of the Main Lemma above; in
essence, we partially formalize the Main Lemma
in Z and prove that the witnessing function f is
defined appropriatelyin Z. Namely, we prove:

Lemma: If S - Awith A € Z0then Z I- A.
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Witnessing Theorem for T}

Defn: [Papadimitriou] A Polynomial LocalSearch
(PLS), problem is specified by polynomial time
functions F, N, c:

(1) c(s,x)isa costfunction,

(2) N(s,z) is a neighborhood function, such
thatforall ss.t. F(z,s)

c(N(s,z),z) < c(s,z)

(3) {s : F(s,z)} isthesolution space forinput
x,and F'(0, x) always holds, and such that, if
F(s,z),then |s| < p(|z|) for papolynomial.

Asolutiontothe PLS problemisa (multivalued)
function f,s.t., forall x,

c(N(f(z),5),s) = c(f(z), ).
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Thm [Buss-Krajitek’94] Suppose T3 proves
(Vz)(Fy)A(z,y) where A € 4. Then thereis
a PLS function f(z) = y and a polynomial time
function w such that

T3 - (Vz)A(z, 7o f(z)).

Furthermore, every PLS function (and every
function 7 o f)is Z4-definable by T3 .

Corollary Thesameholdsfor S% by conservativ-
ity of S5 overTj.

Proof-idea: A free-cut free T21—proof can be
transformedinto a PLS problem. O
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The KPT Witnessing Theorem

Thm [Krajicek-Pudlak-Takeuti,91]

Suppose A € Z?_I_Q and Tg - (Vx)(3y)(Vz)A(x, vy, 2).
Thentherek > 0 andfunctions f;(x, z1, ..., 2;_1)
sothat

(1) Each f;is 2 ;-defined by T%.

(2) T4 proves

(Vo) [(Vz1)[A(z, f1(x), 21) V
(V22)[A(z, fo(z,21),22) V
(V23)[A(=, f3(z,21,22),23) V -+
(Vzp)[A(z, fi(z, 21, - 2p—1), 2K)] - - -]1]-

Thisis called a “nocounterexample interpreta-
tion” ; andis aspecial form of a generalized Her-
brand’stheorem (see [Buss'95]).
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Thm [KPT'91; Buss'97,Zambella’97] IfTé =
Sg"'l, then the polynomial time hierarchy col-
lapses, provably in T%. In fact, in this case, T%
proves that every Zg predicateis (a) equivalent
to a Boolean combination of Zg—predicates and
(b)isin <7 /poly.

Proof-idea For simplicity, assume: = 0. Sup-
pose T9(PV) = S1. Let @ represent a vector
of Boolean formula ¥ = (¢1,...,n). Then
TS(PV) proves

V(3 < n)(FHwi, ..., wy))
[(Vj < £)(w; satisfies ;)
N = noryyyqisunsatisfiable”]

The formula in [---] isin NY, so the KPT wit-
nessing theorem can be appliedtoget ¥ > O
and polynomial time functions fq1,..., fi SOthat
TS(PV) proves (setting n = k) that given
Y1,-..,pL satisfied by wi,...wg, that one of
fi(®,wy1,...,wj_1) produces a witness to ;.
[Notethat f; hasall ¢;’sasinput.]
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Let PreAdvice(a, (¢y+41,--.,%E)) mean that for
all p1,...,py < a (not nec. satisfiable), that
fi(@,wy,...,wj_1) satisfies ¢; for some j < £.

Let Advice(a, (¢s+1,---,%E)) meanthat PreAdvice
holds, and that £ is the minimum possible value
forwhich thereissuch PreAdvice.

Claim: T9(PV) proves, that if ¢, < a and
it Advice(a, (@r+1,--.,9%)), then ¢, is satisfi-
able if and only if for all ¢q,...,py_q1, satis-
fied by wq,...,wy_q, thereis 3 < ¢ such that
fi(@,wy,...,wj_1) satisfies ;.

Pf. If the latter condition is true, then the
only way for {¢y,...,¢;) to not be “preadvice”,
(which it isn’'t, by def'n of “advice”) is for oy
to besatisfied by f,(@, w) forsome p1,...,05_1,
W1,...,Wy_1. 0
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Note that this means that the NP complete
property ofsatisfiabilityisin CONP relativetothe
polynomial size advice, (@y_1,...,0k) -

The above shows that T9(PV) would prove
NP C coNP/poly. ;iFrom this, Karp-Lipton
style methodscanshowthat TS(PV) provesthe
polynomial time hierarchy collapses.

In fact it can be shown that T9(PV) proves
that every polynomial time hierarchy predicate
is equivalent to Boolean combination of %
predicates. The proofideaisthat the property
PreAduviceisin coN P and therefore, property

PAlen({) = I(pyt1,--.,pk) PreAdvice(a, (F))
isa X5-property. Q.E.D.

Similar methodsworkfor: > 1.
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