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FeasiblyConstructiveProofSystems

A constructive proof system is one in which

proofs of existence contain� or imply the exis�

tenceof� algorithms for
nding theobjectwhich

isprovedtoexist� Forafeasiblyconstructivesys�

tem� the algorithm will be feasible� not merely

e�ective�

I�e�� if �x�yA�x� y
 is provable then there should

beanalgorithm to
nd y asa functionof x�

E�ective versusFeasible�

�E�ective� means �recursive� � Church�s the�

sis�

�Feasible� means �Computable with a reason�

able amountof timeor space resources��

The usual mathematical model for feasible is

�polynomial�time computable��

�



PRELIMINARIES�

COMPUTATIONALCOMPLEXITY

Def�n� P is thesetofpolynomial timerecogniz�

able functions� FP is the set of polynomial time

computable functions�

Functions and predicates are arithmetic� poly�

nomial time means in terms of the length jxj of

the input x� �Instead of having functions and

predicatesoperateonstringsof characters�


jxj � dlog��x � 	
e � the length of the binary

representationof x

j�xj� jx�j� jx�j� � � � � jxkj

�



Cobham �	���
 de
ned FP as the closure of

somebase functionsunder compostionand lim�

ited iteration onnotation�

BaseFunctions� �� S �successor
� b��xc� � � x�

x � y �

�
	 ifx � y
� otherwise

Choice�x� y� z
 �

�
y ifx � �
z otherwise

Def�n� Let q be a polynomial� f is de
ned from

g and h by limited iteration on notation with

spacebound q i�

f��x��
 � g��x


f��x� y
 � h��x� y� f��x� b��yc



provided jf��x� y
j � q�j�xj� jyj
 forall �x� y�

�



Def�n� NP is the set of non�deterministic poly�

nomial time computable predicates� Co�NP is

the set of complementsofNPpredicates�

Def�n� If � is a set ofpredicates�PB���
 is the

setofpredicatesA expressible as

�x � A� ��y � �p�j�xj�
B��x� y


for somepolynomial p andsomeB ���

PB���
 is de
ned similarly with universal poly�

nomially boundedquanti
cation�

Now�NP � PB��P
 and co�NP � PB��P
�

Def�n� If � is a set of predicates� P� �resp��

FP�
is the set of predicates �resp�� functions


polynomial time recognizable with oracles for a


nitenumberofpredicates in ��

�



PolynomialTime�Hierarchy��

p
� � FP

�
p
� � P

�
p
k � PB���p

k


�
p
k � PB���p

k


�
p
k�� � P�

p
k � P�

p
k

p
k�� � FP�

p
k � FP�

p
k

� �
� �
� �

�
p
	

p
	

�
p
� �

p
�

�
p
�

p
�

co�NP � �
p
� �

p
� � NP

P � �
p
�

p
� � FP

OpenQuestion� Is this hierarchy proper�

�



TheEquationalTheoryPV

�Cook�	���
PV��Polynomially Veri
able�

� an equational theory analogous to PRA ex�

cept for polynomial time computability�

� based on dyadic representation of integers

as stringsof��sand	�s�

� base functions include �� Cond� concate�

nation and iterated concatenation and two

successor functions s� and s��

si���x
 � �x� i

� additional function symbols de
nable by

limited iteration� this gives all FP functions�

�



� a length induction rule �for equationsA
�

A��
 A�	
 ��x
�A�x
 � A�s��x

 	A�s��x




��x
A�x


� Statman showed that the full induction �for

equations
holds�

A��
 	A�	
 	 ��x
�A�x
 � A�x� 	


� ��x
A�x


� Bounded Arithmetic will present more ap�

propriate induction axioms for polynomial

time�hierarchy complexity

� PV cande
neprecisely thepolynomial time

functions� equations express precisely the

polynomial timepredicates�

� Connections between PV and polynomial

size extendedFregeproofs

�



LanguageofBoundedArithmetic

First�order language for N with function sym�

bols �� S � �� �� b��xc� jxj� � and relation symbol

��where

x�y � �jxj�jyj

The � �pronounced �smash�
 function allows

us to express �q�j�aj� for q any polynomial with

positive integer coe cients�

Def�n� A bounded quanti�er is a quanti
er of

the form �Qx � t
 with t a term� A sharply

boundedquanti�er is oneof the form �Qx � jtj
�

��x
 and ��x
 are unbounded quanti
ers� A

bounded formula is one with no unbounded

quanti
ers�

	



A hierarchy of classes �b
k� �

b
k of bounded for�

mulas is de
ned by counting alternations of

bounded quanti
ers� ignoring sharply bounded

quanti
ers� �Analogous to de
ning the arith�

metic hierarchy by counting unboundedquanti�

i
ers� ignoringboundedquanti
ers�


�b

 � �

b

 is the set of formulaswith only sharply

boundedquanti
ers�

If A � �b
k then ��x � jtj
A and ��x � t
A are in

�b
k and ��x � t
A is in �b

k���

Dually� ifA � �b
k then ��x � jtj
A and ��x � t
A

are in �b
k and ��x � t
A is in �b

k���

Connectives 	� 
� �� � are treated in the usual

manner�

Thm� Fix k � 	� ApredicateQ is in �p
k i� there

is a �b
k formulawhichde
nes it�

Pf� �Stockmeyer�Wrathall� 	���
�

�Kent�Hodgson�	�!�


�




Reasons the � function and sharply bounded

quanti
ersarenatural choices�

� � has the right growth rate for polynomial

time computation�

� the above theorem de
nes the �� � classes

of the polynomial hierarchy syntactically

�without useof computation
�

� Quanti
erExchangePrinciple�

��x � jaj
��y � b
A�x� y



 ��y � ��a� 	
�����b� 	
�

��x � jaj


"A�x� ��x� 	� y

 	 ��x� 	� y
 � b#

� EdNelson introduced� for de
ning substi�

tution syntactically� Wilkie�Paris have used

$� ��x
log x is total�
 similarly�

��



InductionAxioms forBoundedArithmetic

The IND axioms are theusual induction axioms�

The PIND and LIND axioms are �polynomial�

and�length�inductionaxiomsthatareintended

tobe feasibly e�ective formsof induction�

�b
k�IND� ForA � �b

k�

A��
 	 ��x
�A�x
 � A�x�	

 � ��x
A�x


�b
k�PIND� ForA � �b

k�

A��
 	 ��x
�A�b��xc
 � A�x

 � ��x
A�x


�b
k�LIND� ForA � �b

k�

A��
 	 ��x
�A�x
 � A�x� 	

 � ��x
A�jxj


�b
k�LIND and �

b
k�PIND typically are equivalent

andare �strictly�
 weaker than�b
k�IND�

Exponentiation isnotprovably total inBounded

Arithmetic�

��



TheoriesofBoundedArithmetic

Def�n� T i
� isthe
rst�ordertheorywithlanguage

�� S � �� �� b��xc� jxj� � and� andaxioms�

�	
 A 
nite set� BASIC� of �universal closures

of
 open axioms de
ning simple properties

ofthefunctionandrelationsymbols� BASIC

properly contains Robinson�s Q since it has

tobeusedwithweaker induction axioms�

��
 The�b
i �INDaxioms�

T��
� hasno inductionaxioms�

T� is theunionof the T
i
��s�

T� is equivalent to I�
 � $� �Parikh� Wilkie�

Paris
 except for di�erences in the nonlogical

language�

��



Def�n� Si� is the 
rst�order theory with lan�

guage �� S � �� �� b��xc� jxj� � and� andaxioms�

�	
 TheBASICaxioms� and

��
 The�b
i �PINDaxioms�

S��� � T��
� hasno induction axioms�

S� is theunionof the S
i
��s�

Thm� �Buss�	�!�
� Let i � 	�

T i
� � Si�

and

Si� � T i��
� �

So S� � T��

Open� Are the inclusionsproper�

S�� � T�� � S�� � T�� � � � �

��



Def�n� Let f �Nk �� N� f is �b
i �de�nable by a

theoryR i� there is a formulaA��x� y
 � �b
i anda

term t so that

�	
For all �n � Nk�A��n� f��n

 is true�

��
R � ���x
��y � t
A��x� y


��
R � ���x� y� z
�A��x� y
 	A��x� z
 � y � z


Def�n� Let Q � N� Q is �b
i �de
nable by a

theory R i� there is a �b
i �formula A and �b

i �

formula B that de
ne Q so that A and B are

provably equivalent in R� A formula is �b
i w�r�t

R i� it is provably equivalent to a �b
i � and to a

�b
i �formula�

Bootstrapping Thm� Every polynomial time

function is�b
��de
nablebyS

�
� andeverypolyno�

mial time predicate is �b
��de
nable by S

�
� �

��



Thm� Any�b
��de
nablefunctionor�

b
��de
nable

predicate of Si�maybe introduced into the non�

logical language andused freely in induction ax�

ioms�

Pf� If f is �b
��de
nedbyR�

R � ��x
��%y � r��x

Af��x� y
�

Anatomic formula ��f��s

 is equivalent toboth

��y � r��s

�Af��s� y
 	 ��y



and

��y � r��s

�Af��s� y
 � ��y



Thusany�b
i �formula involving f isequivalentto

one not involving f by tranforming atomic sub�

formulas as above �and by removing f from the

quanti
erbounds
� �

��



MainTheoremsforSi�

Theorem� �Buss� 	�!�
 Let i � 	� Let A be

a �b
i �formula� Suppose S

i
� � ���x
��y
A��x� y
�

Then there is a �b
i �formulaBanda function f �

p
i anda term t so that

�	
 Si� � ���x� y
�B��x� y
 � A��x� y

�

��
 Si� � ���x
��%y
B��x� y
�

��
 Si� � ���x
��y � t
B��x� y
� "Parikh#

��
 For all �n�N j� B��n� f��n

�

Conversely� If f � p
i then there is a formula

B � �b
i andaterm t sothat��
� ��
and��
hold�

��



Corollary� �i � 	
 The �b
i �de
nable functions

of Si� areprecisely the functions in
p
i �

To restate in termsofpredicates�

Theorem� �i � 	
� Suppose A��x
 � �b
i and

B��x
 � �b
i and S

i
� � A 
 B� Then there is a

predicateQ ��p
i so that� for all �n�

Q��n
 � N j� A��n
 � N j� B��n


Conversely� ifQ � �p
i then there are A andB so

that theaboveholds�

So� the �b
i �de
nable predicates of S

i
� are pre�

cisely the�
p
i �predicates�

Special casewhen i� 	�IfA isaformulawhichis

S�� �provably inNP�co�NP thenAde
nesapoly�

nomial time predicate �provably in S��
� Being

provably inNP � co�NPmeansprovably equiva�

lent toa�b
�� and toa�

b
��formula�

��



TheSequentCalculus

To prove theMain Theorem� we shall formalize

Si� inGentzen�s sequentcalculus�

	�
����� �� � are the logical symbols�

� is the sequentconnective�

Def�n� A sequent is of the form

A�� A�� � � � � An�B�� B�� � � � � Bk

where the Ai�s and Bi�s are formulas� Its in�

tendedmeaning is

�A� 	A� 	 � � � 	An
 � �B� 
 � � � 
Bk


Greek letters &��� � � � are used to denote 
nite

sequences of formulas separated by commas

��cedents�
�

�	



An LK�proof is a tree of sequents� the leaves or

initial sequentsmust be of the form A�A� the

root� or endsequent� is what is proved� and the

valid inferencesare�

&��� A
�A�&��

A�&��
&����A

&��� A &��� B

&��� A 	B

A�&��
A 	B�&��

B�&��
A 	B�&��

A�&�� B�&��

A 
B�&��

&��� A
&��� A 
B

&��� B
&��� A 
B

&��� A B�&��

A � B�&��

A�&��� B
&��� A � B

�




A�b
�&��
��x
A�x
�&��

&��� A�t

&��� ��x
A�x


A�t
�&��
��x
A�x
�&��

&��� A�b

&��� ��x
A�x


In the quanti
er inferences the free variable b is

called the eigenvariable and must not appear in

the lower sequent�

&��

A�&��
&��

&��� A

&� A�B����
&� B�A����

&��� A�B�'
&��� B�A�'

A�A�&��
A�&��

&��� A�A
&��� A

Cut�
&��� A A���'

&�����'

��



Theorem� �Gentzen


� LK is complete�

� LKwithout theCut inference is complete�

So if P is an LK�proof of &�� then there is

a cut�free proof P � of &��� There is an ef�

fective�butnot feasible
proceduretoobtain P �

(from P �

Because there are no cuts in P �� every formula

appearing in P � will be a subformula �in a wide

sense
ofaformula in&��� Thisgivesabound

on the logical complexity of formulas needed to

prove &���

��



ToformulatesequentcalculussystemsofBounded

Arithmetic�weenlargeLKas follows�

�	
 AllowequalityaxiomsandBASICaxiomsas

initial sequents� An initial sequent will con�

tain only atomic formulas�

��
 Add inferences for boundedquanti
ers

�the variable b occursonly as indicated
�

b � s� A�b
�&��
��x � s
A�x
�&��

&��� A�t

t � s�&��� ��x � s
A�x


A�t
�&��
t � s� ��x � s
A�x
�&��

b � s�&��� A�b

&��� ��x � s
A�x


��



��
 Allow induction inferences� �forA � �b
i


�b
i �IND

A�b
�&��� A�b� 	

A��
�&��� A�t


�b
i �PIND

A�b��bc
�&��� A�b


A��
�&��� A�t


Si� andT
i
�maybeformulatedassequentcalculus

systems with BASIC axioms as initial sequents

and with �b
i �PIND and �

b
i �IND inference rules�

respectively� With side formulas� the induction

inferences are equivalent to the induction ax�

ioms�

��



Def�n� Acut inference
&��� A A���'

&�����'

is free unless A is the direct descendant either

of a formula in an initial sequent or of a principal

formulaofan induction inference�

Free�CutEliminationTheorem

�essentially due toGentzenandTakeuti
�

If P is an Si��proof �or T
i
��proof
 then there is a

proof P � in the same theory with the same end�

sequentwhich containsno freecuts�

In a free�cut free proof� every formula will be a

subformula �in awide sense
ofan induction for�

mula� of a formula in an axiom or of a formula in

the conclusion� �Thewide senseallows terms to

change�


In Si� and T
i
�� cut formulas may be restricted to

be�b
i �formulas�

��



ToprovetheMainTheorem

Step�� Startwithan Si��proof P of

���y
A��c� y
�

By free�cut elimination� there is an Si� proof P
�

of���y � t
A��c� y
 such that every formula in

P � is a �b
i �formula�

Step 	� Given the proof P � we will extract an

algorithm to compute a function f��c
 such that

A��n� f��n

 is true forall n� Thefunction f will be

in
p
i andwillbe�

b
i �de
nedbyS

i
�� Furthermore�

Si�will prove ���x
A��x� f��x

�

P � can be thought of as a program plus a proof

that it is correct�

ProofofStep� follows���

��



TheWitnessPredicate

Def�n� Let B��a
 be a �b
i �formula with all free

variables indicated� ThenWitness
i��a
B �w� a
 is a

formulade
ned inductively�

�	
 IfB � �b
i�� ��

b
i�� then

Witness
i��a
B �w��a
� B��a


��
 IfB � C 
D then

Witness
i��a
B �w��a
�Witness

i��a
C ���	� w
��a



Witness
i��a
D ����� w
��a


��
 IfB � C 	D then

Witness
i��a
B �w��a
�Witness

i��a
C ���	� w
��a


	Witness
i��a
D ����� w
��a


��
 IfB � ��x � t
C��a� x
 then

Witness
i��a
B �w��a
� ��	� w
 � t

	Witness
i��a�b
C��a�b�

����� w
��a� ��	� w



��



��
 IfB � ��x � jtj
C��a� x
 then

Witness
i��a
B �w��a
�

��x � jtj
Witness
i��a�b
C��a�b�

���x� 	� w
��a� x


��
 If B � �C use prenex operations to push

thenegationsign inside�

Lemma� LetB � �b
i �

�	
 For someterm tB � S
i
� proves

B��a

 ��w � tB
Witness
i��a
B �w��a


��
 Witness
i��a
B ��p

i �� P if i� 	


��
 Witness
i��a
B is �

b
i with respect to S

i
��

Pf� Inductiononcomplexity ofB�

��



TheMainLemma

Lemma� Suppose Si� � &�� where & and

� contain only �b
i �formulas� Let �c be the free

variables in & and�� Then� there is a function f

suchthat

�	
 f is �b
i �de
nedby S

i
�

��
 Si� proves

Witness
i��cVV

�
�w��c
 �Witness

i��cWW
�
�f�w��c
��c


��
 f � p
i �� FP if i� 	


Proof is by induction on the number of infer�

ences in a free�cut free Si��proofof &���

�	



As an example of one case of the proof of the

main lemma� suppose that P is a free�cut free

proofandendswith the inference

B�b��ac
�B�a


B��
�B�t


By the induction hypothesis� there is a function

g so that

�	
 g is �b
i �de
nedby S

i
�

��
 g is in
p
i �� FP if i � 	


��
 Si� �Witness
i�a��c

B�b��ac�
�w� a��c
 �

�Witness
i�a��c
B�a�

�g�w� a��c
� a��c
�

��
 Si� � ��a��c
"g�w� a��c
 � tB�a��c
#

�




Nowde
ne f by limited iteration as

f�w� ���c
 � g�w����c


f�w� a��c
 � g�f�w� b��ac��c
� a��c


so f�w� a��c
 � tB�a��c
 andthe followinghold�

�	
 f � p
i �� FP if i � 	


Pf� Since f is de
ned by limited iteration

from g

��
 Si� can�
b
i �de
ne f andprovethat f satis
es

theaboveconditions

��
 Si� �Witness
i�a��c
B�
��c�

�w� a��c
 �

�Witness
i�a��c
B�a��c�

�f�w� a��c
� a��c
�

Pf� SinceWitness
i�b��c
B�a��c�

is a �b
i �formula� S

i
�

canprove this by �b
i �PINDdirectly from the

induction hypothesis�

Q�E�D�MainLemma

��



ProofofMainTheoremfromMainLemma

Suppose Si� � ���x
��y
A��x� y
� By a theorem

of Parikh� there is a term t so that Si� proves

���y � t
A��c� y
� By theMainLemma�

Si� �Witness
i��c
��y�t�A

�g��c
��c


for some�b
i �de
nedfunction g� De
ne

B��c� y
 tobe y � ��	� g��c



Since g is �b
i �de
ned by S

i
�� B is a �

b
i �formula

andby theproperties ofWitness�

Si� � ���x� y
�B��x� y
 � A��x� y



Finally� de
ne f��c
 � ��	� g��c

�

Q�E�D�MainTheorem

��



OtherAxioms forBoundedArithmetic

Let � be a set of formulas� The axioms below

are schemeswhereA ���

��MIN� �Minimization


��x
A�x
 � ��x
"A�x
 	 ��y � x
��A�y

#

��LMIN� �Lengthminimization


��x
A�x
 � A��

��x
"A�x
	��y � b��xc
��A�y

#

��replacement�

��x � jtj
��y � s
A�x� y



 ��w � SqBd�t� s

��x � jtj


�A�x� ��Sx� w

 	 ��Sx� w
 � s


strong��replacement�

��w � SqBd�t� s

��x � jtj

"��y � s
A�x� y




 A�x� ��Sx� w
 	 ��Sx� w
 � s#

��



For i � 	� relative to S�� �

�b
i�IND � �b

i�IND � �b
i�MIN � �b

i���IND

�
�b

i�PIND � �b
i�PIND � �b

i�LIND � �b
i�LIND

m

�b
i�LMIN � strong�b

i�replacement

� m

�b
i���IND ��b

i�� ��
b
i��
�PIND

�b
i���MIN � �b

i�MIN

�b
i���replacement� �

b
i�PIND� �b

i�replacement

Si��� �
�b

i��

T i
�

Si��� �
B��b

i��
�
T i
���

b
i���replacement

��



Thm� �Buss�	�!�


S�� ��
b
i�PIND ��b

i�IND�

Hence Si� � T i��
� �

Pf� Suppose A is �b
i w�r�t� Si�� Assume

��x
�A�x
 � A�x� 	

 andargue inside Si��

LetB�x� z
 be the formula

��w � x
��y � z� 	
�A�w �� y
 � A�w

�

So B is equivalent to a �b
i �formula� Nowby def�

inition of B� ��x� z
�B�x� b��zc
 � B�x� z

 and

henceby �b
i �PINDonB�x� z
 w�r�t z�

��x
�B�x� �
 � B�x� x

�

Bytheassumption� ��x
B�x� �
�hence��x
B�x� x
�

(fromwhence

��x
�A��
 � A�x



�

��



ConservationResults

Thm� �Buss�	�!�
Let i � 	�

Si��� is conservative over T i
� with respect

to �b
i���formulas� and hence with respect to

���b
i���sentences�

Pf� �Idea
� Fix i � 	 and let Z be PV or T i��
� as

appropriate� First show that every
p
i �function

is de
nable in Z in an appropriate sense� For

i � 	� there is a function symbol for every poly�

nomial time function� for i � 	� we show that

every
p
i �function can be �Qi�de
ned� ) this

is stronger than ��b
i �de
ned�� Second� prove a

stronger version of the Main Lemma above� in

essence�wepartially formalize theMainLemma

in Z and prove that the witnessing function f is

de
nedappropriately in Z � Namely�weprove�

Lemma� If Si� � AwithA � �b
i then Z � A�

��



WitnessingTheoremfor T��

Defn� "Papadimitriou#APolynomialLocalSearch

�PLS�� problem is speci
ed by polynomial time

functions F�N� c�

�	
 c�s� x
 is a cost function�

��
 N�s� x
 is a neighborhood function� such

that for all s s�t� F�x� s


c�N�s� x
� x
 � c�s� x


��
 fs � F �s� x
g is the solution space for input

x� and F��� x
 alwaysholds� andsuch that� if

F�s� x
� then jsj � p�jxj
 for p apolynomial�

AsolutiontothePLSproblemisa �multivalued


function f � s�t�� forall x�

c�N�f�x
� s
� s
 � c�f�x
� x
�

��



Thm "Buss�Kraj*+,cek���# Suppose T�� proves

��x
��y
A�x� y
 where A � �b
�� Then there is

aPLS function f�x
 � y and a polynomial time

function 	 such that

T�� � ��x
A�x� 	 � f�x

�

Furthermore� every PLS function �and every

function 	 � f 
 is �b
��de
nableby T

�
� �

CorollaryThesameholdsforS�� byconservativ�

ity of S�� over T
�
� �

Proof�idea� A free�cut free T�� �proof can be

transformed intoaPLSproblem� �

��



TheKPTWitnessingTheorem

Thm "Kraj*+,cek�Pudl*ak�Takeuti��	#

SupposeA � �b
i�� andT

i
� � ��x
��y
��z
A�x� y� z
�

Thenthere k � � and functions fi�x� z�� ���� zi��


so that

�	
 Each fi is �
b
i���de
nedby T

i
��

��
 T i
� proves

��x
"��z�
"A�x� f��x
� z�
 


��z�
"A�x� f��x� z�
� z�
 


��z	
"A�x� f	�x� z�� z�
� z	
 
 � � �

��zk
"A�x� fk�x� z�� � � � � zk��
� zk
# � � �###�

This is called a �nocounterexample interpreta�

tion�� and is a special formof a generalizedHer�

brand�s theorem�see "Buss���#
�

�	



Thm "KPT��	� Buss����Zambella���# If T i
� �

Si��� � then the polynomial time hierarchy col�

lapses� provably in T i
�� In fact� in this case� T

i
�

proves that every �
p
	 predicate is �a
 equivalent

to aBoolean combination of �
p
��predicates and

�b
 is in �
p
�
poly�

Proof�ideaFor simplicity� assume i � �� Sup�

pose T
� �PV 
 � S�� � Let � represent a vector

of Boolean formula � � h��� � � � � �ni� Then
T
� �PV 
 proves

����� � n
��hw�� � � � � w�i


"��j � �
�wj satis
es�j


	��� nor���� is unsatis
able�#

The formula in "� � �# is in �b
�� so the KPT wit�

nessing theorem can be applied to get k � �

andpolynomial time functions f�� � � � � fk so that

T
� �PV 
 proves �setting n � k
 that given

��� � � � � �k satis
ed by w�� � � � wk� that one of

fj���w�� � � � � wj��
 produces a witness to �j �
"Note that fj hasall �i�s as input�#

�




Let PreAdvice�a� h����� � � � � �ki
 mean that for

all ��� � � � � �� � a �not nec� satis
able
� that

fj���w�� � � � � wj��
 satis
es �j for some j � ��

LetAdvice�a� h����� � � � � �ki
meanthatPreAdvice

holds� and that � is the minimum possible value

forwhich there is suchPreAdvice�

Claim� T
� �PV 
 proves� that if �� � a and

if Advice�a� h����� � � � � �ki
� then �� is satis
�

able if and only if for all ��� � � � � ����� satis�


ed by w�� � � � � w���� there is j � � such that

fj���w�� � � � � wj��
 satis
es�j �

Pf� If the latter condition is true� then the

only way for h��� � � � � �ki to not be �preadvice��

�which it isn�t� by def�n of �advice�
 is for ��
to be satis
edby f���� �w
 for some ��� � � � � �����

w�� � � � � w���� �

��



Note that this means that the NP complete

propertyofsatis
ability is incoNPrelativetothe

polynomial size advice� h����� � � � � �ki�

The above shows that T
� �PV 
 would prove

NP � coNP
poly� (From this� Karp�Lipton

stylemethodscanshowthat T
� �PV 
 proves the

polynomial timehierarchy collapses�

In fact it can be shown that T
� �PV 
 proves

that every polynomial time hierarchy predicate

is equivalent to Boolean combination of �
p
�

predicates� The proof idea is that the property

PreAdvice is in coNP andtherefore� property

PAlen��
 � �h����� � � � � �kiPreAdvice�a� h��i


is a �
p
��property� Q�E�D�

Similarmethodswork for i � 	�

��


