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Hilbert’s Nullstellensatz

Given multivariate polynomials

Ql(f)a . 7Qm(f) < k[xla oo 7$n]

there is no solution to

Q1) = 0

Qm(f) = 0
over any extension field of k
< IAP1(D), ..., Pn(¥) € klzq1, ..., zn]
such that Y}, Pi(7) - Qi(¥) =1

Pq,..., Py are Nullstellensatz refutation of (*).

The degree of the refutation
= max degree of F;

Note: Adding z% — z1,...,2h — zn tO the Q;'s
makes this work for solutions in k£ = GF(p).

2



Nullstellensatz proof systems over GF(2)

Refutation systems for Boolean formulas.
Introduced in (Beame, Krajicek, Impagliazzo,
Pitassi, Pudlak1994).

Basic Approach: Given formula A, convert
—A into low degree family of polynomial equa-
tions {Q;(¥) = 0}, over GF(2), possibly in-
cluding more variables than in original for-
mula. A proof of A is a family of polynomials
{P;}; over GF(2) such that

ZPZQZ =1 (mod I)

where 7 is the ideal generated by all :13]2 — z;,
i.e. all exponents are reduced to 1.



Proof systems distinguished by choice of method
of converting —-A to family of low degree poly-
nomials.

For a good proof system, the size to represent
the family should be polynomial in the size of
—-A.

Suppose ¥ = {x1,...,xn}. Given a bound d on
the degrees of the P;'s, there are only

> (") = o(n?)

. //

1=
multilinear monomials of degree < d.
= P;’s may be found by linear algebra in time
nOW) i e. in polynomial time in # of bits to

represent the proof.

= degree d is key size parameter of a proof.



Some conversion methods:

1. (a) Convert —=A to a 3-CNF formula A’ by

adding new variables for each subformula of

A.

(as in conversion to apply Resolution.)

(b) Create variable z; for each propositional

variable p; in A,

(c) Add degree-3 equation for each clause in

A

e.dg. C = (p1 Vp>Vp3) becomes
($1—1)°$2°($3—1):O.

2. (a) Convert to CNF but allow long clauses.
(b) Convert propositional variables p; to z;
and add new variables r; ; for each occurrence
of p; in Clause Cj.

(c) For clause C; = (p1 V D2 V p3V pg) for
example create equation

r1;21+7r2 j(1—22)+r3 j23+74 j(1—24)—1 = O.

3. Direct conversion sometimes natural.
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Open Question: Can Nullstellensatz proof
systems efficiently simulate Resolution?
Bounded-depth Frege? with Mod»>?

Note:

(1) Certain reasoning involving mod 2 count-
ing is easy, e.g. natural conversion of Counts
has trivial degree 1 Nullstellensatz proofs.

(2) ’efficiently’ means quasi-polynomial time
rather than polynomial size. Since Ind, ex-
pressing induction up to n requires degree logs n,
IogO(l)n degree bound seems best possible.

Open Question: What is largest degree re-
quired for an n-variable Nullstellensatz refuta-
tion over GF(2)7

Best known is Q(n1/2) from (Edmonds 1995).
Will give 2(nl/4) lower bound for refutations
of natural conversion of ~PHP from (Beame,
Cook, Edmonds, Impagliazzo, Pitassi 1995).



~PHP"T! as an unsatisfiable family of
polynomial equations

n(n + 1) variables z;;, i € [1,n + 1], j € [1,n].
For each i € [1,n 4+ 1]:
n
Y oz —1=0
j=1
For each i € [1,n+ 1], 7 # 5’ € [1,n]:

For each i #4¢ € [1,n+ 1], j € [1,n]:



Observations:

Fori=1,...,n, let

n
Qi(%) = ) = —1.
j=1
Other polynomials are simply monomials

= they can be easily cancelled in any equa-
tion and their coefficients don’t dominate the

degree of any refutation of -PH ;'}"‘1.

Also,

TiQi = T3, — Tip + O Tk - T
JFk
= xfk—xik IS a degree 1 combination of these
equations so no need to add it.
= can work modulo the ideal generated by
these polynomials
= wlog all monomials are partial matchings



Thm: Any degree d Nullstellensatz refuattion
of ﬂPHP,,"}+1 over GF(2) must have (CHQ'Q) >
n.

Proof: Suppose
Y P(E) - Qi(@) =1 (%)
i
and each P; has degree < d. Let
Pi(z) = Y oy on
7| <d
where
{s,k}em
Equate coefficients of monomials on the two

sides of (x) to obtain system of linear equa-
tions in o for |x| < d.

Equations will have a solution if and only if
(x) has a solution of degree < d.

Can further ignore at for i matched by = since
it has no effect on ().



ﬂPf,"zH'l equations and their 'dual’

Write ¢ € 7 if vertex 2 is matched by m,
If 2 € m use m — 1 to denote «w with the edge in
7 touching : removed.

Let Er denote coefficient of x; on left of (x).

n+1

Ey=1: d aj=1
=1

E=0: d ol ;=) oai=0 0< |r|<d4+1
€T t¢m

No solution exists if 'dual’ has a solution in
Br, |m| < d—+ 1:

Eg= >  Br-En
o< |w|<d+1
Obtain dual equations for each variable o
Br = 2 Brufi)
jEm

Claim: Dual solution for exists if (d"2'2) < n.
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Uniquely describe solution in 8 by giving

{m | Br =1}

Def: Let M be a set of matchings so that all
minM match ¢ € [1,n + 1]. Define

M =i = Bremim — i}

where @ operates like U except that it only in-
cludes elements that appear in an odd number
of its arguments.

Let dom(M) ={i € [l,N+s] | i € M} be the
projection of M onto the first co-ordinate.

Def: A d+ 1-solution to the dual is a set M
of matchings s.t. each 7 € M has |n| <d+1
and
(a) The empty matching = =0 is in M,
(b) The sets Mg = {mr € M | dom(w) = S} for
SCl1l,n+ 1], |S| <d-+ 1, satisfy

Mg_py = Mg — 1.
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Def: Let [n](%) C [n]* be set of k-tuples from
[1,n] with no repeated elements. For any set
S C [1,n 4+ 1], define set of matchings Mg by
giving a set Vg C [n]{5D where each tuple in
Vg lists the mates of elements of S in order.

Example: For S = {a,b,c}, a < b < ¢, Mg

might be
all 3 3 5 2
b2 1 1 4 4
c|3 2 411
and Vg is the set of columns right of the bar.

We'll design a solution so that Vg only de-
pends on k= |S|. Call this Vy.
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Define

Vo = ()
Vi = (1)
B 2 1 2
VQ—(133>
4 4 4 2 1 2 2 1 2 4 4 1 4
Y, = 21 2 5 5 5 1 3 3 5 1 5 5
1 331 3 3 6 6 6 1 6 6 6
and soO on.

Number of elements needed for V; is (k‘gl)
Define YV — 3 as analog of Mg — 1.

Claim: For every <k, V. —J=V5_1.

Cor: For any : € S, Mg—1=Mg_gp
O
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