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Recall

We needed to

��� Choose values of ki and ni� with ki � ki���

	kd � nd� and

�
� Prove a Switching Lemma for matching

restrictions stating that�

For any matching disjunction F with term size

at most ki� if we choose a restriction � at ran�

dom from among the restrictions that leave

ni�� range vertices unset� the probability that

there does not exist a height ki�� decision

tree that represents Fd� is � ��S

To motivate the proof of this we digress to

the Boolean case���

�



Basic Form of Switching Lemma

Given�

XI 
 fxigi�I � set of Boolean variables

RI � distribution on restrictions over XI

F � a DNF formula in variable XI� each of

whose terms is of size � r�

Show�

For � chosen at random from RI� the prob�

ability that Fd� can be represented over Id�
by a decision tree of height � s is at least

�� ��r� s��

Goals�

Elements of RI should leave many variables

unset

��r� s� should decrease quickly with r and s

�



Restrictions for Parity

Boolean variables � x�� � � � � xn

R�
n � restrictions that leave exactly 	 unset

variables

We will show canonical way to convert any

DNF formula F to decision tree TF computing

F �

Switching Lemma� �essentially H�astad �����

Given DNF formula F in variables x�� � � � � xn

with terms of size at most r� for � chosen

uniformly at random from R�
n the probability

that TFd� has height at least s is at most

��r	�n�s�

�



Canonical conversion of DNF formula F to a

Boolean decision tree�

Express as an algorithm that queries variables�

�� Let i 
 � and 
� be the empty restriction�

�� If Fd�i�� has no terms output �� Otherwise�

let Di be the �rst term in F s�t� Did�i�� �
 ��


� Let Vi be the set of variables in Di not

previously queried and let �i be the restriction

to these variables that satis�es Di�

	� Query all variables in Vi in order from

smallest to largest�

�� Let �i be the restriction given by the

outcome of these queries�

�� Set 
i 
 
i���i�

�� If �i 
 �i �i�e� Did�i
 �� then output ��

Otherwise� set i� i � � and go to step ��

�



Canonical Decision Tree Expansion

F � x�x��x� � x�x� � x�x� � �x�x�

�� x� � �� x� � �

Fd�� x��x� � x�x� � �x�x�

T �Fd���
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Proof of Switching Lemma�

Fix DNF formula F 
 C� � C� � � � � with term

size � r�

Let Bad�F� be those restrictions � � R�
n such

that height�TFd�� � s�

We�ll count Bad�F� by giving a ��� map from

Bad�F� to a small set�

More precisely� we map any � � Bad�F� to a

triple consisting of a restriction �� that sets

s more variables than � does and two small

pieces of extra information�

We prove that this is ��� by showing how�

given F � ��� and the extra information we can

uniquely recover ��

Then we count the size of the image set to

derive the bound on jBad�F�j�
�



Let � � Bad�F�� Fd�
 C�
� � C�

� � � � �� and

let � be the leftmost branch in TFd� that has

length � s�

Consider the values of the internal variables

of the algorithm constructing TFd� when its

query

answers come from �� In particular�

�a� � 
 
k 
 ���� � � � �k for some k

�b� For each i � k� �i �
 �i � the one assign�

ment to Vi s�t� 
i���i satis�es Di� the �rst

term in Fd� not set to � by 
i���

�c� The Vi are disjoint so �i mutually compat�

ible�

Now truncate � at depth s so that j�j 
 s�

Then � 
 �� � � � �j���j where �j may be

truncated� Truncate Vj and �j similarly�

�



The image of bad �

Suppose that for each i � k� Di is the

restriction by � of term C�i of F �

An encoding of � � Bad�F� consists of�

��� �� 
 ��� � � � �j���j
�
� The value of �i on Vi for each i � j�

�	� Positions of elements Vi in C�i for each

i � j�

Note� Without the information in �
� and �	�

we cannot distinguish the � part of �� from the

�� � � � �j part�

	



Recovering � using F

Suppose that we have the encoding of ��

��� �
�� and �	�

We reconstruct a series of restrictions

�i 
 �
i�i�� � � � �j for i 
 �� � � � � j

to obtain � from ���

�� Start with �� 
 �� and i 
 ��

�� Find �rst term C of F s�t� Cd�i�� �
 ��

�Claim� C is C�i��


� Use information in �	� to determine

Vi and �i�

	� Use information in �
� to determine �i�

�� Change �i in �i�� to �i to obtain �i�

�Since 
i 
 
i���i� �i is of right form��

�� If jV�j� 	 	 	� jVij 
 s stop�

Otherwise set i� i � � and go to ��

�




Proof of Claim�

Di 
 �rst term in Fd� s�t� Did�i�� �
 ��


 C�i 
 �rst term in F not set to � by �
i���


 every term prior to C�i in F is set to � by

�i���

If i � j then� by choice of �i�

�
i���i forces C�i to �


 C�id�i��
 � �
 ��

If i 
 j the truncation of �j may mean that

C�jd�j�� �
 � but it still will not be ��

�

��



Analysis

��� �� � R��s
n �

�
� Each C�i has size � r so can encode

positions of elements of Vi by a vector �i in

f���gr n f�rg where � indicates element of Vi�

Total � of ��s in all �i�s is s�

�	� Can encode values of all �i given Vi by a

single element of f���gs�

Can easily show that

jR��s
n j
jR�

nj



�
n

��s

�

n���s�

n
�

�

n��

� �
	�n�s

Only 
s possibilities for �	��

Remains to count �
��

B�r� s�
 � of sequences of vectors

�i � f���gr n f�rg with total of s ��s in all �i�

��



Claim� B�r� s� � 
s��rs

� of ways of partitioning s ��s among �i

 � of ways of partitioning s elements into

a sequence of non�empty groups


 
s���

To see this consider the following example�

e�g� s 
 �� sequence 
 
���
�	 described as

�ee � e � � � f�� eg	 by marking the end of each

group� �No need for the last mark��

For a �xed partition of the s ��s among the

�i� there are � r choices for the positions of

each � within its �i� �

Sharper Bound� B�r� s� � �r� ln 
�s

��



Restrictions for PHPn��
n

Let D 
 ��� n � ��� R 
 ��� n���

Assume that D �R 
 
�

Variables Pij� i � D� j � R�

Restrictions� Partial ��� mappings� i�e�

elements of

Mn 
 fpartial bipartite matchings on D � Rg�

� �Mn 
 restriction �� such that

���Pij� 


���
��

� if fi� jg � �

� if fi� jg �� � but � touches i or j

� otherwise

Abuse of Notation� Identify � and ���

Observe that applying � sets all variables whose

endpoints are touched by �� Use Dd� and Rd�
to denote the sets of points in D and R for

which variables remain�

��



Matching Decision trees

A matching decision tree over D�R is a rooted

directed tree T whose�

Internal nodes are labelled by elements of D�
R�

Leaves are labelled by � or � so that�

�� �a� If the root of T is labelled by i � D then

for each j � R there is one out�edge from the

root labelled fi� jg�

�b� If the root of T is labelled by j � R then

for each i � D there is one out�edge from the

root labelled fi� jg�

�c� There are no other out�edges from the

root of T �


� Let T fi�jg be the tree whose root is the

node connected to the root of T by the edge

labelled fi� jg� T fi�jg is a matching decision

tree over D� �R� where D� 
 D n fig and R� 


R n fjg�

��



Def� De�ne sets

br�T � 
 fbranches �root�leaf paths� in Tg�
bra�T� 
 fbranches in T with leaf label ag�

The set of edge labels along any branch of

T forms a partial matching� Identify a branch

with its matching so br�T� and bra�T� become

sets of partial matchings�

For any matching decision tree T � let T c be

the same tree as T except that the leaf labels

� and � are reversed�

i�e� br��T c� 
 br��T� and br��T c� 
 br��T��

��



Def� Matching decision tree T represents boolean

function�formula�circuit f i��

�� � br�T �� fd�� the leaf label of � in T �

Note� Unlike ordinary Boolean decision trees�

the fact that T represents f only determines

the value of f on some inputs�

Intuition�

T � �true� i� br��T� 
 br�T ��

i�e� every leaf of T has label ��

T � �false� i� br��T� 
 br�T��

i�e� every leaf of T has label ��

��



Bipartite matching switching lemma

Let M�
n be the set of restrictions on Pij�

i � D� j � R� jRj 
 jDj � � 
 n consisting of

all matchings with n� 	 edges�

We�ll show canonical conversion of matching

disjunction to matching decision tree TS�F�

where S 
 D �R is the vertex domain�

Switching Lemma� �essentially �Beame� Im�

pagliazzo� Kraj� !cek� Pitassi� Pudl�ak� Woods

���
�� Let �� � 	 �
q
n�r��� and � be cho�

sen uniformly at random "from M�
n� Given

matching disjunction F in variables Pij over

vertex set S with terms of size at most r� the

probability that TSd��Fd�� has height at least s

is at most ����	�
q
r�n�s�

��



Canonical conversion of matching disjunction

F to a matching decision tree over domain S�

Express as algorithm querying vertices in S for

the unique edge with endpoints in S touching

them�

�� Let i 
 � and 
� be the empty restriction�

�� If Fd�i��
 � output �� Otherwise� let Di

be the �rst term in F such that Did�i�� �
 ��


� Let Vi be the variables in Di that are not

matched in 
i�� and let �i be the matching

that sets all variables in Vi to �� i�e� Did�i���i

��

	� Let Si be the set of endpoints of variables

in Vi and query all vertices in Si in order from

smallest to largest�

�� Let �i be the partial matching given by the

outcome of these queries�

�� Set 
i 
 
i���i�

�� If �i 
 �i �i�e� Did�i
 �� then output ��

Otherwise� set i� i � � and go to step ��

�	



Proof of PHP Switching Lemma

Similar structure to Boolean case�

Fix F 
 C� � C� � � � � with term size � r�

Let Bad�F � be those restrictions � �M�
n such

that height���TSd��Fd��� � s�

Again count Bad�F� by giving a ��� map from

Bad�F� to set based on algorithm construct�

ing tree� For � � Bad�F� this consists of�

��� �� 
 ��� � � � �j���j
�
� Values of �i given Vi for each i � j�

�	� Positions of elements Vi in C�i for each

i � j�

�Note� not only are the Vi disjoint but they

have disjoint sets of vertices Si so that the �i
are mutually compatible��

�




The reconstruction argument is the same as

in the Boolean case�

Unlike Boolean case� may have j�ij �
 j�ij�

However� j�ij 
 jSij�
 and j�ij � jSij�

 j�ij � j�ij�
�


 �� �M��j
n where j � s�
�

Information in �	� is B�r� j� from the Boolean

case�

��



Trickiest part�

Encoding �i given Vi �and thus Si too��

Observe� �i has no vertices in common with

� and �i� for i� �
 i�


 Every edge in �i consists of an element of

Si paired with an element unset by � that is

either in Si or unset by �� too�

We�ll use only one number of size 	 � � to

encode each edge of �i�

Order edges of �i by their endpoints in Si
where D � R� �Using the smaller one if they

have two�� The edges in �i can be speci�ed

uniquely by the sequence consisting of the

other endpoints of these edges�

e�g� �i 
 ff����g� f	�	�gg� Si 
 f��	����	�g�

�i 
 ff��	�g� f	���g� f
���gg in order�

The sequence for �i would be 	�����
�

��



Each listed endpoint is unset by � and its #side�

�domain or range� is already known�


 There are most 	 � � possibilities for each

element of the list�

SO� Encode each edge of �i simply by a

number from ��� 	 � ���

BUT� In decoding �i� � is not known� only ��

and �� � � � �i are known�

So for encoding �i� number elements of Dd�
beginning with the 	 � �� j elements of Dd��
followed by the j vertices set by ��� ��� etc�

Do the same for R except there are only

	 elements in Rd��

��



Analysis

Size of image set for � � Bad�F �

� X
j�s	�

jM��j
n j�	 � ��sB�r� j�

Now jM�
nj 


�
n
�

�

n����

�����

so

jM��j
n j

jM�
nj



	$ �n� 	�$ �	 � ��$

�	� j�$ �n� 	 � j�$ �	� j � ��$



	
j��	 � ��
j�

�n� 	 � j�
j�

�
�
	�	 � ��

n� 	

�j

��




 Fraction of restrictions in Bad�F� is at

most

X
j�s	�

jM��j
n j

jM�
nj

�	 � ��sB�r� j�

� �	 � ��s
X

j�s	�

�
r	�	 � ��

�n� 	� ln 


�j

Since �� ln 
 � ����
� and �� � 	 � �
q
n�r����

we have �	 � �� � ���	 and n � ���
�n � 	��

Thus the series is at most

����	�s
X

j�s	�

����r	��n�j�

This is a geometric series with ratio � ��
�

Therefore it is at most

���	����	�s����r	��n�s	�

� ����	�
q
r�n�s�

�

��



This approach of proving a result about a

canonical conversion of a DNF formula is of�

ten referred to as a H�astad�style switching

lemma�

H�astad�s original proof involved conditional prob�

ablity arguments that were eliminated in �Razborov

����� which used on some ideas of Woods�

The method presented here is from �Beame

������ It is an adaptation and extension of

the method of �Razborov ����� to decision

trees�

��



Determining ki and ni

Suppose that we have an �S� d��proof of PHPn��
n

where S � nn
���d��

and n � �d��

Recall that k� 
 � and n� 
 n�

We set ki 
 k 
 �d logn S and ni�� 
 n
�	�
i for

i 
 � so that ni 
 n��	�
i
� Also�

���
p
k � �dn�	
���

d��� � n�	�
d��


 n
�	�
d �

Now for i � d apply the PHP Switching Lemma

with n 
 ni� 	 
 ni��� r 
 k� and s 
 k� This

gives a failure probability of at most

����	�
q
r�n�s 
 ����n�i��

q
k�ni�

k


 ����n
�	�
i

q
k�ni�

k


 ����
p
kn

��	��
i �k

� �n��	�
i��

��
d logn S

� n� logn S 
 ��S

�

��



Summary

Therefore we have that if S � nn
���d��

and

S � �d� there is no size S� depth d Frege proof

of PHPn��
n �

Note that all of the technique can be carried

over to bounded�depth circuits as well as for�

mulas so it may be applied to bounded�depth

eF�proofs too�

The second level exponent can be improved

to %����d�d���

Cor� PHP�f� is not provable in S��f��

Cor� Polynomial�size F proofs of PHPn��
n

require depth %�log logn��

��


